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1. Introduction

Special functions introduced in analysis have been shown to have tight ties to the idea of linear
representations of Lie groups. The spherical functions are prominent among these functions. Both
the continuous features of Lie groups and the classical Laplace spherical harmonics are generalized
by the theory of spherical functions. In the current theory of infinite dimensional linear
representation of Lie groups, spherical functions are crucial. Spherical functions for SE(2) are the
2 2 2
solutions of the radial part of Laplace-Beltrami operator A = 8_24_12_,_% 0 -+ 0 >
or- ror r-o00° oy
SE(2). They are the Bessel functions for # in general. For n = 2, they are the Bessel functions of
order zero and are also positive definite. This work is centered on the study of positive definite
temperature functions on SE(2) which are positive definite solutions of the Laplace-Beltrami
operator on SE(2).
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The work is organized as follows. Section two deals mainly on preliminaries concerning the
Euclidean motion group. Section three is concerned with the representation, Fourier transform of
SE(2), the explicit determination of spherical function for SE(2) using the method of separation of
variables and the computation of its Fourier transform. Results concerning temperature functions
on SE(2) are presented in section four.

2. Preliminaries
2.1 The Euclidean Motion Group. The group SE(n) is realized as the semi-direct product of
R" with SO(n). Any member of SE(n) may be denoted as g = (x¢),, where £ € SO(n) and

X € R".Forany g, =(x,¢,) and g2= ()_c2 6, ) € SE(n), multiplication on SE(n) may be defined
as

2.8, =(x, +¢,x,,6,5,)
and the inverse is defined as
gil(_ 5551)

Here (f ! ) denotes a transpose. Alternatively, SE(n) may also be identified as a matrix group whose
arbitrary element may be identified as (n + 1) x (n + 1) matrix, given in the form

(s ¥
H(g)—[o, J

where & € SO(n) and 0°= (0,0...,0). It is observed that H(g1)H(g2) = H(g1g2), H(g™") = H (g) and
g > H(g) an isomorphism between SE(n) and H(g).

We can now give the matrix representation of the element of SE(2) € GL(3,R) by

cosg—sing x,

g(x,,x,),¢p=|sing cos¢ x,
0 0 1

where ¢ € [0,27], (x1,x2) €R?([13], p.3), ([2], p-207, [6]). A measure on SE(2) is realized as the
product of the measures on R? and SO(2)( [4],[7]).

The universal covering group of SE(2) is the semi direct product group R? xR whose
multiplication and covering map are defined respectively as

(x,a) (x',a)=(x+e"x",a+a')

and

(x,a) = (x,e").

A sub-Laplacian on SE(2) has the form ¥ = —zj X;,where X, =a,;X;+U, forsome o; €ER and
U; € Span{X1,X2}. It is an hypo elliptic operator if o;=0 [11]

2.2 Spaces of Test Functions on SE(2), Their Topologies and Distributions.
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Here we give a brief description of spaces of distributions and their respective topologies.

2.2.1 The space C*(G). Given a solvable Lie Group G endowed with invariant measure du(g), and
g its Lie algebra. Lets denote by m the dimension of g. Fix {Xi,...,Xm} a basis of g. To each a =
(a1,...,am) EN™, we put |a| = a1 + ... + an and associate a differential operator X, which is left
invariant, on G acting on f € C*(G), the space C*(G) of infinitely differentiable functions on G,
by

oM 9om

X%f(g) = m—?q...at%m flg exp(t1.Xy)...exp(t Xon)) |ty =..=t,,—0-

The space C*(G) may be given a topology defined by a system of seminorms specified as

|f|a,m:Sl’tp\a\£m ‘Xaf(g)|

With this topology, C*(G) is metrizable, locally convex and complete, hence, it is a Frechet space.
This Frechet space may be denoted as &(G)

2.2.2 The spaceC°(G). This space C°(G) is the space of complex-valued C” function on G with
compact support. For any € > 0, put

Be={(€6) € G |lgll < )

and

Then D(B.) is a Frechet space with respect to the family semi norms defined as
{P a(F) = D% flloo : a € N?’}.

