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ABSTRACT 

Hybrid block methods have recently gained prominence in the numerical solution 

of first-order differential equations due to their enhanced stability and accuracy 

properties. This paper introduces an optimized one-step method that incorporates 

two hybrid points to improve computational efficiency and precision. By applying 

interpolation and collocation techniques, the block method is constructed by using 

a variable placeholder in place of a conventional fractional hybrid point, 

providing flexibility in optimizing the scheme. The optimal values of the hybrid 

points are obtained by equating the main method of the block to zero and solving 

the resulting equation. The derived method is of order four and is rigorously 

analyzed to be consistent, zero-stable, convergent, and A-stable, ensuring both 

reliability and long-term accuracy in practical computations. Results demonstrate 

that the proposed scheme consistently outperforms existing methods in the 

literature, including some of higher order, particularly in terms of accuracy and 

computational efficiency. 

 

  

1. INTRODUCTION  

Numerical methods are employed to obtain approximate solutions for equations that are 

analytically intractable. A differential equation, together with its initial or boundary conditions, is 

referred to as a differential problem. Some differential problems lack closed form analytical 

solutions, necessitating the use of numerical techniques to approximate their solutions.  However, 

numerical methods introduce errors, which are defined as the difference between the analytical 

solution and the computed numerical approximation. Linear multistep methods (LMM) are 

commonly used numerical techniques for solving differential equations.  Block methods for 

solving ordinary differential equations were introduced by Lambert 1. A variation of these 

methods, known as hybrid block linear multistep methods (HBLMM), integrates additional points 

that are not part of the main grid points to enhance accuracy and robustness. 
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The inclusion of hybrid points contributes to improved solution precision 2-5. The optimization of 

three hybrid points in a single-step method by randomly choosing values for its hybrid points was 

carried out 6. Oyelami optimized a second-derivative two-step method for solving first-order 

ordinary differential equations using Bhaskara points 7. Several researchers have contributed 

significantly to the advancement of hybrid and block methods for solving differential equations. 

Different researchers have employed various hybrid points in their studies, each influencing the 

overall accuracy of the method 8–11. Kuboye proposed a one-step second derivative block intra-

step method tailored for stiff systems of ordinary differential equations, enhancing accuracy and 

stability 12. Rageh introduced hybrid shifted orthonormal polynomial techniques for fractional 

differential equations, demonstrating improved approximation efficiency 13. Ranocha developed 

multiderivative time integration methods that preserve nonlinear functionals via a relaxation 

approach, contributing to the field of structure-preserving algorithms 14. Raymond constructed a 

four-step one hybrid block method specifically for solving fourth-order differential equations 15. 

Adeyefa formulated an accurate four-step hybrid block method aimed at solving higher-order 

initial value problems, showcasing improved convergence properties 16.  

This paper focuses on the optimization of two hybrid points in a one-step method for improved 

accuracy when solving first order ordinary differential equations. The formulation of the method 

employs interpolation and collocation techniques, where the hybrid points are treated as variables. 

The block methods are then developed with respect to these variables. Subsequently, the error term 

of one of the main methods in the block is analyzed, leading to the determination of the optimized 

hybrid points, which are incorporate into the main block method. The evaluation of the proposed 

method covers key properties such as zero-stability, consistency, order of accuracy, convergence, 

and the region of stability. 

1.1 Order and Error Constant 

The order of a first order differential equation can be determined by using the linear operator 

considered as follows: 

𝐿[𝑦(𝑥𝑛); ℎ] = ∑ [𝛼𝑖𝑦(𝑥𝑛 + 𝑖ℎ) − ℎ𝛾𝑖𝑓(𝑥𝑛 + 𝑖ℎ)]𝑖                (1.) 

The function 𝑦(𝑥) is an arbitrary test function that is continuously differentiable in the interval [a, 

b]. Expanding 𝑦(𝑥𝑛 + 𝑖ℎ) and 𝑓(𝑥𝑛 + 𝑖ℎ) in Taylors series about 𝑥𝑛 and factoring the coefficients 

of ℎ , gives 

𝐿[𝑦(𝑥𝑛); ℎ] = 𝐶0𝑦(𝑥𝑛) + 𝐶1ℎ𝑦(𝑥𝑛) + 𝐶2ℎ
2𝑦2(𝑥𝑛) + ⋯+ 𝐶𝑝ℎ

𝑝𝑦𝑝(𝑥𝑛) + ⋯                  (2.) 

