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ABSTRACT 

Approximate analytical solutions of the Schrödinger equation are presented 

using a newly proposed Inversely Quadratic Varshini Potential (IQVP), 

developed as a modification of the Varshini potential. Using the Nikiforov–

Uvarov functional analysis method, the energy eigenvalues and wave 

functions are determined. These solutions are employed to compute 

vibrational thermodynamic quantities. The thermodynamic trends agree 

well with existing literature, and numerical results are reported. The results 

may have potential applications in atomic, molecular, and nuclear physics. 

 

 

 

 

1. INTRODUCTION  

As a second-order differential equation, the Schrödinger equation serves as a cornerstone of 

quantum mechanics, enabling the analysis of quantum systems under diverse potential models and 

finding applications across atomic, molecular, and nuclear domains [1, 2]. From the Schrödinger 

equation, one can obtain the energy eigenvalues and corresponding wave functions, which provide 

a complete description of the quantum mechanical behavior of the system [3]. In nonrelativistic 

quantum mechanics, both exact and approximate solutions of the Schrödinger wave equation are 

highly significant, since the corresponding wave functions and energy eigenvalues contain  
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essential information relevant to the characterization of diverse quantum systems, encompassing 

atomic structure theory, quantum chemistry, and quantum electrodynamics [4, 5]. The remarkable 

experimental success of the Schrödinger wave equation has inspired extensive use of various 

analytical methods to solve the radial Schrödinger equation. Considerable research has been 

carried out on solving the Schrödinger and Klein–Gordon equations for a variety of interaction 

potentials. For instance, Imrana et al. [6] investigated the Schrödinger equation with the Varshni–

Hellmann potential (VHP) in the presence of external magnetic and Aharonov–Bohm fields using 

the NUFA method, and derived the magnetization, magnetic susceptibility, and other 

thermodynamic properties at both zero and finite temperatures. Similarly, Tazimi [7] derived the 

bound-state solutions of the Schrödinger equation with the Varshni-Hellmann potential by 

applying the ansatz approach. William et al. [8] explored the Hulthén and Hellmann potentials, 

with the latter arising from Hellmann’s study of the Schrödinger equation involving a linear 

combination of Coulomb and Yukawa interactions [9]. The Varshni potential, which characterizes 

repulsive short-range interactions, has been analyzed within the Schrödinger equation formalism 

and has played a significant role in advancing research in chemical and nuclear physics [10, 11]. 

This study addresses the radial Schrödinger equation for a newly introduced potential, derived by 

incorporating a quadratic term into the established Varshni potential [7]. The introduction of an 

inversely quadratic term into the Varshni potential is physically motivated by the need to describe 

quantum systems in which short-range interactions and strong spatial confinement play a 

significant role [6]. The conventional Varshni potential successfully models screened interatomic 

and electron-ion interactions; however, it does not adequately capture singular or strongly 

repulsive core behaviors that arise in low-dimensional quantum systems and nanoscale structures 

[10]. The additional inverse-quadratic contribution introduces a centrifugal-like interaction that 

effectively accounts for strong localization effects near the origin, which are commonly 

encountered in semiconductor quantum dots, quantum rings, and impurity-bound states [6]. 

The objective of this to determine the eigenvalues and corresponding wave functions of the three-

dimensional Schrödinger equation using the inversely quadratic Varshni potential. In this paper, 

Section 2 derives the approximate solution of the Schrödinger equation for the Inversely Quadratic 

Varshni potential, yielding analytical expressions for the energy eigenvalues and the 

corresponding wave functions for the quantum numbers n and l . Section 3 is devoted to a 

discussion of the results, and Section 4 summarizes the main conclusions. The Inversely Quadratic 

Varshni potentials (IQVP) is express as 
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where A  and B  denote the strong points of the Varshni potential,  represents the adjustable 

screening parameter, and r  being the inter particle distance.  In Figure 1(a, b), we present the 

behavior of the Varshni potential and the Inversely Quadratic Varshni potential as a function of 

different parameter values. 

