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Abstract

In this article, the authors investigated a new subclass of analytic univalent function
which relate to ameliorated sigmoid function and the classical special polynomial
function known as the Chebyshev polynomials by employing the concept of
subordination. This investigation produced new interesting coefficient bounds. The
famous Fekete-Szego inequalities were also pointed out.
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1. INTRODUCTION

The concept special functions is fast taking the focal point in the field of geometric function theory and are rapidly
attracting the attention of several researchers owing to advancement in Science and Technology. A very good example of
Special function in this investigation is the activation function. One of the most popular activation function in hardware
implementation of Artificial Neural Network (ANN) is the sigmoid function. According to [1,2], the study of activation
function, in particular, the sigmoid function happens to be a function that increases the size of the hypothesis space that
represent the network can represent. Neural network can be used for complex learning tasks. It is therefore necessary to
investigate the use of sigmoid function in geometric function theory.

The sigmoid function in [1,2] takes the form

h(s) = 1T o= s=0,
is a bounded differentiable function and has the following properties:
1. It outputs real numbers between 0 and 1.
2. It maps a very large output domain to a small range of inputs.
3. It never losses information because it is a one — to — one function.
4. Itincreases monotonically.
Let A be the class of functions of the form

f@=z+ ) a,z*
RZ ;

=2
which are analytic in the unit disk U = {z:z € Cand |z| < 1}.
In [3], the differential operator D™f,n e N, = 0,1,2, ... was applied on function f(z) belonging to A class of analytic
functions in the unit disk U and this takes the form :
D"f(z) =z +Z k"a,z¥, neN,

k=2
If f(z) and g(z) be analyticin U = {z: z € C and |z| < 1}, according to [4], we say that f(z) is subordinate to g(z) when
there exist a function w(z) and |w(z)| < 1 such that
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f@=g9(w@) (z1<1).
In [5], the modified sigmoid function

G(2) =
1—e?
was studied and investigated in order to obtained another series of the modified sigmoid function which takes the form as

ksl —1)m /(=)™ m
G(z)=1+<z(2"3 (( n!) z") )
1

m=1

According to [1], the Chebyshev polynomials are a sequence of orthogonal polynomials which are related to De’Moivres
formula and which are defined recursively. The use of Chebyshev polynomials in numerical analysis is on the increase in
both theoretical and practical perspective. There are four kinds of Chebyshev polynomials. The dominant types are
Chebyshev polynomials of first and second kinds which are T,(t) and U,(t) respectively and their numerous uses in
different applications abound. Details are in [6,7]

Following [1], the Chebyshev polynomials of the first and second kind are defined respectively in the form:

T,(t) = Cosna te(-1,1),
U(t)_Sin(n+1)a fe(—11)
T Sina "

Where n denotes the degree of the polynomial and t = Cosa.
The Chebyshev polynomials of the first kind T,,(t), t € [—1,1] have the generating function of the form

1-—-tz
n —
Z)Tn(t)z e (z € D)
ey
and that of the second kind is:
1 - Sin(n+ Da
H(Z't)_1—2t2+zz_1+z Sina z (z€D)

n=1

for |t] < 1.
Note that if t = Cosa, «a € (?g) then

Hzt) = ——FF
(z )001—26‘050.'z+z2

_ Sin(n+ Da
=1+ nz: Sina z
Thus,
H(z,t) =1+ 2Cosaz + (3Cos%a — Sina)z? + -+
The investigation carried out in [1] has some basic interplay in the study done in [8]. According to the investigation in [8],
we have the function given below:
H(zt) =14+ U, ()z+ U,(O)z%+ - (z€D, te(-1,1)),
Where
Un—1 — Sln(r\}fﬁ_ﬁiost) (n € N).
This gives the Chybeshev polynomial of the second kind and It has the following general form as
Up(t) = 2tUp_1(t) — Up_2(0),
Where U (t) =2t, U,(t) =4t%>—1, Us(t) =8t3—4¢t,..
Lemma 1-1 [1,9]: If w(z) = byz + b,z? + -+, b; = 0 is analytic and satisfy |w(z)| < 1 in the unit disk U, then for each
0<r<1, ol <1land|w(re?)| < 1 unlessw(z) = ez for some real o.
Lemmal.2[1,10]:Letw e Q = {w e A: |w(2)| < |z],ze U} fw e Q, w(z) = Yp_icpz2™ (z€ U), then|c,| < 1,n=
1,2, )] £ 1=y )? (1.1)
and |c; — pcf| < max{1, |ul} (ueC) (1.2)
The result is sharp.
The functions
z+a
1+az
are extremal functions.
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Also in [1], Salagean differential operator was combined with modified sigmoid function and this gives the form:

£ (2) =Z+ ¥p-; y(s)ayz*, (1.3)
where
y(s) = _S,s > 0, notice s has been used to replace z.

functlon of the form (1.3) belong to the class A,, where 4; = A.

