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ABSTRACT 

Rainfall variability is an important component of the climate system and can be 

effectively modelled using Markov chains. This study compares the convergence 

behaviour of two-state and three-state Markov chain models using daily rainfall 

data from Makurdi, Nigeria. Both models were found to be ergodic, ensuring 

unique stationary distributions. Mixing time, measured using Total Variation 

Distance (TVD), was employed to assess the speed of convergence under a uniform 

initial distribution. The two-state model converged to its stationary distribution 

after 24 days, while the three-state model required 31 days, indicating slower 

convergence with increased state complexity. Both models showed a higher long-

run probability of dry conditions, with the two-state model estimating stationary 

probabilities of 57% for dry days and 43% for wet days. By comparing mixing 

times across different state-space models, this study provides insights into rainfall 

persistence and supports improved agricultural planning, drought assessment, and 

rainfall forecasting. 

1. Introduction 

Rainfall is a key component of the hydrological cycle and plays an essential role in weather, climate, 

and water resource management. It influences ecosystems, agriculture, disaster preparedness, and sustainable 

development [8]. Rainfall also affects tourism, particularly in areas where water-based activities depend on 

seasonal rainfall [13], and is vital for the survival and well-being of human populations [4]. Modeling and 

predicting rainfall are crucial for generating data as well as for providing information, which can then be 

used in a variety of applications, such as water resource management, hydrology, and agriculture [5]. The 

Markov chain is a stochastic process with discrete  parameters that meet the nature of Markov. They are 

relatively simple to implement, where the next state depends only on the current state, making them 

straightforward to work with by reducing the complexity of the system. also, they often require less 

computational power compared to other complex models; with this efficiency, it is particularly valuable  
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when dealing with large datasets or predicting steady-state distributions [17]. Several studies have 

applied Markov chain models to rainfall analysis. A four-state model was used in Bangladesh [11] 

and West Java, Indonesia [3], while a three-state model was applied in the Kurdistan Region of Iraq 

[5] and southwestern Nigeria [10]. Two-state Markov chain models have been used for Makurdi 

rainfall and crop growth [1], rainfall variability in southeastern Ghana [14], and climate change 

assessment in Makurdi [2]. Other studies examined rainfall variability and seasonal characteristics 

across West Africa [20–22], while [19] also modeled rainfall distribution in Makurdi. These studies 

highlight the usefulness of Markov chain models for characterizing rainfall occurrence, persistence, 

and long-term behaviour in tropical climates. This review examines the existing research in terms of 

rainfall variability and applications with the aid of the Markov chain. The stationary distributions 

estimated by the authors did not tell anything about the convergence rate to stationarity. that is, how 

fast the convergence will be; this gap in literature the paper intends to address with the aid of the 

mixing times. The mixing time of a Markov chain is a measure of how quickly the chain converges 

to its stationary distribution (or equilibrium). Specifically, it is the number of steps required for the 

distribution of the chain to be within a certain distance (usually Total Variation Distance) from the 

stationary distribution, starting from any worst initial state [16]. Mixing time, although traditionally 

studied in probability theory and statistical physics, has also become useful in environmental and 

meteorological modelling for assessing the rate at which stochastic systems approach equilibrium. In 

climate and hydrological applications, mixing time provides a measure of persistence and memory 

in processes such as rainfall occurrence, temperature fluctuations, and atmospheric variability. [6] 

and [15] provide the theoretical foundation, while its application to rainfall occurrence modelling 

remains relatively limited, motivating the present study. 

2. Methods 

2.1 Data description: The daily data on rainfall (mm) for Makurdi, Nigeria used for the study is 

obtained from the National Aeronautics and Space Administration (NASA) (Modern Era 

Retrospective Analysis Version 2 (MERRA-2) for the period of 38 years (1985-2023). 

2.2 Data discretization: Continuous rainfall data were discretized into two-state and three-state 

categories following the approach of [10], which is suitable for the tropical climate characterized by 

dry and rainy seasons. All statistical analyses were performed using Python 3.12. 

   

For two states: 

  𝑅𝑘 =  {
Dry day      if  𝑅𝑘 ≤  2.5mm                                                                                         
𝑊𝑒𝑡 𝑑𝑎𝑦              𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                                                                                         

                  (1)       

For three states: 

   𝑅𝑘 = {

Dry day                           𝑖𝑓  𝑅𝑘 ≤  2.5mm 
Wet day               𝑖𝑓 2.52 ≤ 𝑅𝑘 ≤ 5.0mm
Rainy day                                    𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

                                                                                  (2)    

 

2.3 Markov Chain 

Markov chain with state space S and transition matrix P is a sequence of random variables 

(X0X1, … , Xn,)  if for all x, y ∈ S, all t ≥ 1, and all events, 

   

      Ht−1 =  ⋂  {𝑋𝑖 = 𝑥𝑖}𝑡−1
𝑖=0    

satisfying  
P(Ht−1 ∩ {𝑋𝑖 = 𝑥𝑖}) > 0, 
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We have     

             P{Xt+1 =  y | Ht−1 ∩ {𝑋𝑖 = 𝑥𝑖}}    

P{Xt+1 =  y |Xt+1 = xt } = 𝑃(𝑥, 𝑦)                                                        (3) 

                     

Equation (3), known as the Markov property, states that the probability of moving from state xxx to 

state y depends only on the current state x and not on the previous sequence of states. 

The number of times a system changes states is known as the Markov chain transition count[18]. 