 

 

 

 

 Figure 1 Variation of the Varshini potential and inversely quadratic Varshini potential with 

internuclear distance 
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Nikiforov-Uvarov-Functional Analysis (NUFA) method 

The method, recently developed by Ikot et al. [12], has demonstrated strong effectiveness in 

solving wave equations involving exponential-type potentials for both relativistic and 

nonrelativistic systems. Its application to the Schrödinger or Klein-Gordon equation yields the 

energy eigenvalue equation in a compact, closed, and factorized form, offering a clear 

improvement over conventional analytical methods. 

The methodological framework is based on solving second-order Schrödinger-like differential 

equations by analytically combining the Nikiforov-Uvarov (NU) method with the functional 

analysis approach [13, 14]. Within this scheme, the NU method is utilized to handle second-order 

differential equations of the form: 
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121
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where ( )x  and ( )x~  are polynomials of at most second degree, while ( )x~  is a first-degree 

polynomial. Tezcan and Sever [15] later reformulated the NU method into a parametric 

representation given below: 
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where kh  and k  are all parameters for 3,.... 2, ,1=k . Equation (3) possesses two singularities 

located at 0→x and 1
3
−→ hx  consequently, the wave function can be written as. 
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Equation (4) is substituted into Eq. (3), and after simplification, the resulting equation is given by: 
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Equation (5) reduces to a Gaussian hypergeometric equation provided that the functions listed 

below vanish: 
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The solutions of Eqs. (6) and (7) are given as 
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Substituting the conditions of Eqs. (6) and (7) into Eq. (5) yields Eq. (10) 
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Equation (10) takes the form of a hypergeometric-type equation given by 

( ) ( )  ( )   ( ) 01)(1 1010 =−++−+− sfaasfsaabsfss   (11) 

where 0a , 1a  and b  are given as follows: 

( )
















+
−

+
−

++= −
−−

2
31

21
32

1
32

30
4

1

2

1
h

hhhh
Jha    (12) 

( )
















+
−

−
−

++= −
−−

2
31

21
32

1
32

31
4

1

2

1
h

hhhh
Jha    (13) 

21 += hb      (14) 

When either 0a  or 1a  is set to a negative integer, ( )n− , the hypergeometric function terminates 

and becomes a polynomial of degree n . Consequently, the hypergeometric function remains finite 

under the quantum condition, i.e., na −=0 where max3,.... 2, 1, ,0 nn =  or na −=1 . Applying this 

condition, Eq. (12) simplifies to  

( ) 2
31

21
32

3

1
32

4

1

2

1 −
−−

+
−

−=+
−

++ h
hh

h

nhh
J    (15) 

Equation (15) is simplified to yield the energy eigenvalue equation using the NUFA method, given 

by 
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Equations (8) and (9) are substituted into Eq. (4), resulting in the associated wave equation  
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Nonrelativistic Eigen solution of Schrodinger equation with IQVP  

Considering the radial Schrödinger equation for a three-dimensional system [16-18]; 
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where nlE  denotes the approximate bound-state energy eigenvalues,, )(rRnl  s the wave function, 

and   represent the reduced mass. The quantities n and l correspond to the principal quantum 

number and the rotational (angular momentum) quantum number, respectively. Substituting Eq. 

(1) into Eq. (18) yields   
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The presence of the centrifugal term
2

1

r
in the effective potential hinders an exact solution of Eq. 

(19). Therefore, the Greene–Aldrich approximation scheme [19–21] is employed, which is 

applicable only for small values of the screening parameter: 
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By inserting Eq. (20) into Eq. (19) and applying the transformation, rez  −= , Eq. (19) reduce to: 
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Upon comparison of Eq. (21) with the NUFA differential equation presented in Eq. (3), the 

resulting polynomial equations are derived: 
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Using Eqs. (8), (9), (12), (13), and (14), the following polynomial equations can be derived: 
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Using Eq. (16), the energy eigen equation is obtained 
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By inserting the parameters of Eq. (22) into Eq. (29), the energy equation takes the form 
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The corresponding un-normalized wave function is obtained using Eq. (17) 
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where nlN  is the normalization constant and ( )zbaaF ;,, 1012  is the hypergeometric function. 