Here, D"f,(z); n € N, denote the Salagean differential operator involving modified sigmoid function with the usual form
as:

D°f,(2) = £,(2)

D'f,(2) = y(s)zf*,(2)

1
Df,(2) = D (D"*f,()) = y()z (D" £,()) (14)
When y(s) = 1, we have the Salagean differential operator that was introduced in [3]. Further details in [1].
In [12], coefficient estimates for a Spirallike functions in the space of Sigmoid function was investigated. Further more, in
[13] the Fekete — Szego functional for a subclass of analytic functions related to Sigmoid function was studied.
In [7], the definition given below inspired by investigation carried out in [6] was considered:
Definition 1.3[1]:A function f, (z) € A, is said to be in the class

H,(n,u, 1), 0<1<1, u=0, y(s) =
If the following subordination principle holds

-2 (25D o () (25D < Heo), (15)

Where, D" f,(z) is the Salagean differential operator involving Modified Sigmoid Function defined as follows:
D%,(2) = f(2) = 2 + Z y()az*

D'f,(2) = Df,(2) = V(S)Z + Zk 2 ky?(s)axz¥,

T+ e §s=20, ne€eN,

D', (z) = D (D"f,(2)) = Y(5) B Ky (5 (1.6)
We can re-express (1.3) in the form

f,(2)° = 2° + TiL, v(8)a(®) 2> (1.7)
where y(s) = ss=0ands isreal (6§ = 1).

Observe that functlon in (1.7) belongs to the subclass AS €A,, where A} = A
Applying the Salegean differential operator in (1.7) gives the form
D, (2)® = D(D" ', (2)°) = y(s)2(D""'f,(2)%) = y"(s)2® + iy K™Y+ (5) @y (6) 2%+ (1.8)
where, D“fy(z)5 is the Salagean differential operator involving 6 —valent function for Modified Sigmoid Function.
Remark: When y(s) = 1 and § = 1, we have the usual Salagean differential operator [10].
Lemma 1.4. [14]. Let P(z) = 1 + ¢,zz% + c,z? + --- is analytic function with positive real part in U, then

—4v+2,if v < 0;
lc; —vc?| <4 2,if 0<v <1

4v —2,if v > 1.
Lemma 1.5 [15]. Ifa function p € P is given by p(z) = 1+ p;z + p,z2 + p3z> + -+ then |p,| < 2, k € N, where p is the
family of all functions analytic in U for which p(0) = 1 and Re(p(z)) > 0, (z € U).
Definition 1.6: A function f, (z)3€A3 is said to be in the class S, (8,n,p; $), 0 S Y < 1,p > 0,8 = 1,y(s) =

neN,, if the following subordination holds

(10 (P24 g SO (DY 19)

where D" is the Salagean differential operator[10].

