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1. Introduction
Let M denote the class of functions

f(z2)=z+a,2* +a,2° +... (1)
which are analytic and univalent in the open unit disk U ={z:zeC,|z|<1}, and let SeM
consists of univalent functions in U normalized with f(0) = f'(0)—1=0.

Also, let A, (w) denote the class of normalized functions of the form

f(2)=(Z-) +>a,,(z-®) P, peN (2)
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which are analytic and p-valent in the open unit disk U ={z:z<C,|z|<1} and normalized by

f(w)=0 and f'(w)=1, where @ is arbitrarily fixed in U (see [4]and [5] among others). The
analytic function f(z) of the form (2) is said to be starlike and convex of order (0 <« <1)
provided the following geometric conditions are respectively satisfied:

Re{w} o a
f(2)

z-w)f "(z
Re 1+M >a
f'(2)
Wald in 1978, [3], introduced the class p(w) < P,where P is the famous class of Caratheodory
function, such that

and

p(2) =1+ ¢, (2- @)z €U @3)
k=1
which are analytic in U and satisfy the conditions: p(w) =1and Re p(z)>0, where
2
Cl£——>—  k>land |wl=d.
| C | Lrd)i_d) |o] 4)

see [3] and [5] among others.

A power series whose coefficients are probability of Poisson distribution was introduced by Porwal
in 2014 [1], such that

) k-1

m -m .k
X(m,z)= E , U, 0
(m Z) Z+k=2me Z e m>

(5)

while the probability mass function of poisson distribution is given by,

er_l
P(x)= N

A = parameter, x=0,1,2,3... see [2]. However, the radius of convergence of the series X(m, z)
by ratio test is infinity.
Furthermore, [1] also defined a series T(m,z) as follows:

0 k-1

T(m,z)=2z-X(m,z)=z M emyk e,

GEk-1) ©)
Now, we recall that the Hadamard product of two analytic functions f and u denoted by
(f =u)(z) is given by

(f *U)(Z) = (Z _w)p +iak+pbk+p(z _a))kﬂ) = (U * f)(Z) (7)

where f is as defined in (2) and
u(z)=(z-w)® +> b, (2-0)", [7]
k=2

In this work, (6) is redefined such that
0 k+p -1
W (m,z)=(z-w)’ "(z- )P 8
o Zl: kK+p— 1)' ) ®)
and
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f(2)=(z-0) _kiam(z o) )
where peN,w=2,zeC B
LetV(z):A—> Abea Iineér operator defined by

H,(z)=W,(m,z)* f (z)

) mk+ p-1

(0P -3 e"a,,,(-0)

= (k+p-1) (10)
which is the Hadamard product of (8) and (9).

k+p

Pommerenke [6] in 1966 defined the g Hankel determinant of f for q>1 and n>1 as

a a

n+q-1 n+zq-z (11)

Several authors have considered this determinant and interesting useful results had been
established, [7], [8], [9]. However, none of these results discussed analytic p-valent functions
associated with the poisson distribution in relation to the Hankel determinants. Hence, the
motivation for the present investigation.

With various choices of parameters n and g, several functional are obtained. For example:

(1) Let g=2, n=1, we obtain

a a
H,O =" *l=|a;—al].(a =)
a, a, (12)
(i) If g=3, n=2, we have
a, a
H2(2): ? ’ =‘a2a4—a§‘
a3
(13)
(iii)  Letting g=3 and n=1, we have
al a2 a3
H, @)= d, 83 =38 (a2a4 - ae?) -4, (3-4 - 3.28.3) + 35 (8.3 - af) (14)
a, a, a
Applying the triangle inequality in (14), we obtain
H @) < |a3”a2a4 —~ aﬂ +la,|a, —a,a,]+ |a5”a3 —~ aﬁ‘. (15)

Definition 1.1: Let the function f (z)be of the form (9) and belong to the class S, (m, 3) then
for 0< B <1,
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(z-o)H,(2)

Definition 1.2: Let the function f (z)be of the form (9) and belong to the class C*p(m, 5) then

for 0< B <1,
H
Rel1+ M y
H v (2)

1. Preliminary Lemma
Lemma2.1: Let c¢(z)=c,z+c,z° +..eQ besothat |w(z)|<1inU. If p isacomplex number,
then

‘c3 —tczz‘ <max{L|t[}
The sharp inequality for the function c(z)=z or ¢(z)=2, (see [14])
Lemma 2.2: Let p € P and be of the form (3). Then forall ne N ={1,2,3,...}

lc, |<2.