D(G) = U2, D(B,) is topologised as the strict inductive limit of D(Bx). A linear functional on the
topological vector space D(G) that is continuous is known as a distribution on G. Then D' (G) is
the space of distribution on G.

Given a manifold M and a distribution 7, 7 is said to vanish on a subset }' © M, which is open,
if 7=0. Let {Ua}qeo represents the collection of all open sets on which 7" vanishes and let U stand
for the union of {Ua}aecw. M — U, regarded as the complement of M, is the support of 7. We denote
£(G) a distributions space with compact support.

2.2.3 The Schwartz space S(G). Consider the Euclidean motion group SE(2) realized as Rx T
where R = R/277Z . If we choose a system of coordinates (x,y,0) on G with x,y €R and @ €T, then
a complex - valued C” function fon G = SE(2) is called rapidly decreasing if for any N €N and «
€N we have

pra(f) = Supe€T,EER2 | (1 + [PNDNE ) | < +oo,

where
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(a = (a1,02,03);¢ = (x,y)). The space of all rapidly decreasing functions on G is denoted by S =
S(G). Then S is a Frechet space in the topology given by the family of semi-norms {Pn..: N EN,a
EN’}.

The space S(G) of (continuous) linear functionals on S(G) is referred to as the space of
tempered distributions on G = SE(2). This space can be topologised by strong dual topology, which
is defined as the topology of uniform convergence on the bounded subsets of S(G) generated by
the seminorms py(u) = |u(p)|, where u : S(G) —R and ¢ €S(G). We close this section by defining
the concept of convolution on the space S(G).

Let f1,/2 €S(G) or L*(G). The convolution of fi and > is defined as
(i * () = | /(W) fo (7 @) ()
= | fi&m fo(h " )dpg (h)

The convolution operation obeys the associativity property

(i % f3) * fi=fi % (fax fo)

whenever all the integrals are absolutely convergent (cf: [1], [10]).

3. Fourier transform of Spherical function on SE(2)

The Fourier transform of the group SE(2) is needed in what follows. The following preparations
concerning the representation of SE(2) is presented first.
Letr2([0, 2], 42) be the space of square integrable functions on 7' = [O,27z] =S0(2). A

representation ofg E(2) on L?(]0, 27], ‘Zi_?) is given as

U (@ (X)=e Vg (4" X)

for each g € SE(2), where p € R"and X.Y = z1y1 + 2oys. A = (
( cosp  sing

cos¢ —sin¢5> AT —

sing  cosg

—stng  cosp

) , so that

ATx — ( cos¢p  sing ) < x1 ) _ ( 1C08¢ + X251ND )

—sing cosp To —Z N + T2c050
The representation U”)(g) given above is unitary and irreducible (see [2],[10]).

The following definition of group Fourier transform may be found in ([1] [8]).

3.1 Definition. The Fourier transform of f € S(G) (or f € L'(G) ) is a map
F(f) : R"— B(LX(G))
defined as

(Ff)o)=|_f(@U"(g")du

and the inverse is defined as

flg) = /O " THUS f(0))odo,
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where g = x,¢) and du(g) stands for a measure on G. F(f)(o) may also be denoted by f(o) in what
follows.

Given a locally compact group G and a subgroup K that is compact, the pair (G,K) is known as
a Gelfand pair if L'(G//K) is abelian under convolution. Also, let C{(K\G/K) stand for the space of
continuous functions with support on G that are compact. Functions on C.(K\G/K) that satisfy
fkigk2) = f(g) Vki,k2 € K are referred to as spherical functions and C(K\G/K) equipped with

convolution as a binary operation forms a Banach algebra that is commutative. The pair (SE(2),
SO(2)) is a Gelfand pair (see [3], [12].).

A function ¢ defined on a K-bi-invariant continuous function that satisfies ¢(e) = 1 in such a
way that

f— f* ¢(e) defines an algebra homomorphism of C.(K\G/K) is termed spherical function.