Where 𝑐𝑖, 𝑖 = 0,1,2, …  are vectors.  

𝐶0 =∑𝛼𝑗

𝑘

𝑗=0

,

𝐶1 =∑𝑗𝛼𝑗 −∑𝑗𝛽𝑗

𝑘

𝑗=0

𝑘

𝑗=1

𝐶2 =
1

2
∑𝑗2𝛼𝑗 −∑𝑗𝛽𝑗

𝑘

𝑗=1

𝑘

𝑗=1
… 

𝐶𝑞 =
1

𝑞!
∑𝑗𝑞𝛼𝑗 −

1

(𝑞 − 1)!
∑𝑗𝑞−1𝛽𝑗

𝑘

𝑗=1

𝑘

𝑗=1 }
 
 
 
 
 
 

 
 
 
 
 
 

                                                                               (3. ) 
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A method is of order 𝑝 if 𝐶1 = 𝐶2 = ⋯ = 𝐶𝑝 = 0, 𝐶𝑝+1 ≠ 0.  The nonzero coefficient 𝐶𝑝+1 is 

referred to as the error constant. 

2.  Derivation of the method 

The one step method with two hybrid points is derived using two hybrid points 𝑥𝑇 ,  and 𝑥1−𝑇 for 

solving first order ordinary differential equations. Where 𝑇 > 0 and 𝑇 < 1, the approximate 

solution of an ordinary differential equation can be expressed by using a basis function of the form: 

𝑦(𝑥) =∑𝑎𝑗𝑥
𝑗

4

𝑗=0

                                                                   (4) 

Differentiating Eq. (4) gives 

𝑦′(𝑥) = 𝑓(𝑥) =∑𝑗 𝑎𝑗𝑥
𝑗−1

3

𝑗=1

                                                           (5) 

interpolating Eq. (4) at the points 𝑥𝑛+1 and collocating Eq. (5) at the points 𝑥𝑛+𝑗, where 𝑗 =

0, 𝑇, 1 − 𝑇, 1 yield the system of linear equations below  

[
 
 
 
 
 
1 𝑥𝑛+1 𝑥𝑛+1

2 𝑥𝑛+1
3 𝑥𝑛+1

4

0 1 2𝑥𝑛 3𝑥𝑛
2 4𝑥𝑛

3

0 1 2𝑥𝑛+𝑇 3𝑥𝑛+𝑇
2 4𝑥𝑛+𝑇

3

0 1 2𝑥𝑛+(1−𝑇) 3𝑥𝑛+(1−𝑇)
2 4𝑥𝑛+(1−𝑇)

3

0 1 2𝑥𝑛+1 3𝑥𝑛+1
2 4𝑥𝑛+1

3 ]
 
 
 
 
 

[
 
 
 
 
𝑎0
𝑎1
𝑎2
𝑎3
𝑎4]
 
 
 
 

=

[
 
 
 
 
𝑦𝑛+1
𝑓𝑛
𝑓𝑛+𝑇

𝑓𝑛+(1−𝑇)
𝑓1 ]

 
 
 
 

      (6) 

The 𝑎𝑖’s 𝑗 = 0,1,2,3,4 are obtained using the matrix inversion technique to solve Eq.(6).  

[
 
 
 
 
𝑎0
𝑎1
𝑎2
𝑎3
𝑎4]
 
 
 
 

=

[
 
 
 
 
 
1 𝑥𝑛+1 𝑥𝑛+1

2 𝑥𝑛+1
3 𝑥𝑛+1

4

0 1 2𝑥𝑛 3𝑥𝑛
2 4𝑥𝑛

3

0 1 2𝑥𝑛+𝑇 3𝑥𝑛+𝑇
2 4𝑥𝑛+𝑇

3

0 1 2𝑥𝑛+(1−𝑇) 3𝑥𝑛+(1−𝑇)
2 4𝑥𝑛+(1−𝑇)

3

0 1 2𝑥𝑛+1 3𝑥𝑛+1
2 3𝑥𝑛+1

3 ]
 
 
 
 
 
−1

[
 
 
 