2. Main Results
In this section, the results and some of the consequences are discussed.

Theorem 3.1
Let f (z)eS,(m, B), thenfor m>0,0< <L peN,0<d<l
(p-A)(p+1)!
| Apdpir ~8py3 < 3m2P=2g-2m (1—d 2)3
where

K =\6mp!(p—ﬁ)[(p—ﬂ)—(1+d)—m"e’m(p+2)[2(p—/3)e’”‘[(p—ﬁ)—(1+d)]—2(1+d)[2(p—ﬂ)—(1+d)e’”‘]]-
Proof
Let f,(z)eS,(m,B) by definition(l.1), we have

(z-w)H,(2)
Hy(2)
R
this implies that
(p-pz-0)" - Zk+p f) v e (2-0)"
< mkﬂf’l + e
(p-p)z-0)" - ; p_1)!e‘”‘ak+p(z—a))k”’ (16)

=14+¢(1-0)+C,(2-0)’ +¢,(2-0)’ +¢,(1-0) +..
Simple computation from (16) yields
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l_(1+p—ﬂ] . apﬂ(z_ )_(2+p—ﬂ] mP*t e_map+z(z_w)z_(3+ p—ﬂ] mP+2 ap+3(z_w)3
0-p -4 )(p+1)! p-4 )(p+2)!

—[‘”p_ﬂ ] n e‘map+4(z—w)“—[5+p‘ﬁ] "y (20 ¢
05 Jped) 05 )(p-d)

1 mp ) p+1 . ) p+2 p+3
=1-—e™"a,,(z- e"a -
p| p+1( C()) (p+1)| (p+2) p+3( (0)

— € ap+2(z_a)) -
mp+4 . mp .
(p+4)!e a,5(2- o)’ +a(z—a))—clﬁe a7
mp+l Clmp+2 mp+3

— e (z-0)- e .(z-w)'-¢c,——e ™", (z-w)’ +¢,(z- )
(p-l-l)' p+2( (0) (p+2)' p+3( (0) 1(p+3) p+4( (0) 2( (0)
p p+1 p+2

m

_ m_ - _ 3_~ 0 am _ 4 _ Zm -m _ 5 _ 3
C, p!e a,,(1-0) cz(p+1)!e a,,,(2- o) (p+2)!e a,,5(2-0) +¢,(2-0)

m’ m? 5
_c3—'e "a,. (2~ w)* cFe "8, (2-0) +¢(2-0) +..
p! !

ap+1(z w)Z - Cl

p+l

Comparing the coefficients of (z—w)'sin (17), we obtain
=—2Pp=f) (18)
"L mPe™(1-d?)

_(p=p)(p+D(p—p)-A+d)] (19)

p+2 m p+1e—m (1_ d 2)2

0= 2RO (o - e "[(p- ) - @+ )] -2+ D2p-A)+ G+ e T (20)
m (1-d?)?

o __(p=P)p+3)! [[Ap-P)e"[(p-F)-(A+d)]-21+d)[2p-F)-(A+d)e "+ (p- A)L+0)
" ame T (1-d%) | [(p- ) - 2+ d)] - A+ d)’

a

(21)

The desired result is obtained using equations (18),(19) and (20).
Corollary 3.1.1:
For m>0,0<4<1d=0,peNintheorem3.1and if f (z)eS (m,B)then

—(gmﬁzgp;ml) {(p- pyI6mpl-2mPe 2" (p+2)]+ (p— B)[2me 2" (p +2) — 6mpl-4] - 2™ |

Corollary 3.1.2:
For m>0,4=0,d #1, peNintheorem 3.1and if f (z)eS (m,B)then

(p-pB)(p+1! |6mpp(p—1+d)-mPe™™(p+2)[2pe " (p—1+d)]
_3m2p+2e72m(1_d2)3 —(1+d)[2p—(1+d)efm]

a,ad .,—a

p+1™p+2 p+3| —

a ..a

p+1%p+2 T “p43

Corollary 3.1.3:
For m=10<g<1d =1 peNintheorem 3.1 and if f (z)eS (m,p)then

o _a |<(=BAp+D![6pUp-A(p-F)- W+ d)]-e"(p+2)2Ap-Fle (P~ ) -(A+d)]
p+1%p+2 p+3| = 3e—2(1_d2)3 —2(1-|—d)[2(p—ﬁ)_(1+d)e_l]
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Corollary 3.1.4:
For m>0,0<f#<1,d =1 p=Llintheorem 3.1 and if f (z) €S, (m,B)then
20p-p)  |6mA-B)A-pB)-(1+d)]-3me"[2(1- Be"[(1- B)-(1+d)]]
3m'e?"(1-d?)° |- 201+ d)[21- B)- (1+d)e™]
Corollary 3.1.5:
For m=10<8<1d=0,peNintheorem3.1andif f (z) €S, (m,p)then
< (P=B)(p+D! {6 pi(p—-A(P-B)-U-e*(p+22(p-B)e (P~ - 1)]}
3 22(p-p)-e"]

|azas 4|

a,.48,, -2

p+2 p+3

Corollary 3.1.6:
For m=1,4=0,d #1, pe N intheorem 3.1 and if f (z) &S, (m,S)then

. p(p+D)! {6p!p[p—<1+d>]—e1(p+2>[2pe1(p—<1+d»]}

"l 362 (1md7) | — 20+ d)[2p - L+ d)e ]