s>0,

1+e-s’
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2. MAIN RESULTS
Theorem 2. 1 Iffy(z)‘s belongs to the class S, (8,1, p,¥),and, § = 1,p = 0,0 < ¢ < 1,neN, then
le2 (O < 7250 (L.10)
2t+(4t -1) 4t?(DN+EN)
|C3(5)| —= (A’ +B' ) (AN"'BN)Z(A’N‘*‘B’N)' (111)
lcs(8)] < 8t3+8t2-2t-2 (FN+GN)(4t?+2t(4t2-1) 83 (Dy+EN) (FN+GN) 8t3(F'n+G'y) (1 12)
4 (D'N+E'N) (AN+BN)(A'N+B'N)(D'N+E'N)  (AN+BN)3(A'N+B'N)(D'N+E'N) — (AN+BN)3(D'N+E'N)
les(8)] < 16t*+24t3-10t-4 | (H'n+I'y)(16t*+16t3-4t2-41) (Fn+GN)(H' N+1' ) (16t%+8t3-4t2)
5 (Hn+In) (AN+BN)(D'N+E'N)(HN+IN) (AN+BN)2(A'N+B'N)(D' N+E' N)(Hy+IN)
16t*(DN+EN) (FN+GN)(H n+1'N) 16t*(F' y+6'N)(H N+I'N) (16t4+16t3—4t2—4t+1)(/N+1(N)+
(AN+BN)*(A'N+B'N)(D' N+E'N)(HN+IN)  (AN+BN)* (D' N+E'N)(HN+HIN) (A'+B")2(Hy+Ip)
(DN+EN)UN+KN)(32t*+16t3-8t2) (DN+EN)?Un+KN)16t% (' y+K'N)(16t*+8t3-4t2) 16t*(DN+EN)(J N +K'N)
(AN+BN)2(A'n+B'N)2(HN+IN) (AN+BN)*(A'+B")2(HN+IN) ~ (AN+BN)2(A'N+B'N)(HN+IN)  (AN+BN)*(A'N+B'N)(HN+IN)
(Ly+Mp)16t*
_NTHNIIOE 1.13
(AN+BN)*(HN+IN) ( )
Where

Ay = 2"p(1 = P)y"P+(s),
By = (2“(p -1+ (8“)) Py eD(s),
"p(1 = P)y"P*i(s),

B - (3n(p ~ 0+ (32)) w0 (),

= —(1 - )22 D o),
Ey = (Zzn (p— 1)(9 2) +20(p — )(5(%1)) ¢yn(p—1)+2(s)’
Dy =4"p(1 - lIJ)Y“"+1(S),
Ey = (4“(9 -D+ (M)) A O)
Fy = —(1 - )2.6" XD ymor2(s),

Gy = < 2 60 (p— 1)(p 2) +(-1) (3n (s+1) 4on (a+z))> ¢yn(p—1)+2(s)'
, (p-D(p-2)
Fy=-(1- ¢)23“" Y (s),
Gy = — ((p—l)(p;zxp—s) 230 4 (p_ll(.p_Z) o2n (6%1)) PyRe-D+3 (),
HN = 5%p(1 = )y"°*1(s),
v = (570 = 0+ (52) ) wyrenics),

N — _(1 _ ¢)28n p(P 1) an+2(s),
I = (2 gn (p— 1)(p 2) +(p-1) (4n (8+1) 4on (6+3))> wyn(p—1)+2(s)’
Iy = = (1= )32 e "“’ 2yne(s),
Ky = (32“—“’ 02 4 300 - 1) (322) )y 2s)
— _(1 _ lp)?) 120 p(p— 1)(9 2) np+3(5)

Kl = <(p 1)(p-2)(p— 3)3 120 + (p— 1l(p 2) (2 6n (8+1)+22n (8+2))> wyn(p—1)+3(s)'

3! 8
Ly = ( lIJ)Z4n p(p-1(p—2)(p—3) np+4(s)
4!
1 -2 3 -4 1 2 3 8+1
My = (24n(p )p— 1('p Ne=4) | (o= )(p3! )p- )23n(+))¢yn(p D4a(g),

Proof:
If £,(z)%€S,(8,n, p; P), then from (1.9) We have

(1) (224 SO (DY

Where y(s) and § as given in 1.7).
From (1.8) we have
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n 5\ P
(Z525) = yme(s) + 270y (), (97 + (371" ()3 (8) + XL 22y 2(5)cE(8)) 27 + (47" (5)cy(8) +

26
2D 5 67y (5)cy (8)c3(8) + 2D p3ny o3 (5)c3 (5) ) 22 + (5“py""+1(s)c5(5)+p(p 2D gnyne2 (s)cj + KL 3 gryner2 (s)c, (8)c, (8) +
7"(" D=2 3 10 “p+3(s)a§(5)ag(5)+—"(" DODE2) ganynot4(s)cd (5)) 2* + - (1.14)
Also

D2, (2)5\P~

1
) =y 4 20 (p = DI E)®)2 + (30 - DY OV (5)e,B) +
(p—l)(p—Z) 22“yn(p_1)+2(s)cz(5)) 72 + (4n(p _ l)yn(p—1)+1(s)c 6) + (P—l)(P—Z) 2. 6nyn(p_1)+2(S)C2(5)C3(5) +
(- 1)(03'2)(0 3)23nyn(p 1)+3(s)c3(8))z + (5n(p—1)y“(p D+ (). (8) +(7" D(p-2) onyn(P-1+2 ()2 4
=D 2 gy 2 (5)cy (8)cy (8) + LB 3120y n P03 (5)cE (8)c5(8) +
(p— 1)(P 2)(P-3)(p—4) 24nyn(p 1)+4(S)C4(8))Z +- (1.15)

4!