 
𝑦𝑛+1
𝑓𝑛
𝑓𝑛+𝑇

𝑓𝑛+(1−𝑇)
𝑓1 ]

 
 
 
 

 

These 𝑎𝑖 values are then substituted into Eq. (4) to derive the continuous method. Evaluating the 

continuous method at 𝑥 = 0, 𝑇 and 1 − 𝑇 results in the following hybrid block method: 

𝑦𝑛 =
ℎ(−6 𝑇2 + 6 𝑇 −1 )𝑓𝑛 + 1

12 𝑇 (−1 + 𝑇)
+

ℎ𝑓𝑛 + 1 − 𝑇

12 𝑇 (−1 + 𝑇)
+ 

ℎ𝑓𝑛 + 𝑇

12 𝑇 (−1 + 𝑇)
+
ℎ(−6 𝑇2 + 6 𝑇  − 1)𝑓𝑛

12 𝑇 (−1 + 𝑇)
+ 𝑦𝑛 + 1   (7) 

𝑦𝑛 + 𝑇 = 𝑦𝑛 + 1 +
ℎ(6 𝑇4 − 𝑇3 − 11 𝑇2 + 7 𝑇 −1 )𝑓𝑛 + 1

24 𝑇2− 12 𝑇
+
ℎ(𝑇3 − 𝑇2 − 𝑇  + )𝑓𝑛 + 1 − 𝑇

24 𝑇2− 12 𝑇
+

                
ℎ(7 𝑇3 − 7 𝑇2 − 𝑇  + 1)𝑓𝑛 + 𝑇

24 𝑇2− 12 𝑇
+  

ℎ(−6 𝑇4 + 17 𝑇3 − 17 𝑇2 + 7 𝑇  −1)𝑓𝑛

24 𝑇2− 12 𝑇
     (8) 

𝑦𝑛 + 1 − 𝑇  =
(6 𝑇4 − 23 𝑇3 + 22 𝑇2 − 6 𝑇 )𝑓𝑛 + 1

24 𝑇2− 36 𝑇 + 12
   +

(−7 𝑇3 + 14 𝑇2 − 6 𝑇 )𝑓𝑛 + 1 − 𝑇

24 𝑇2− 36 𝑇 + 12
+
(−𝑇3 + 2 𝑇2)𝑓𝑛 + 𝑇

24 𝑇2− 36 𝑇 + 12
 +

                       
(−6 𝑇4 + 7 𝑇3 − 2 𝑇2)𝑓𝑛

24 𝑇2− 36 𝑇 + 12
 + 𝑦𝑛 + 1        (9) 
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In order to obtain an optimal value for T, the local truncation error in the formula Eq. (7) is equated 

to zero. Eq. (7) is chosen because it contains both 𝑦𝑛 and 𝑦𝑛+1 which are the main grid points. 𝑦𝑛 

is the initial condition and 𝑦𝑛+1  is the next step forward. To obtain the optimized points the local 

truncation error of 𝑦𝑛 is obtained.  

𝐿(𝑦(𝑥𝑛); ℎ) = (−
1

144
𝑇2  +

1

144
𝑇 −

1

720
) ℎ5𝑦5(𝑥𝑛)

+ (−
1

288
𝑇2 +

1

288
𝑇 −

1

1440
) ℎ6𝑦6(𝑥𝑛) +  𝒪(ℎ

7)                            (10) 

Having obtained Eq. (10) the coefficient of ℎ5𝑦5(𝑥𝑛) is equated zero to obtain the optimized 

points.  

−
1

144
𝑇2  +

1

144
𝑇 −

1

720
= 0                                                                   (11) 

The solution to Eq. (11) are:  

𝑇 =
1

2
 −

√5

10
 and 1 − 𝑇 =

1

2
+
√5

10
     (12) 

The importance of Eq. (12) lies in the fact that it sets the coefficient of ℎ5𝑦5(𝑥𝑛) in Eq. (10) to 

zero, thereby increasing the order of the method. 