To determine the normalization constant nlN , we apply the wave function's normalization 

condition as follows: 
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We evaluate the integral in eq. (34), using the Mathematica software program. Therefore,  

     
( ) ( ) ( )

( ) ( ) ( ) ( ) 








+++

++++++
=

JnJnn

JnnJn
Nnl

2212!

22212




  (35) 

Thus, the normalized wave function for the IQVP is derived as follows: 
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Thermodynamic Properties of  IQVP  

The thermal properties of the IQVP model are studied through the evaluation of its partition 

function. In a framework of canonical ensemble, the partition function is obtained by summing 

over the bound-state energy contributions of any system at a given temperature T  [22-25]; 
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where n  is the vibrational quantum number, .....3,2,1,0=n  and  denotes the upper bound of 

the vibrational quantum number, Bk and T are Boltzmann constant and the absolute temperature, 

respectively. Within the classical approximation, the summation in Eq. (37) may be replaced by 

an integral: 
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Equation (30) can be rewritten in a more simplified form as  
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The maximum value of the vibrational quantum number is determined by setting the derivative of
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dn
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Substitute Eq. (39) into (38), the partition function takes the form 
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If we set Jn += , J=0 , J+=1 and 3102 2  += , The integral in Eq. (41) can be 

rewritten as;  
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We utilized Mathematica software to compute the integral in Eq. (42) is evaluated to obtain the 

partition function for the IQVP. 
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Equation (43) serves as the fundamental distribution function from which various thermodynamic 

properties of the IQVP system are derived. These include the free energy of the system 
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RESULT AND DISCUSSION 

We employ the Nikiforov–Uvarov Functional Analysis (NUFA) method to obtain solutions of the 

radial Schrödinger equation in three dimensions for the Inversely Quadratic Varshni potential. The 

closed-form expression for the energy eigenvalues is obtained in Eq. (30), and the corresponding 

normalized wave function is provided in Eq. (36). The energy eigenvalues of the system are 

computed using the chosen arbitrary parameters 1  ==== BA  as summarized in Tables 1 and 

2. Table 1 shows the calculated bound-state energies of the Inversely Quadratic Varshni potential 

(IQVP) corresponding to different values of the screening parameter . For all considered cases, 

the energy eigenvalues are observed to rise with increasing quantum numbers n and l . Table 2 

shows the energy eigenvalues of the Varshni potential (VP). The results indicate that the energy 

rises with increasing quantum numbers and remains higher for all considered parameter values of
 . 

Table 1 Energy eigenvalues of Inversely Quadratic Varshni (IQV) potentials 

n  l  01.0=  05.0=  1.0=  

0 0 1.00002 1.00047 1.00188 

1 0 0.999994 0.999844 0.999375 

2 0 0.999944 0.998594 0.994375 

 1 0.999988 0.999688 0.99875 

3 

0 0.999869 0.996719 0.986875 

1 0.999847 0.996172 0.984688 

2 0.999749 0.99372 0.974882 

4 

0 0.999769 0.994219 0.976875 

1 0.999736 0.993388 0.97355 

2 0.999601 0.990034 0.960137 

3 0.999528 0.988206 0.952823 

5 
0 0.999644 0.991094 0.964375 

1 0.999599 0.989965 0.959861 
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2 0.999427 0.985685 0.942742 

3 0.99933 0.983244 0.932976 

4 0.999254 0.98135 0.925399 

 

Table 2 Energy eigenvalues of Inversely Quadratic Varshni potentials 

n  l  01.0=  05.0=  1.0=  

0 0 
 

0.504987 
0.524688 0.54875 

1 0 0.87995 0.89875 0.92 

2 0 0.949332 0.966632 0.983194 

 1 0.882488 0.912187 0.94875 

3 

0 0.97355 0.98875 0.99875 

1 0.985135 1.00039 1.00755 

2 0.991632 1.00747 1.01319 

4 

0 0.984688 0.997188 0.99875 

1 0.990988 1.00247 0.99875 

2 0.994936 1.00607 0.99875 

3 0.997597 1.00867 0.99875 

5 

0 0.990661 0.999861 0.991111 

1 0.994436 1.00173 0.985485 

2 0.996999 1.00311 0.981172 

3 0.998833 1.00416 0.977762 

4 1.0002 1.005 0.975 

 

