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ABSTRACT 

 

In this work, certain new subclasses of analytic p-valent functions 

are defined using the generalized Poisson distribution. The sharp 

bounds for the second and third order Hankel determinants )2(2H

and )1(3 respectively, including the Fekete-Szego functional 

belonging to the aforementioned subclasses of analytic function 

are also established.. 

 

 

 

 

 

 

 

1. Introduction  

Let   denote the class of functions 
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which are analytic and univalent in the open unit disk }1||,:{ = zCzzU , and let S  

consists of univalent functions in U  normalized with .01)0(')0( =−= ff   

Also, let )(pA denote the class of normalized functions of the form 
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which are analytic and p-valent in the open unit disk }1||,:{ = zCzzU  and normalized by

0)( =f  and ,1)(' =f  where   is arbitrarily fixed in U (see [4]and  [5] among others). The 

analytic function )(zf  of the form (2) is said to be starlike and convex of order )10(    
provided the following geometric conditions are respectively satisfied: 
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Wald in 1978, [3], introduced the class ,)( p where P  is the famous class of Caratheodory 

function, such that 

Uzzczp
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which are analytic in U  and satisfy the conditions: 1)( =p and ( ) 0Re zp , where 
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see [3] and [5] among others.      
 

A power series whose coefficients are probability of Poisson distribution was introduced by Porwal 

in 2014 [1], such that 
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while the probability mass function of poisson distribution is given by, 

 ( )
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parameter= , ...3,2,1,0=x  see [2]. However, the radius of convergence of the series ( )zmX ,  

by ratio test is infinity.

 Furthermore, [1] also defined a series T(m,z) as follows:
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Now, we recall that the Hadamard product of two analytic functions f  and u  denoted by 

( ) )(zuf   is given by 
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where f is as defined in (2) and 
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In this work, (6) is redefined such that 
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where Czzp  ,, . 

Let →:)(zV be a linear operator defined by   
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which is the Hadamard product of (8) and (9). 

 

Pommerenke [6] in 1966 defined the qth Hankel determinant of f  for 1q  and 1n  as 
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Several authors have considered this determinant and interesting useful results had been 

established, [7], [8], [9]. However, none of these results discussed analytic p-valent functions 

associated with the poisson distribution in relation to the Hankel determinants. Hence, the 

motivation for the present investigation.  

With various choices of parameters n and q, several functional are obtained. For example: 

 (i) Let q=2, n=1, we obtain 
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(ii) If q=3, n=2, we have 
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 (iii) Letting q=3 and n=1, we have 

)()()()1( 2

2353244

2

3423

543

432

321

3 aaaaaaaaaaa

aaa

aaa

aaa

H −+−−−==   (14) 

Applying the triangle inequality in (14), we obtain 
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Definition 1.1:  Let the function )(zf p be of the form (9) and belong to the class ),( mS p  then 

for ,10    
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Definition 1.2:  Let the function )(zf p be of the form (9) and belong to the class ),( mC p

  then 

for ,10    
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1. Preliminary Lemma 

Lemma 2.1: Let  ++= ...)( 2

21 zczczc  be so that 1|)(| z  in U. If   is a complex number, 

then  
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The sharp inequality for the function c(z)=z or c(z)=z2, (see [14]) 

Lemma 2.2: Let Pp  and be of the form (3). Then for all ,...}3,2,1{= Nn  
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2. Main Results 

In this section, the results and some of the consequences are discussed. 

Theorem 3.1 
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Simple computation from (16) yields 
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The desired result is obtained using equations (18),(19) and (20). 

Corollary 3.1.1:  
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Corollary 3.1.3:  

For Npdm = ,1,10,1  in theorem 3.1 and if ),()( mSzf pp  then
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Corollary 3.1.4:  

For 1,1,10,0 = pdm  in theorem 3.1 and if ),()( mSzf pp  then 
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Corollary 3.1.5:  

For Npdm == ,0,10,1  in theorem 3.1 and if ),()( mSzf pp  then 
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Corollary 3.1.6: 

For Npdm == ,1,0,1  in theorem 3.1 and if ),()( mSzf pp  then 
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Corollary 3.1.7:  