Substituting 𝑇 into Eq (4-6) gives the main block methods:  

𝑦𝑛 = 𝑦𝑛 + 1 +

(−𝑓𝑛 − 𝑓𝑛 + 1 −  5 𝑓
𝑛 +

1
2
−
√5
10

−  5 𝑓
𝑛 +

1
2
+
√5
10

)ℎ

12
                                      (13) 

𝑦
𝑛+

1
2
−
√5
10

= 𝑦𝑛 + 1 +

(−(4 √5 −  15)𝑓𝑛 + 1  + (15 +  10√5)𝑓
𝑛 +

1
2
+
√5
10

 + (30 −  5√5)𝑓
𝑛 +

1
2
−
√5
10

− √5𝑓𝑛)ℎ

(−150 +  30√5)
  

             (14) 

𝑦
𝑛+

1
2
+
√5
10

= 𝑦𝑛 + 1 +

(−5 + √5)(19 +  7 √5)𝑓𝑛 + 1 + (−5√5 +  5)(11√5 +  35)𝑓
𝑛 +

1
2
+
√5
10

 + 

(−5 + √5)
2
(15√5 +  5)𝑓

𝑛 +
1
2
−
√5
10

 −  (
5
3 + √5) (−45 +  9√5)

2
𝑓𝑛

(600 +  120 √5 )
 

(15) 

Eq. (13), (14) and (15) are the methods that form the optimised block method.  

3. Analysis of the methods 

3.1 Order and Error Contant 

After applying Eq. (3) to Eq. (13), Eq. (14) and Eq. (15), it is obtained that the methods are of 

order 6, 4, and 4 respectively with error constants: 
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1

1512000
,

1

1500 (−5 +√5 )(√5 + 1)
 and 

−1

1500 (−5 +√5 )(√5 + 1)
  

3.2 Zero Stability 

The one-step block methods incorporating two hybrid points can be generally expressed in the 

form of a matrix difference equation as follows: 

𝐴(1)𝑌𝑤 = 𝐴
(0)𝑌𝑤−1 + ℎ[𝐵

(0)𝐹𝑤−1 + 𝐵
(1)𝐹𝑤]    (16) 

And the matrices 𝐴(1), 𝐴(0), 𝐵(0) and 𝐵(1) are matrices whose entries correspond to the coefficients 

of the methods, with the first characteristic polynomial defined as  

𝜌(𝜆) = |𝜆𝐴(1) − 𝐴0| = −𝜆2(𝜆 − 1)    (17)  

This implies that its roots are 𝜆1 = 0, 𝜆2 = 0, 𝜆3 = 1. The zero-stability of the proposed one-step 

block hybrid method is confirmed because the condition 𝜌(𝑅) = 0 holds, with all roots 𝜆𝑗, for 𝑗 =

1,2,3, satisfying |𝜆𝑗| ≤ 1 and none of the roots having multiplicity greater than one.  

3.3 Consistency  

In order to establish the consistency of the block method the three following conditions has to 

meet. 
1. The order of accuracy 𝒑 ≥ 𝟏 

2. ∑ 𝜶𝒋 = 𝟎
𝒌
𝒋=𝟎   

3.   𝜌′(1) = 𝜎(1), 𝜌(𝑟) is the first characteristic polynomial and 𝜎(𝑟) is second characteristic   

polynomials of the block. 

 

Condition (1) has been met, the order of the methods is greater than 1. Condition (2) is also satisfied 

since 𝐶0 = ∑ 𝛼𝑗 = 0𝑘
𝑗=0  

To verify condition (3), the characteristic polynomials are evaluated, yielding the parameters 

presented in Table 1 for each method. Based on the values in Table 1, condition (3) is confirmed 

to be satisfied.  

 

Table 1: Parameters for Determining Consistency when 𝒎 = 𝟐 

Equation Order p ∑𝛼𝑗 𝜌′(1) 𝜎(1) 

7 6 0 −1 −1 

8 4 0 
1

2
−
√5

10
 

1

2
−
√5

10
 

9 4 0 
1

2
+
√5

10
 

1

2
+
√5

10
 

 

3.4 Convergence 

A linear multistep method is convergent if and only if it is both consistent and zero-stable 17. 

Based on this theorem, all the block methods developed are therefore convergent. 