The Laplace-Beltrami operator on SE(2)(see [3],[5]) is given by

2 10 1 9 o2
2__ Y - - —

Vgt e o D

A radial solution of the above operator is given as follows. Let the operator act on ¢ = ¢(,6,y) ,
then

Po 10p 1p Py

2p=—L 4= —— T4+ 222
V= o Tae T apr @
We have the following elleptic partial differential equation
Po 10p  10%p 0%
S I I I Y 3
or?  ror +r2 062 +3¢2 0 )

Let us assume that the above equation has a solution of the form

o(r,0,y) = RNFOF (). @)

Now,
(% _ Py ana 02 = piopuin 2K
- — R 2E
\%ﬁ - R(T)F(H)gz—;

Substituting (5) into (3), we have

2 T r 2 2
8;32 )y %F(@\If(w} a}; )+ r—lzR(r)\Il(w)a—F +RVFO) 22 —0. (6)

FO)¥(v)

Divide (6) by R(r)F(6)¥(y), then we get

L R(r) 1 OR() 1 2F(O) 1 PU()

R0 o2 TR or T F@E 002 T uw) aur
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1 9%R(r) 1 &RW)+' 1 9°F(9) 1

0”¥(1))

R(r) or? R(r)r Or F(9)r? 062 B

V() o0y -

(7)

The Left Hand Side (LHS) of (7) depends only on (r,6) while the Right Hand Side ( RHS ) depends

only on . We can equate each side to a constant, say —m>. Thus we get

1 5?0 9 1 0% , 0% 9
“wyawr - ™ T wgyewr " T awe - ™ W)
and
1 WR+ 1Q§+ 1 ’F
R(r) 0r?2 ~ R(r)r Or = F(0)r? 062 -
Multiplying (9) by #?, to get:
TQWR+ rQ§+],§E__22
R o2 "R or  F@) 002 T
so that
2 82R+ T @—szrz—— 1 O*F
R(r) Or? ~ R(r) Or -~ F(0) 007

Again equate both sides of (10) to n%, where n is a constant:

2 d2R(T)+ r dR(r) )

2.2
R(r) dr? R(r) dr et =

1 dexe):: 5

F(6) do

We can now solve the ordinary differential equation:

r? d*R(r) r dR(r)

2 2
R(r) dr? +R(r) dr

+m?r? —n?=0.

(8)

)

(10)

(1D

(12)

(13)

. . : . ox
Next, we transform this equation into Bessel equation. To do this, we let mr = x so that — =m.

Then
dR(r) _ dR(r) dx
dr  dx dr
—-nzdR(V)
dx

ER() _ d (4R
dr2  dr \_dr

- (nin)

dzR(T’)d_:Z‘
dz? dr
d’R(x)
a2
d’>R(x)
=

=1m

or
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Equation (13) becomes

5 T2 d?R(r)  mr R(r)

2.2 2y _
" R(r) dx? + R(r) dz +(mir® =) =0 (14)
Multiply (14) by R(r) to get
2,.2 *R(r) R(r) 2.2 2 _
Mt g mr— = (m*r* —n")R(r) = 0.

mr = x; m** = x*, therefore,

QdQR( ) + xR(T) + (;gz — n2)R(T) =0

dzx? dx
This may be re-written as
d’R(r)  1dR(r) n?
2 T g (1 — ?)R(T) =0 (15)

The differential equation (15) is a Bessel differential equation and it has a solution of the form

(16)

o =1 (5 ) Z m( D (% )

n \/x _

- (§> ( 2 by .
where /v 1s the Bessel function of index v. Different values of 1 will give u.....<ent solutions. In our
own case, we are considering SE(2), that is n = 2. Therefore, (18) can be further simplified to be
6]

Ix(ma) =T (1) (*/2)‘_7"> Iz > (N) (18)

— 1o( V7). o
Expression (19) is the desired spherical function for SE(2), generally rreierred to as the Bessel
function of order zero. Here after, it is denoted as Jo(4)

Next, the Fourier transform of expression (19) is considered. The integral representation of
Jo(4) is defined as

1 2T
JO()\) — %/O ez)\cos¢d¢

Now

o 1 2w .
_ / — / ez)\cosd)ezt)\dqbdA
1 27

/ L)\(,o.sqz‘) Z)\td(,bd/\

')Tr
/ / 71)\( L— LU@,Z)dGSdA

27T

% 8(—t — cosd)dao.