 

  

 

 

 

 

 

 

 

 

 

  

Fig. 2 Variation of the radial wave function and the corresponding probability density with radial distance 



Imrana et al. - Journal of NAMP 72, (2026) 23-36 

32 

 

 

 

 

 

  

 

 

 

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

 

 

 

Fig. 3 Energy variation of the IQV potential as a function of (a) the screening parameter,  (b, c) the potential 

strength parameter, BA  and  (d) the reduced mass (e, f) quantum numbers, ln  and   

Fig. 4  Thermodynamic properties of the IQV potential as a function of inverse temperature 
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Figure 1(a) presents the Varshni potential as a function of the internuclear distance, r , whereas 

Fig. 1(b) displays the inversely quadratic Varshni potentials. The IQVP shows a behavior closely 

matching that of the Varshni potential. Accordingly, a particle confined in the IQVP is subject to 

the effects of the Varshni potential to a greater extent. In Fig. 2(a, b), the radial wave function and 

corresponding probability density for the low- and high-lying states are plotted against the radial 

distance, r , with the quantum numbers ln  and varying accordingly. Notably, the high-lying states 

are more concentrated and show increased localization relative to the low-lying states. The peaks 

of the radial wave function and probability density in both cases are observed to decrease with 

increasing radial distance, r . Moreover, for both cases, the radial wave function and probability 

density display a sinusoidal behavior as r  increases, while the probability density tends toward 

zero. In Fig. 3(a), the energy of the IQVP is plotted against the adjustable screening parameter,
, for several values of the quantum numbers ln  and . For higher quantum numbers ln  and the 

energy decreases as   increase while at lower quantum numbers ln  and it remains unchanged. In 

Fig. 3(b), the energy exhibits to increase linearly with the potential parameter A . A similar trend 

is seen in Fig. 3(c), where the energy rises with the parameter B . In Fig. 3(d), the energy is seen 

to increase monotonically with the reduced mass  . In Figs. 3(e) and 3(f), the energy decreases 

linearly with increasing principal and orbital quantum numbers,  n  and  l , respectively. 

In Fig. 4(a), the vibrational partition function, )(Z  is illustrated with respect to temperature

)( 1−k , or selected quantum numbers ln  and  . For all cases, the partition function increases 

initially and then saturates, indicating that the likelihood of the system occupying a particular 

microstate grows at first and becomes constant as )( 1−k , increases. This behavior is consistent 

with classical thermodynamics, as an increase in temperature raises the energy of the system and, 

consequently, the number of accessible microstates. In Fig. 4(b), the free energy, )(F , exhibits 

an inverse relationship with temperature )( 1−k , as free energy )(F  decreases monotonically 

with increasing )( 1−k . In Fig. 4(c), the vibrational entropy )(S , exhibits a trend similar to that 

observed for the free energy in Fig. 4(b). In Fig. 4(d), the internal energy )(U  remains nearly 

constant as the temperature )( 1−k  increases. A similar behavior is observed for the vibrational 

specific heat )(vC of the system in the same Fig. 4(e). This is governed by the interplay between 

thermal excitation and the modified energy spectrum generated by the combined screening and 

inverse-square confinement features of the IQVP. 

CONCLUSION  

In this study, the Schrödinger equation for the Inversely Quadratic Varshni Potential (IQVP) is 

solved using the NUFA method. The solutions obtained are further utilized to analyze the 

thermodynamic properties of the system, and the resulting numerical data are presented. The 

observed trends in the thermodynamic plots agree well with prior studies [26, 32], thereby 

confirming the reliability of the analytical results obtained here. From these findings, it is 

concluded that the IQVP provides a realistic and flexible potential model with potential 

applications across atomic, molecular, and nuclear physics. 
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