3.5 Region of Absolute Stability 
The numerical schemes can be reduced into one-step methods of the form  

𝒚𝒏+𝟏 = 𝝓(𝒉)𝒚𝒏      (18) 
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By solving for 𝒚𝒏+𝟏 in the matrix equations methods. To study the stability of the resulting scheme it is 

straightforward to consider stability using the linear test equation  

𝒚̇ = 𝝀𝒚       (19) 

Where 𝝀 is a complex constant. The stability polynomial for the proposed block method is  

𝝀𝒌 =
𝑧3+ 12𝑧2+ 60𝑧 + 120

𝑧3− 12∗𝑧2+ 60∗𝑧 − 120
        (20)  

 

Fig 1 illustrates the stability region of the proposed method, derived from the stability polynomial 

given in Eq. (20). The region indicates that the method is A-stable, as it encompasses the entire 

left half of the complex plane. 

 

 
Figure 1: Stability region of the proposed method 

4.0 Numerical Results 

This section presents several examples to demonstrate the efficiency of the proposed method. For 

comparison, the results are evaluated alongside those obtained from existing methods in the 

literature, the same step size ℎ used by the referenced researchers is adopted for consistency. 

Example 1. 

Consider the first order differential equation 

𝑦′(𝑡) =
1

2
(1 − 𝑦(𝑡)), 𝑦(0) =

1

2
, 𝑡 ∈ [0,1]        (21) 

The exact solution is given by: 

𝑦 = 1 −
1

2
𝑒−

1

2
𝑡
           (22) 

Table 2: Errors for Example 1 

𝒕 
Error in Proposed 

Method 
Error in 17 Error in 20 Error in 18 

0.0 0 0 0 0 

0.5 3.68 E-15 6.10E-14 1.17E-14 6.78013E-13 

1.0 7.013E-15 3.19E-14 3.26E-14 6.35936E-13 
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1.5 1.00E-14 1.19E-13 4.65E-14 6.38045E-13 

2.0 1.26E-14 2.77E-13 5.90E-14 1.18994E-12 

2.5 1.50E-14 4.30E-13 7.01E-14 1.12410E-12 

3.0 1.72E-14 5.58E-13 8.01E-14 1.09901E-12 

3.5 1.91E-14 6.77E-13 8.89E-14 1.54798E-12 

4.0 2.07E-14 7.80E-13 9.66E-14 1.46805E-12 

4.5 2.22E-14 8.68E-13 1.03E-14 1.41909E-12 

5.0 2.35E-14 9.59E-13 1.09E-14 1.78202E-12 

Example 2. 

Consider the first order differential equation 

𝑦′ = −10(𝑦 − 1)2, 𝑦(0) = 2, 𝑡 ∈ [0,0.1]       (23) 

The exact solution is given by: 

 𝑦 = 1 +
1

1+10𝑡
         (24) 

The errors for this example 2 are displayed in Table 3.   

Table 3: Errors for Example 2 

𝑡 
Error in 

Proposed 

Method 

Error in 6 Error in 19 Error in 20 

0 0 0 0 0 

0.01 3.42E-16 1.16E-10 2.82E-07 1.55E-06 

0.02 4.03E-16 2.14E-10 4.04E-07 2.39E-06 

0.03 3.86E-16 2.22E-10 4.47E-07 2.83E-06 

0.04 3.50E-16 2.14E-10 4.50E-07 3.02E-06 

0.05 3.12E-16 1.99E-10 4.35E-07 3.06E-06 

0.06 2.77E-16 1.82E-10 4.11E-07 3.03E-06 

0.07 2.47E-16 1.65E-10 3.84E-07 2.95E-06 

0.08 2.21E-16 1.50E-10 3.57E-07 2.84E-06 

0.09 1.99E-16 1.37E-10 3.30E-07 2.72E-06 

0.1 1.80E-16 1.25E-10 3.05E-07 2.59E-06 

 

Example 3. 

Consider the following first order differential equation: 

𝑦′ = 𝑡𝑦, 𝑦(0) = 1, 𝑡 ∈ [0,1]     (25) 

The exact solution is 

 𝑦 = 𝑒
𝑡2

2        (26) 

The errors for this example 3 are displayed in Table 4.   
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Table 4: Errors for Example 3 

𝑡 
Error in 

Proposed 

Method 

Error in 9 
Error in 21 

 