Multiplying (1.14) via by (1 — ), we have
=) (Z5) = (1~ v + (- 92y (Sea(®)z + (L - Iy (s (5) +

(1- lIJ)ZP’(P 1) 22nyNp+2 ()2 (8)) 72 + <(1 — )4 py"*1(s)c, (8) + wz 6"y *2(s)c, (8)c5(8) +

31

(mele=D) 2 8My P2 (8)c (8)cy (5) + LR 3 g 9nyno+3 (5)c3 (8)c3(8) +

a- lIJ)P(P 1)‘(9 2(P=3) 54n np+4(s)c4(8)) 74+ - (1.16)

Differentiating (1.7) with respect to z, multiply both sides by s and further divide via by 625~ we have
DO () v, ®)2 + 0 (22)y©)es®2 +1 (52)v©)es 7 + 1 (5 y@)es®zt + - (1.17)

Multiplying (1.16) and (1.17), we have

21—5?(2)8 (any(z)S)P—l = Yyne-D(s) + (Zn(p D+ Si) Py P-D+(5)c, (8)7 + ((3“([) —1+ (8+2))yn(p—1)+1(s)c3(8) +

(1-yP)p(p-1)(p-2) 23n np+3(S)C23(5))Z + ((1 _ L|J)5annp+1(S)C5(5) +M9n np+2(s)C +

((p DE=2) 52n 2(p—1) (6+1))Y“(p'1)+2(s)c§(6)> Pz? + <(4n(p -1+ (6+3)> Py"P~D+1(5)c, (8) + (7(‘)_1;?)_2) 2.6" +

30— 1) (35) + 200 — 1) (32) ) by 02 (5)c, (§)es (8) + (LAEDEgon 1 LD gon L) yyno-b43(5)c3 (6)) 2+

((sn(p— D+ (32) )y @0+ (5)es (8) + (C2L29m 4 30 (p — 1) (322) )y e+2(s)cd + (2L 2.7 4 4n(p -
1 (ﬁj) +2(p—1) (5+3))lIJ n(-D+2(5)c, (6)cs (8) + (("‘1)("‘2)("‘3)3_12“ i (P—l;(!p—2)2.6n (5%1) +

(P—1)(p—2) 22n (5';'2)> lIJYn(p 1)+3(S)C%(5)C3(6) + ((P D(p—2)(p—3)(p—4) 24n 4 (p—D)(p—2)(p-3) 23n (%)) wy“(p‘1)+4(s)c‘2‘(8)> 7% 4 .

2! 4! 3!
(1.18)
Furthermore, we now have the following:

nf (g Z1-8¢ ()8 nf (7)8 p-1
(1= ) () RO (PR (g yymn(s) + gy @) + (201~ 9 + 200 — DY) +

5 z8
¥ (329 @)z + (37001 — WY (S)es () + T g2y o2 ()3 6) + (37(p — Dy D) +
W (32)yre01(9) ) (8) + (EBED 22y 042(5) + 20(p — D (52002 () ) 3(8)) 22 + (471 -
WY ()2,(8) + L 61ym0+2 ()¢, (8)c5(8) + LLEEDED 23mym043(5)c3 (8) + (47(p — D +

!

v (?))y"@-ﬂ“(@u(m # (002 6n 4+ 30— 1) (32) + 270 — 1 (32) ) iy IR, (B)c B) +

((P‘D(P;Z)(P_3) 23n + (P_ll(’P_z) 22n (zs(si))yn(p—1)+3 (S)lIJC23 (8)) 73 +
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(57p(1 — )y *1 (s)es(8) + TEE=D gnynot2 (5)c2 (5) + EEE=D 7 gnyne+2 (s)c, (8)cy(8) +
a- q;)p(zI D=2 3 1on “p+3(s)c22(8)c3(8)+(1 Welp— 1)'(;1 2)(@=3) 5an np+4(s)cg—(6)+(5n(p_ 1)+(8+4)) PynP-D+1(5)c. (8) +
(Mgn 3n(p—1) (5+2)) llJYn(p 1)+2(S)C2(8)+<(p 1(p— 2)2 8" +41(p — 1) (5+1)+2n(p_