2, .2

p+2 p+3

Corollary 3.1.7:

For m=10< g <1,d #1, p=Lintheorem 3.1and if f (z) S, (m,B)then
g, —a< 20-P) [60-AI0-A)- A+ d)]-% (20 fe (0= )~ d)
2 T 3 (1-d?)® |20+ d)[2(1- B) - (L+d)e ]

Corollary 3.1.8:
For m>0,8=0,d #1, p=1lintheorem 3.1 and if f (z) €S, (m,B)then

4
3mie?"(1-d?)

la,a, —a,| < ~Bmd(-e?") -~ (1+d)[2— (1+d)e "]}

Corollary 3.1.9:
For m=1,4=0,d =0, p=_1intheorem 3.1and if f (z) €S (m,p)then

4 g

|a2a3 —a,

Theorem 3.2
Let f (z)eS,(m, B), thenfor m>0,0< <L peN,0<d<l

B D) e (p (P - ) -+ )] 4m(pY* (P )
1-d%)?

2

ap+1

la

p+2

Proof:

The method of proof is similar to that of theorem 3.1 and the desired result is obtained by
simplifying (18) and (19).

Corollary 3.2.1:

For m>0,0<8<1,d=0,peNintheorem 3.2 and if f (z) €S, (m, B)then

(P )

By = 5[ <z e " (p+D!(p - ) =1 - 4m(p!)’ (p - )

p+2 p+1

Corollary 3.2.2:
For m>0,8=0,d #1, peNintheorem 3.2 and if f (z) €S, (m,B)then

g g7y ™ (P rDIP - (L d)]-am(pl)

— Eiz

a B

p+2
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Corollary 3.2.3:
For m=10<p4<1,d#1 peNintheorem3.2and if f (z) S, (m,S)then

< r oy DI )~ (L - 4P’ (P~ )

2

‘ap+2 “ %pa

Corollary 3.2.4:
For m>0,0< 8 <1,d =1 p=Llintheorem 3.2 and if f (z) S, (m,B)then

2 -] < 32(21m(1ﬁ)r; 2y F|B2-e™)+(2-e"d)|

Corollary 3.2.5:
For m=10<8<1d=0,peN intheorem 3.2 and if f (z) €S, (m,B)then

<(p- 'B)‘me‘l(p+1)!(p—/3)—1)‘4(p!)2(p_ﬂ)‘

‘a -a’

p+2 p+1

Corollary 3.2.6:

For m=1,4=0,d #1 pe N intheorem 3.2 and if f (z) S (m,5)then
; e (p+D)![p—(L+d)]-4(p!)* p

‘ap+2 - ap+1

< iy
e?(1-d?)?
Corollary 3.2.7:

For m=10<pg<1,d=#1 p=1intheorem 3.2 and if f (z)eS (m,B) then

al<—EP)_be[a- p)- @+ d)l-4a-p).

s - e?(1- d )2

Corollary 3.2.8:
For m=1,4=0,d =0, p=1intheorem 3.2 and if f (z) €S, (m,B)then

a,-a|< 2
3 ="
o2

Theorem 3.3
Let f (z)eS,(m, B), thenfor m>0,0< <L peN,0<d<l

(p-B)e"[(p-B)-(L+d)]-2L+d)[2(p—B) + (L+d)e™]
) (p-p7°  Rpi(p+ { ) ) }
4853~ 0] < g mrg g g7y (P+DP[(p-p) - (L+d)]

~3(p+)P[(p- ) - (Q+d)]

p+l

Proof:

The method of proof is similar to that of theorem 3.1 and the desired result is obtained by
simplifying (18),(19) and (20).

Corollary 3.3.1

For m>0,0<3<1d=0,peNintheorem 3.3 and if f (z)eS, (m,B)then

- (p=p)* i p+2)[2(p-pe"[(p-p)-1-2[2(p-p)+e ]

—-a’
3m2p+2 —2m (p+1)|2 [(p_ﬂ)_l]]—3(p+l)|2 [(p_ﬁ)_l]

a

p+1 p+3 p+2| —

Corollary 3.3.2:
For m>0,0< 8 <1,d =1 p=Llintheorem 3.3 and if f (z) S, (m,B)then
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@-p4)?  [2A20-pe"[A-p) -1+ d)]-2(1+d)[20-p)+(1+d)e "]
3me " (1-d*)" |- 4L~ B) - 1+ d)* T -12[(L- B) - (L+d)’]

‘aza4 —asz‘ <

Corollary 3.3.3:
For m=10<4<1d=0,pe N intheorem 3.3 and if f (z) €S, (m,B)then

2pi(p+2)12(p- e (p- A -U-2[2(p-p)+e]
—(p+DF[(p-A)-U-3(p+DF[(p-A)-1]

c(p-p)’
3e?