0 0 0 0 

0.1 1.05E-12 1.16E-9 3.36E-10 

0.2 4.28E-12 4.77E-9 1.27E-09 

0.3 9.94E-12 1.12E-8 2.28E-09 

0.4 1.85E-11 2.11E-8 1.38E-09 

0.5 3.05E-11 3.55E-8 5.23E-09 

0.6 4.69E-11 5.59E-8 2.40E-08 

0.7 6.87E-11 8.45E-8 6.53E-08 

0.8 9.72E-11 1.24E-7 1.45E-08 

0.9 1.34E-10 1.80E-7 2.91E-07 

1 1.80E-10 2.58E-7 5.43E-07 

 

Example 4 

The chaotic system known as the Arneodo-Coullet system is defined by the following set of 

equations: 

𝑦1
′ = 𝑦2      (27) 

𝑦2
′ = 𝑦3      (28) 

𝑦3
′ = 𝑎𝑦1 − 𝑏𝑦2 − 𝑦3 − 𝑦1

3     (29) 

With initial conditions 𝑦1(0) = 0.21, 𝑦2(0) = 0.22 and 𝑦3(0) = 0.61. The constants are 𝑎 =
5, 𝑏 = 3.8. 

 

The solution of example 4 is displayed in the Figures below. The solution agrees with those found 

in literature 21. Fig 2 shown the plot of 𝑦1, 𝑦2 and 𝑦3 against 𝑡 

     

0 10 20 30 40 50

-10

-8

-6

-4

-2

0

2

4

6

8

10

y(
t)

t

 y1

 y2

 y3

Figure 2: 𝑦(𝑡) against 𝑡 
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Fig 3 shows the phase portrait is a graphical representation of the system's dynamics in the 𝑦1 −
𝑦2 plane. The complex structure in the phase portrait, characterized by folded loops and spiralling 

trajectories, is a hallmark of chaotic systems. 

 
Figure 3: Phase portrait of 𝑦2 against 𝑦1 

Fig 4 shows the plot of 𝑦3 against 𝑦1. The trajectories in the phase portrait exhibit sensitive 

dependence on initial conditions, meaning that slight differences in the starting point can lead to 

dramatically different long-term behaviour. 

 
Figure 4: Phase portrait of 𝑦3 against 𝑦1 

Fig 5 shows the plot of 𝑦3 against 𝑦2.  

 
Figure 5: Phase portrait of 𝑦3 against 𝑦2 
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Fig 6 shows the plot of 𝑦3 against 𝑦2 against 𝑦1. The phase space in Fig 6 is a three-dimensional 

space where each axis represents one of the variables in the system (𝑦1, 𝑦2, and 𝑦3). 

 

Figure 6: Phase portrait of example 4 

The phase space in Fig 6 is a three-dimensional space where each axis represents one of the 

variables in the system (𝑦1, 𝑦2, and 𝑦3). The plot shows the complex, folded structure known as 

the Arneodo-Coullet attractor. The trajectories in the phase space exhibit sensitive dependence on 

initial conditions, meaning that slight differences in the starting point can lead to dramatically 

different long-term behaviour. 

Discussion of Results  

The discussion highlights the superior accuracy and robustness of the proposed method. Error 

analysis from Examples 1 to 3 shows consistently lower errors when compared to existing 

methods. In Example 4, the chaotic Arneodo-Coullet system is effectively analysed using phase 

portraits and time-series plots, confirming the method’s reliability. Example 4 agrees with the 

results obtained in the literature. Additionally, all the methods we compared with are of higher 

order, this demostrate the accuracy and the efficiency of the proposed block methods. The results 

demonstrate that the proposed approach is highly accurate and well-suited for high-precision 

numerical simulations. 

CONCLUSION 

This paper explored the optimization of a one-step method incorporating two hybrid points. The 

block method was formulated using interpolation and collocation technique, where a variable was 

introduced as a placeholder in place of a fraction to construct the block methods. The optimized 

hybrid points were obtained by setting the local truncation error containing the coefficients of the 

main method to zero and solving for the solution. The solution is used as the hybrid points for the 

method. The solution was then substituted into the continuous method to derive the block method. 

It is worthy to note the optimised hybrid points are exactly the Gauss-Legendre quadrature 

nodes on [0,1] (shifted). The resulting block method is of order 4 and is proven to be consistent, 

zero-stable, and A-stable. The findings show that the proposed method outperforms the benchmark 

methods, even though they are of higher order. Numerical results further confirm its efficiency 

and accuracy compared to other methods in the literature. 
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