F(Jo(N\)) = /OO Jo(A)eftrd

27r

93



Edeke et al - Journal of NAMP 69, 1 (2025) 87-98

We evaluate d(—t — cos¢) and substitute the result as follows. It is known that d(x)=d(—x) , therefore,
o(—t—cosg) = o(t+cosg). t+cos¢g is a function,and we use one of the properties of Dirac function
that says
~ 3(¢ — i)
90D =2 ")

¢iare the roots of g(¢) = 0, g'(¢) is the first order derivative of g(¢). Now, g(¢) =t + cos¢, therefore,
g(¢) = sing. The two possible roots of ¢ + cos¢ are ¢1 = cos '(=t) and ¢2= 2w — cos '(—t). So
therefore,

§(t + cosp) =

§(¢ —cosTH(—t))  8(d— (21 — cosT(—1)))
|

|sin(cos=1(—t))] |sin(2m — cos~1(—t))| °

We know that sin’¢ + cos*¢ = 1 and sing =P1 — cos*p. Let ¢ = cos (1) ,
sin(cos 1 (—t)) = \/1 — cos(cos—L(—t))cos(cos—1(—t))
= /1 — cos(cos1(—t))2
_Vite

Therefore, sin(cos™' (—t) =v1-¢>. Now,

§(p —cos™H(—t)) (¢ — (21 — cos™L(—t)))

— cos )
ot ¢) = |sin(cos=1(—t))] |sin(2m — cos—1(—t))]
_ §(¢p — cos™(—t)) n §(¢p — (27 — cos™1(—t1)))
V1_2 VI

—j 5(t—cos¢)d¢—%5(¢\/lci_( 0, 8@ (231—0105 ) 4

- i N 1: 2 jOZE [5(¢ =cos (—t)+ 5(p— (27 —cos™ (—f)))]d¢

1 1 27 4 27 1
T fi=p J [‘W:COS (~t)dg+ [~ 5(p— (27 —cos (—t)))}ws

1
2z 1=
2 1

2z \1-p

=(7[)—1 / _P

——(1+1)

This is the Fourier transform of the spherical function of SE(2). It is our interest to use it in studying
signal analysis and a Paley Wiener type theorem in our future research.
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4. Temperature function on the motion group SE(2)

4.1 Definition. Let Asg@) be the Laplace-Beltrami operator on SE(n). A temperature function on
SE(2) is a C” function F' €S(G) that satisfies

((a% _ AG)F> (€,6)=0,(£,6) € G.
Let f'€ L*(SE(2)), then fis positive definite on G if
€06 0)zn = 0.6 € SISPR). 4 (€.0) = o((£:0))
A function fthat is continuous on SE(n) is called U(n)- invariant if
Ra&6) =fiE6),(E6) € SEQ),Va € Uln),

where U(n) stands for a collection of square unitary matrices of order n. Let f €S (SE(2)) , then
for all a € U(n), fais defined as

Jo(@)=f(@,.)
where ¢ €S(SE(2)) and pa—1(,0) = p(a 'E0). A function ¢ €S(SE(2) is U(n)-invariant if

Po= @,

a distribution £ €S'(SE(2)) is U(n)-invariant if and only if /= fwhere

S9) =",
and 0'(.0)=] olas.O)da
da 1s the normalized measure on U(n) such that

jU(n) da=1.

It therefore means that ¢ €S(SE(2)) is U(n)-invariant if and only if ¢’= ¢. Let f €S'(SE(2)) and ¢
€S(SE(2), then the convolution f * ¢ is defined as

(f *yw)(5.0) = Idf(eg'ﬂ (0 (E,0).(£.0)and(&',6") € SE(2),

and
(W *f)&,0) = fdf(é'ﬁ D (&,0)(E,0)7(£,0),(E',0) € SE2).
The linear map
S'(SE(2)) XS(SE(2)) 3 (f.9) — f* ¢ €S (SE(2))

is separately continuous and the convolution f x¢ is a smooth function on SE(2). The following
lemma is needed in the proof of theorem 4.3, which is the main result of this section.
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4.2 Lemma. The Bessel function {Jo(4) : 4 > 0} associated with the Laplace-Beltrami Operator of
SE(2) satisfies the following conditions.

(i) Jo(4) €S(G), 1> 0.
(ii) For every y €S(G), Jo(4) * w — yin S(G) as 1 — 0.