For 1,1,10,1 == pdm  in theorem 3.1 and if ),()( mSzf pp  then 













+−−+−

+−−−−+−−−

−

−
−

−

−−

−
])1()1(2)[1(2

)]1()1[()1(2[3)]1()1)[(1(6

)1(3

)1(2
1

11

322432
edd

deed

de
aaa





 

Corollary 3.1.8:  

For 1,1,0,0 == pdm  in theorem 3.1 and if ),()( mSzf pp  then 
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Corollary 3.1.9:  

For 1,0,0,1 ==== pdm  in theorem 3.1 and if ),()( mSzf pp  then 
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Theorem 3.2 
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Proof: 

The method of proof is similar to that of theorem 3.1 and the desired result is obtained by 

simplifying (18) and (19). 

Corollary 3.2.1:  
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Corollary 3.2.3: 

For Npdm = ,1,10,1  in theorem 3.2 and if ),()( mSzf pp  then 
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Corollary 3.2.4: 
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Corollary 3.2.5: 

For Npdm == ,0,10,1  in theorem 3.2 and if ),()( mSzf pp  then 
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Corollary 3.2.6: 

For Npdm == ,1,0,1  in theorem 3.2 and if ),()( mSzf pp  then 
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Corollary 3.2.7: 

For 1,1,10,1 == pdm   in theorem 3.2 and if ),()( mSzf pp 
 
then   
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Corollary 3.2.8: 

For 1,0,0,1 ==== pdm  in theorem 3.2 and if ),()( mSzf pp  then 
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Let ),,()( mSzf pp   then for 10,,10,0  dNpm   
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Proof: 

The method of proof is similar to that of theorem 3.1 and the desired result is obtained by 

simplifying (18),(19) and (20). 

Corollary 3.3.1 

For Npdm = ,0,10,0  in theorem 3.3 and if ),()( mSzf pp  then 
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Corollary 3.3.2: 

For 1,1,10,0 = pdm  in theorem 3.3 and if ),()( mSzf pp  then 

  



Akinwale et al. - Journal of NAMP 68, 1 (2024) 97-106 

104 

])1()1[(12]])1()1[(4

])1()1(2)[1(2)]1()1[()1(2[12

)1(3

)1(
224224

2
2

342
dd

eddde

dem
aaa

mm

m
+−−−+−−−

++−+−+−−−

−

−
−

−−

−



 

 

Corollary 3.3.3: 

For Npdm == ,0,10,1  in theorem 3.3 and if ),()( mSzf pp  then 
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Corollary 3.3.4: 

For 1,1,10,1 == pdm  in theorem 3.3 and if ),()( mSzf pp  then 
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Corollary 3.3.5: 

For 1,1,0,0 == pdm  in theorem 3.3 and if ),()( mSzf pp  then 
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Corollary 3.3.6: 

For 1,1,0,1 === pdm  in theorem 3.3 and if ),()( mSzf pp  then 
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Corollary 3.3.7: 

For 1,0,0,1 ==== pdm  in theorem 3.3 and if ),()( mSzf pp  then 
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Theorem 3.4 

Let ),,()( mSzf pp   then for 10,,10,0  dNpm   
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Proof: 

The method of proof is similar to that of theorem 3.1 and the desired result is obtained by 

simplifying (18),(19),(20) and (21). 

 

Corollary 3.4.1: 

For 1,1,0,0 == pdm  in theorem 3.4 and if ),()( mSzf pp  then 
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Corollary 3.4.2: 

For 1,1,0,1 === pdm  in theorem 3.4 and if ),()( mSzf pp  then 
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Corollary 3.4.3: 

For 1,0,0,0 === pdm  in theorem 3.4 and if ),()( mSzf pp  then 
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Corollary 3.4.4: 

For 1,0,0,1 ==== pdm  in theorem 3.4 and if ),()( mSzf pp  then 
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Conclusion 

It is known that Poisson distribution is a famous subject of interest in Statistics. This present work 

had investigated the estimates of second and third order Hankel determinant for analytic functions 

associated with the Poisson distribution. Statistical distribution in geometric function theory 

associated with the new subclasses were also considered.  

The sharp bounds of the second coefficient of normalized univalent functions readily yields the 

growth and distortion bounds and also helps in the investigation of univalence of analytic 

functions. 

For recent publications on second and third Hankel determinants, interested readers can refer to 

[10],[11],[12],[15],[16]. 
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