1) (8+3)) Py D+2(5)c, (8)c, (8) + (7(" De=2)P=3) 3 170 4 7“’ 20D 7 6m (22) +

2!
1 2 §+2 1 2 3 4 1 2)(p—-3 8+1 —
(°P=1)(P=2) 52n (%)) lIJYn(p 1)+3(S)C (8)as(8) + ( P~ (P—2)(P—3)(P—4) 24n 4 (P=1)(P=2)(P=3) 3n (%)) lijn(p 1)+4(S)C§(5)) 74

2! 4! 3!
(1.19)

More so, notice that

H(z,t) = 1+ U;()z + U, (t)z% + U5 (t)z3 + U, ()z* + - (1.20)
Hw(zb) =1+ U 0w + U,0w()? + Us(Do(z)® + U,Dw(@)* + - (1.21)
Also, observe that w(z) = diz + d,z% + d3z3 + dyz* + dsz® + - (1.22)
w(z)? = d?z? + 2d,d,z3 + (d3 + 2d,d3)z* + (2d,d, + 2d,d3)z° + - (1.23)
w(z)? = d z% + 3d3d,z* + (3d?d; + 3d,d3)z> + - (1.24)
w(z)* = diz* + 4d3d,z° + -, w(z)® = d5z° (1.25)

Substituting (1.22), (1.23), (1.24), and (1.25) into (1.21), we have

H(w(z,t) =1+ U,(0(dyz + dyz? + d3z% + dyz* + dsz® + ) + U, () (d?2% + 2d,d,7° + (d3 + 2d,d,)7z° +
(2d,d, + 2d,d3)z°% + ) + U3(0) (d3z3 + 3d?d,z* + (3d?d; + 3d,d3)z%) + U, () (diz* + 4d3d,z° + ) + -
H(w(z 1) =1+ U,(0dyz + U(Dd,z? + Uy(Ddsz® + U, (Dd,z* + U, (D dsz5 + -

U,(0)d?z? + 2U,(0)d,d,z3 + (d? + 2d,d3)U,(0z* + (2d,d, + 2d,d3)U,(1)z° + -

Us(0)d3z3 + 3d?d,U5(t)z* + (3d?d; + 3d,d3)U5(0)z° + -

U, () (dfz* + 4d3d,z%) + -+

Further simplification, gives

H(w(z,t) =1 + Uy (0)dyz + (U; (D)d; + U (0d?)z? + (U1 ()d; + 2d,d, U, (0 +Us(0d3)z® + (Uy()d, + (dF +
2d;d;3)U,(t) + 3d2d,U5(t) + Uy(D)dP)z? + - (1.26)

Equating (1.19) and (1.26) and comparing the coefficients, we have

Ui(d; = (znp(l — Wy + (226 - D+ () wy“@-ﬂ“(s)) &2 (8)

Ui (D, + U, (0d? = (snp(l —oyr) + (370 - 0+ (52)) wy“@-l)“(s)) cs(8) + (zzn PO (1~ g)y"*2(s) +
(2 92 4 206 - 1) (58)) 9729 ) 6)

U1 (©)d3 + 2U5(Ddyd, + Us (D)3 = (4“p(1 WY"PHL(s) + (4—“(p -+ (5”)) wy“(p‘l)“(s)) ca(8) + (2. 6n e (1 —

PY"P+2(s) + (2. gn E=1e=D) 4 (3n (2)+2n (5”)) = 1)) Pyne- 1>+2(s)) ¢y (8)cs(8) + (23nw(1 W)YP+3(s) +

-1 -2 -3 -1 -2) (6+1 -
(23n(p )E-2(p=3) | 520 =1 )(%))wyn(p 1)+3(S)>Cg(5)

3! 2!