The following result is the main result of this section.

4.3 Theorem. Let £ €S'(SE(2)). The function F defined on G by
F(S0) = (* Jo(A))(S.0)

satisfies the following conditions.

(i) ((%— AGF)(&,0) =0,(¢,0) € SE(2).

(ii) There exist positive constants C and N such that

|FE.0)I<C Sup [A+[E1)7 11 L' (SE(2) (20)

0eR,E€R

where |[f]|z1(s2)) is the L'- norm of SE(2).

Proof. (i) Let f €S(SE(2)). Then by (i) of lemma 4.2, the function defined by F(&6) = (f =
Jo(2))(&,0) is a smooth function on SE(2). Also, since the linear map S (SE(2))*S(SE(2)) 3 (f¢) —
f* ¢ €S (SE(2)) is separately continuous, it therefore means that /' * ¢ is smooth. Let U(g) be the
universal enveloping algebra of SE(2). Elements of this algebra are left invariant differential
operators on SE(2). The Laplace-Beltrami operator on SE(2) is a member of this algebra, therefore
Agis a left vector field on SE(2). Therefore, it stands to reason that

((83 —AG>F) (6.6)=0

(ii) For f €S (SE(2)), there exists C and N such that

[ f@)I£C sup [(+]| S (D)0l

0T 2<R
By (20),
[F(E0)] = (1 Jo)EOI< sup [(1 + [[EIHNDY * Jo(2))(E O).
O€eT,CeR?
But

| D*(f* o (ANS,0) =]/ * DT (A)(S,0)

<\ 1 fID*(n7')dn

“Jse)

< | Ff (m)|| D& | dn  since SE(2) is unimodular

—Jse)
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C
< ian———M
~Lme)WaﬂwWW|

=ClA+1 ™M, | S dn
= (1S P 1 f 11 2 (SE)
n=(E0and &=(£.0)

4.4 Positive definite temperature functions
Let f €ED'(SE(2)), and let D' and E' be vector fields. f'is called a positive definite distribution on
SE(2) if it can be expressed as
N . .
f=Y.D'E'f, f, € L"(SE(2))
i=1

D'and E'are respectively left and right invariant on SE(2) [9]

A description of positive definite temperature function on SE(2) is presented in the next
theorem.

4.4. Theorem. Let F' be a temperature function that is smooth and is defined as presented in (ii) of
theorem 4.3 such that

fSE(Z)F(g’e)(l// * l//*(f, 0)d&d6 >0

for all ¢ €S(SE(2)). Then there exists f €S(SE(2)) that is positive definite and unique such that
o= Jim [ Ple0yo(e 0z

s—=0t JsE(2

On the other hand, every positive definite distribution f €D'(SE(2)) that is positive definite defines
a positive definite temperature function on SE(2) that satisfy the second condition of theorem 4.3

Proof. 3 a unique / €ES(SE(2)) such that (see Theorem 4.3)

r—0

f(p) = lim one) F(&,0)(p * ¢7)(§, 0)dSdo.
Let us assume that F(&,60) is positive definite on SE(2), it follows that

flpx ™) = lim F(&,0)(p* ") (§,0)dEdb > 0
=Y JSE(2)

Conversely, let f'be a distribution on SE(2) that is positive definite, then f €S'(SE(2)). Let
F be a the function on SE(2) defined by

F(G0) = (f* Jo(A)(S0),

then
(f * Jo()) (g * 9*) = Jo(A) * (f (¢ * 9*)),
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where v (&60) = w((&0) !, w ES(SE(2)), f (v) = Aw). Since Jo(A) is a positive function on SE(2) and
fis a positive definite distribution on S'(SE(2)), the following follows

(F # Jo(N) (0 %) = JolA) = (f ‘(g 90*)> 50, A> 0

Conclusion.

In this work, the spherical function of SE(2) has been explicitly shown to be the Bessel function
of order 2. It is also observed that this function is positive definite and bounded in section three.
A temperature function, obtained as the product of a Schwartz function on SE(2) and its spherical
function is also observed in section four to be positive definite. It is our interest to study this
temperature function in our next research to see if it is tempered and radial.
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