2
ap+1a p+3 ap+2

Corollary 3.3.4:
For m=10< g <1,d #1, p=Lintheorem 3.3 and if f (z) €S (m,B)then
2‘ 1-p)° TlZ[Z(l— pe IL-p) - A+d)] -2+ d)[2(L- B) + (L+d)e™]

‘a2a4_as = -2 2\4
3¢ (1-d%)" |- 4[(1- p) - (1+d)* 1] -12[(1~ B) — (1 +d)°]

Corollary 3.3.5:
For m>0,8=0,d #1, p=1intheorem 3.3 and if f (z) €S, (m,B)then
12

i g gay 2 2 D2+ Qe e+ 5(d” 1)

la,a, —al|<

Corollary 3.3.6:
For m=1,4=0,d #1, p=1in theorem 3.3 and if f (z) €S (m, B)then

4 s[2e7d —2(1+d)[2+ (1+d)e ]+ 4(2d +d°)]+ 2d +d?|

e~ < gy

Corollary 3.3.7:
For m=14=0,d =0, p=1lintheorem 3.3 and if f (z) €S (m,B)then

8 _
‘aza4 —aﬂ SF(Z—e 9

Theorem 3.4
Let f (z)eS,(m,B), thenfor m>00<p<LpeN,0<d<l

H,()<— 3(?3_’8)2 > | B(p+D)+B (p+D)!(p+2)+B™ (p+3)|
m*Pe~"(1-d*)

where

. %{[(p— 5t d)][Zp!(p+2)![2(|0—ﬂ)E‘m[(p—ﬁ)—(1+d)]]—2(1+d)[Z(D—ﬂ)+(1+d)6‘m]]}

~4(p+DF[(p- )+ )]

1 6(p- API(p- ) - (L+d)]-¢"m"(p+2)
B =51 (2(p- P "[(p- )~ (-0} 200+ ) 2(p— ) L+ 0| (20 P "[(p- )L+ )]
-2m™*(@+d)[2(p- ) - (L+d)e™

g1 {[2(p—ﬂ)e”‘[(p—ﬁ)—(l—d)]—2(1+d)[2(p—ﬂ)—(1+d)em]+][m“em(p+1)![(p—ﬁ)—(1+d)]]}
2|\(p- A1+ d)l(p- ) -201+ )] - L+ ) ~4pF(p-$)
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Proof:
The method of proof is similar to that of theorem 3.1 and the desired result is obtained by
simplifying (18),(19),(20) and (21).

Corollary 3.4.1:
For m>0,8=0,d #1, p=1intheorem 3.4 and if f (z) €S, (m,B)then

2
m6e—3m (1_ d 2)6

H, (1) < | A+BA" +12A™ |

where
Az%{d[lZ[Ze‘m —(+d)]- 21+ d)[2+ (L+d)e ] +16(d* +2d)]}

A :%{[Ze‘md —2(1+d)[2+ (1+d)e ™][6d —6de 2" —2m*(1+d)[2— (L+d)e "]]}

A" =%{[2e‘md —2(1+d)[2— (1+d)e ]+ (1+d)? - (1+d)*][2e "d — 4]}
Corollary 3.4.2:
For m=1,4=0,d #1, p=1in theorem 3.4 and if f (z) €S (m, B)then

H, (1) <

where
D= % {d[12[2e*l —(+d)]-20+d)[2+(1+d)e?]+16(d* + 2d)]}

D’ =%{[2eld —2(1+d)[2+ (L+d)e][6d —6de? - 2m*(1+d)[2— (1+d)e ]}

D* =%{[2eld —2(1+d)[2— (L+d)e ]+ (1+d)? - (L+d)*][2e*d - 4]}

Corollary 3.4.3:
For m>0,$=0,d =0, p=1lintheorem 3.4 and if f (z) S, (m,B)then
64(2—e™)
0= e
Corollary 3.4.4:
For m=1,4=0,d =0, p =1lintheorem 3.4 and if f (z) €S (m,B)then
64(2—-e™)
H,()<——.
3( ) 3e_3
Conclusion

It is known that Poisson distribution is a famous subject of interest in Statistics. This present work
had investigated the estimates of second and third order Hankel determinant for analytic functions
associated with the Poisson distribution. Statistical distribution in geometric function theory
associated with the new subclasses were also considered.

The sharp bounds of the second coefficient of normalized univalent functions readily yields the
growth and distortion bounds and also helps in the investigation of univalence of analytic
functions.

For recent publications on second and third Hankel determinants, interested readers can refer to
[10],[21],[12],[15],[16].
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