U1 (), + Uz (0)(d3 + 2d1d3) + Uz (93d3d; + Uy(D)d} = (snp(l — Wy + (576 - 1+ (3)) wy“@-l)“(s)) cs(5) +
(2' 8 e (L= )y () + (2' g D ¢ (an (52) + 20 (%)) o - 1>> wy“@-l)“(s)) ¢2(8)c,(8) + (9“%(1 -
W) + (om By gnp - 1y (22)) wy"@-lm(s)) c3(8) + (3. 120 BB (1 — )y (s) +

S e e CCUC O C)) wv““’-m(s)) $(E1cs(5) + 2 DD g gy ¢

2! 41

(24n (-1 (p-2)(p—-3)(p—4) 4+ 24n (-1 (p=2)(p—3)(p—4) (Ssj)) llJYn(p—1)+4(s)> c4(8) (1.27)

4! 4!
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Simplifying (1.27), we have
¢ (8) = s

AN+BN’
c3(8) =

2tcy+c5(4t2-1) 4t2c%(DN+EN)
AN+BYN (AN+BN)Z(AN+BR)
! !
cu(8) = 2tc3+2(4t2—1,)c1c,2+(st3—4t)c§ (FN+GN)(4t2c’102+,—2tc§,(4t2,—1)) st3c§(DN+’EN)EFN+,GN), 80§t3(FN+’GN)’ ’
DN+EN (AN+BN)(AN+BN)(DN+EN) (AN+BN)3(AN+BN) (DN+EN) (A,N+]?N)3(DN+EN)
cs(8) = 2tcg+(c3+2c5c3)(4t2—1)+3c5c, (8t3—4t) +cf (16t*—12t2-1) N (4—t201c3+(16t3—4t)c%(’:2+(’16t4—8t2)c‘{)(HN+lN) n
Hn+IN (AN+BN)(DN+EN)(HN+IN)
(8t3cFcy +4t2ct (4t2—1) (FN+GN)) (HN+IN) 16t*ct(DN+EN) (FN+GN) (HN+IN) 16t*c (FN+GRN) (HNHIN)
(AN+BN)2(AN+BN)(DN+E) (HN+IN) (AN+BN)*(AN+BR)(DN+E) (HN+IN) — (AN+BN)*(DN+ER) (HN+IN)
(at?cZ+atccy (4t?-1)+ct(a2- )P (N +KN) |, (16t3cZc+8t2ct(4t2-1))(DN+EN)UN+KN) 16t*cF(DN+EN)2(IN+KN)
(AL +BR)  (Hy+1n) (AL +BL)’ (An+BN)2(Hy+In) (An+BN)*(AK+BY)  (Hy+In)
(8t2cZcy+(16t*—4t2)cH UN+KN) 16t*c? (DN +EN)IN+KR) 16t*c (Ly+Mp)
(AN+BN)?(AN+BR) (HN+IN) (AN+BN)*(AN+BN)(HN+IN)  (AN+BN)*(HN+IN)
where U, (t) = 2t, U, (t) = 4t2 — 1, U5 (1) = 413 — 4, U, (t) = 16t* — 12t% + 1.

Then, applying Lemma 1.5, we have
2t

2O < 520
2t+4t2-1 4t?(DN+EN)

|C3(8)| S A{\["’B;\] (AN+BN)2(A;\]+B{\])’
lc,(8)] < 8t+8t?-2t-2 (Fn+Gn)(4t?+2t(4t~1)) 8t3(DN+EN)(FN+GN) 8t3 (Fh +GR)

PTT DRy (AN+BN)(AN+BR)(DR+ER)  (AN+BN)}(AN+BR)(DN+ER) — (An+Bn)3(DR+ER)’

e (8)] < 16t* + 24t3 — 10t — 4 N (16t* + 1683 — 4t — 40)(HL +14) (8% + 4t2(4t2 — 1)) (Fy + Gy) (Hy + 1Y)

C - 4 ! 7 ’ 7 7

5 A+ In (An + By)(Dy + En) (Hy + Iy) (An + Bn)2(Ay + By (Dy + Ep) (Hy + In)
16t (Dy + Ex) (Fy + Gy) (Hy + 1Y) 16t*(Fy + Gy)(Hy + I)

(AN + By)*(Ay + By)(Dy + EQ)(Hy + 1) (Ay + By)*(Dy + Ey) (Hy + Iy)
N (4% + 4t(4t2 — 1) + (42 = DH(Jy + Ky)  (16t3 +8t(4t?2 — 1))(Dy + EN)Un + Kn)

(AN + By)?2(Hy + Iy) (Ax + By)2(Ay + By)2(Hy + Iy)
N 16t4(DN + EN)Z(]N + Ky) (16t4 +8t3 — 4t2)(]f\1 + Ky)
(Ay + By)*(Ay + By)?(Hy +Iy)  (Ax + By)2(Ay + By)(Hy + 1Iy)
16t*(Dy + En)(n + KR) 16t*(Ly + My)

(AN +By)*(Ay + By (Hy +In) - (Ay + By)*(Hy + In)
This complete the proof.
By specializing some parameters, the following deduced corollaries.
Corollary 2.2[1]:Iffy(z)‘5 belongs to the class S, (5,1, p,¥),and, § = 1,p = 0,0 < ¥ < 1,neN, then

2t
< —
ICZ((lz)l )_A+B’ ,
2t+(4t“-1 4t=(DN+EN)
|C3(1)| S [; 7 20l Iy
(A'N+B'N)  (AN+BN)*(A'N+B'N)
lea (D] <8t3+8t2—2t—2 (FN+Gp)(4t2+2t(4t%-1) 8t3(DN+EN)(FN+GN) 8t3(F'N+G'N)
4 — (D'N+E'N) (AN+BN)A'N+B'N)(D'N+E'N) — (AN+BN)3(A'N+B'N)(D'N+E'N)  (AN+BN)3(D'N+E'N)
les(1)] < 16t*+24t3-10t-4 | (H'ny+I'N)(16t*+16t3-4t%-4t) (FN+GN)(H' N+ N)(16t*+8t3-4t2)
5 - (HN+IN) (AN+BN)(D' N+E'N) (HN+IN) (AN+BN)2(A' y+B'N) (D' N+E' N) (HN+IN)
16t*(DN+EN) (FN+GN)(H' n+1'N) 16t*(F'y+6'N)(H N+ N) (16t4+16t3—4t2—4t+1)(1N+1(N)+
(AN+BN)*(A'N+B' N)(D'N+E'N)(Hn+IN) — (AN+Bn)* (D' N+E'N)(Hn+IN) (A'"+B")2(Hy+IN)
(DN+EN)UN+KN) (32t4+16t3-8t2) (DN+EN)?(Jn+KN)16t% (J' y+K'N)(16t*+8t3-4t2) 16t*(DN+EN)(J N +K'N)
(An+BN)2(A'N+B' N)2(Hn+IN) (AN+BN)*(A'+B")2(HN+IN)  (AN+BN)?(A'N+B'N)(Hy+IN)  (AN+Bn)*(A'N+B'N)(HN+IN)
(Ly+Mp)16t*
(AN+BN)*(HN+IN) s
Corollary 2.3: if f(2) v belongs to the class S, (1,0,1,0), then
2t
(D <—,
O
2t+4t2-1
le; (D] = ———,

v(s)
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8t3+8t2—2t—2

(D] < )
el <=5
16t4+24t3-10t—4
(D g ———
les(D)| o

Proof: Setting § = 1,n = 0,p = 1 and ¥ = 0 in (1.13), the results follows.
Corollary 2.4: iff(z)‘sy belongs to the class S, (1,0,1,0), then

lc, (D] < 2t,

les(D)] < 2t + 4t2 -1,

lc,(D)] < 8t3 + 8t% — 2t — 2,

les(D)] < 16t* + 24t3 — 10t — 4
Proof: Settingy = 1,6 =1,n=0,p = 1 and ¥ = 0 in (1.13), the results follows.
Corollary 2.5: iff(z)5y belongs to the class S,,(1,0,1,1), then

2t
(D) < ,
(D] < s

8t3+8t2—2t—2
(D] <
les (D) —

2t+4t2-1
</ -
les(DI <=
lea (D] < 0
16t*+24t3-10t—4
Proof: Setting 6 = 1,n = 0,p = 1 and y = 1 in (1.13), the results follows.
Corollary 2.6: iff(z)5y belongs to the class S,,(1,1,1,0), then

(D] < 75,

e (D] < 252,

ey ()] < 2
les(D)] < 16t4+:;l;js—)10t—4

Proof: Setting 6 = 1,n = 1,p = 1 and y = 0 in (1.13), the results follows.
Corollary 2.7: iff(z)5y belongs to the class S, (1,1,1,1), then

le, (D] < ==

2)/(S)’2
|C3(1)| S 2t+4t“—-1

3y(s)
8t3+8t2-2t-2

4y(s)
e (1)] < 16t* + 24t3 — 10t — 4
== 5%
Proof: Setting 6 = 1,n = 1,p = 1 and ¢ = 1 in (1.13), the results follows.
Corollary 2.8: iff(z)5y belongs to the class S,, (1,0, p, ), then

2t

lea(D <

< -
Wl
2t+4t%-1  2t2(A"+B")(1-p)
<
|C3(1)| =  A'+p’' (A+B)Z(AI+BI) ’
8t3+8t2-2t-2 | (1-p)(at?+2t(4t?-1)) . 4t3(p-1)%> 4t3(p-1)(p-2)
lea(D)| < = T
p+3yY (p+P)(p+27) (p+¥) 3(p+y)
les ()] < 16t44+2403-10t-4  (1-p)(16t*+16t3-4t2—ar) (1-p)2(863+4t2(4t2-1))  (1-p)28c* = 8t*(p-1)%(p-2) +
S p+ay (p+¥)(p+31) p+p2(p+21h) (p+y)* 3(p+)*
32t3+8t2-8t+(4t2-1)%(1-p) (l-P)2(4t3+2t2(4t2—1)) 2t4(1-p)®  (p-D(p-2)(8t*+4t3-2t2)  4t?(1-p)?  (p-1)(p-2)(p-3)2t*
2(p+2¢)? (p+29) (p+1)? (p+)* (p+P)2(p+2¢) (p+)* 3(p+y)*

Proof: Setting 6 = 1,n = 0,p = 1 and y = 1 in (1.13), the results follows.

Theorem 2.9
If f(z) belongs to the class S, (m,u,A,0) and p = 1,6 > 0,0 < A < 1,m € N, then for any real number /.
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L (A, +B) + 4°(D, +E,) - 4’ (K, +B,) sk (1.28)
t(A, +By)

Jes - 7] < 241 Jif k< p<k,

(@t - 1(A, +B;)+4ﬁy(0~ +E)-pt'(A +B) sk,

t(A +BY)
where
M S
(Ay +By)

_ (4t° —1)(A, +B}) +4t*(D, +E,)
42 (A, +BY)
‘- (42 —1)(A] +B})+4t?(D,, +E,) - 2t(A], +BY)
2 4% (A, +BY) ’
Ay =2"p-y)y""(s),
BN - [2” (p—l) +(%)JW}/H(P*DH (s)’
AL =3"p=y)r™ (),

B} = [3"(p—1>+(¥]jw"w“<s),

D, =--y)2r 28Dy,

E, = —(W 22 +2"(p —1)[%)}//7"(”'”*2 ().

ky

Proof:
Using the coefficient bounds from theorem 2.1, which gives

2tc
8,(0)=—"—,
A, +By
The square of the coefficient bounds gives
2 at*d;
0=
(Ay +By)
2td, +d;/ (4t° -1) . 4°d?(D, +E,)
A\ + By (A +By) (AL +B)
2t 2(4t% -1 4t’d2(D, +E 4t%d?
() - pep(0) = 2 LD, MGG R s
Ay +By (Av+By) (Ay +By) (A, +By)
2td, (A, + By ) +d2(4t> —1)(A, +BJ) +4t°d2 (D, +E,) - u4t>d? (A, +B))
(A +By)* (A, +BY)
2t(A, +BY) do + ((4t> =1)(A), +B}) +4t> (D, +E,) — udt® (A, +B}))d?
(A +B) (A +B) L 2t(Ay +By)
Notice , _ (4° ~D(AL +B}) +4t*(Dy +E,) — p4t* (A +By)
2t(A, +By)

C3(5) =

¢;(6) — 15 (5) =

¢;(8) — 15 (8) =

Casel: when V<0
—(4t° —1)(A], +B)—4t?(D, +E, )+ udt? (A, +B,) <0,
e (4t% ~1)(A, +BL,) +4t2(D, +E,)

- 4% (A, +By) ’

u<k.
Case 2; when V>1, we have
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(47 ~1)(A, +B}) +46°(Dy +Ey) -~ wdt* (A +BL)
2U(A], +B},)
— (42 —1)(A], +BL,)—4t*(D, +E, )+ udt> (A, +BJ) = -2t(A, +BJ),
. (4t2 —1)(A,, + By +4t2(D,, +E, ) - 2t(A, +B},)
- 42(Al, +B),)

1=k,
By applying lemma 1.4 with simple substitution of the various variables involves completes the desire result of the proof of
the theorem 2.1.
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