 Mathematically; 

Let P denote a transition probability matrix 𝑃𝑥𝑦 so that:  

 

                                   𝑃̂𝑥𝑦 =
 𝑓𝑥𝑦

∑  𝑓𝑥𝑦 
𝑆
𝑦

=
 𝑓𝑥𝑦

 𝑓𝑥 .
                                                    

The matrix is stochastic (that is, nonnegative and all rows sum to one) since for all x: 

∑ 𝑃𝑥𝑦 = ∑ 𝑃(𝑋1 = 𝑠𝑦|𝑋0 = 𝑠𝑥)
𝑛

𝑦=1

𝑛

𝑦=1
 

𝑃(𝑋1 ∈ 𝑆|𝑋0 = 𝑠𝑥) 

Where 𝐹𝑥𝑦 is the number of transitions made by system from state x to y at time(t) 

2.4 Chi-Square Test for Markov Chain Dependency  

To determine whether a Markov chain adequately represents the dependency structure of a sequence, 

a chi-square test of independence is commonly used. According to [12], the null hypothesis states 

that successive events are independent, while the alternative hypothesis states that successive events 

are dependent. For each transition pair, the observed and expected frequencies are defined as: 

                                                          χ2 = ∑
𝑂(𝑥,𝑦)−𝐸(𝑥,𝑦)

𝐸(𝑥,𝑦)𝑥𝑦                                                                              (4) 

where 𝑂(𝑥, 𝑦) is the frequency observed weather state of transitioning from x to y, and  𝐸(𝑥, 𝑦) is 

the expected frequency given by: 

                                                               𝐸(𝑥, 𝑦) = 𝑁( 𝑃𝑥𝑦)                                                                             (5)  

 

2.5 Stationary distribution of Markov chain 

This is the long-term, steady-state distribution of the system, where the probabilities do not change 

after further transitions is the stationary distribution of the Markov chain. A distribution 𝜋 is said to 

be a stationary or invariant distribution if   ∀𝑦∈ 𝑆, 

 

                                                     ∑ 𝜋(𝑥) 𝑃𝑥𝑦

𝑥∈𝑆

=  𝜋(𝑦),                                                                                 (6)  

which can be written in a compact form using matrix notation as 

  
                                                                𝜋 =  𝜋P                                                                                        (7)                                                                            

For a Markov chain with transition matrix P, the vector π with non-negative components is a 

stationary distribution. 

 

2.6 Convergence to Stationarity  

Convergence to stationarity requires the notion of distance between distributions. This distance can 

be measured with the classical total variation distance. 



Adah et al., - Journal of NAMP 73 (2026) 89-98 
 

92 
 

Theorem 1: Suppose {𝑋𝑡, t ≥  0}  is an irreducible and aperiodic Markov chain with a finite state 

space S and a stationary distribution 𝜋. Then for all 𝑥, 𝑦, 

𝑃𝑡(𝑥, 𝑦) → 𝜋(𝑥) 𝑎𝑠  𝑡 → ∞. 

The theorem above does not tell anything about the rate of the convergence to stationarity. that is, 

how fast the convergence will be.  The total variation distance can measure the distance between 

𝑃𝑡  and 𝜋. The idea of distance is extended to define a notion of distance to stationarity of a Markov 

chain at a given time in its evolution [16]. 

 

2.7 Total variation distance between probability measures  

Total variation distance is a metric that measures the difference between two probability 

distributions. Let ν 𝜈1 denote the distribution of the Markov chain after t steps and 𝜈2 the stationary 

distribution. The total variation distance between 𝑃𝑡and 𝜋, is given by: 

 

 𝑑(𝑃𝑡 , 𝜋) = ‖𝑃𝑡 − 𝜋‖𝑻𝑽 = max
𝑥⊆𝑆

|𝑃𝑡(𝑥) − 𝜋(𝑥)|                                                                         (8)  

 

𝑃𝑡and 𝜋 are the probability values of event x under the  distribution ,  respectively. [9]. 

This distance measures how far the distribution at step n is from the stationary distribution. This 

distance measure sees distributions (or probability measures) as maps from the set of all events to [0, 

1], i.e 0 ≤ 𝑑(𝑃𝑡 , 𝜋) ≤ 1 and measures the maximum deviation between the two distributions over all 

events. 

For 𝑛 ∈ 𝑁 the total variation distance from stationarity is 

 

  𝑑(𝑃𝑛, 𝜋) = max
𝑥⊆𝑆

|𝜎𝑥𝑃𝑛 −  𝜋|                                                                                (9) 

Here, 𝜎𝑥 could be any initial distribution of the process. 

  max
𝑥⊆𝑆

|𝜎𝑥𝑃𝑡 −  𝜋|  =
1

2
∑ |𝜎𝑥𝑃𝑡 −  𝜋|

𝑥⊆𝑆  

                                                                         (10)  

If  𝑆 is a countable finite state space 

Let 𝑑̅(𝑡) denote the variation distance between two Markov chain random variables 𝑋𝑡~𝑃𝑡(𝑥, . ) and 

𝑌𝑡~𝑃𝑡(𝑦, . ). That is  

 𝑑̅(𝑡) = max
𝑥,𝑦∈𝑆

|𝑃𝑡(𝑥, . ) −  𝑃𝑡(𝑦, . )|                                                                      (11) 

 

Theorem 2:(Convergence theorem): Suppose {𝑋𝑡, t ≥  0}  is an irreducible and aperiodic Markov 

chain with  a finite state space S and a stationary distribution 𝜋, then there exist constants 𝐶 >
0 𝑎𝑛𝑑 𝛼 ∈ (0,1)such that: 

                                       max
𝑥⊆𝑆

|𝜎𝑥𝑃𝑡 −  𝜋|  ≤ 𝐶𝛼𝑡,        𝑡 ∈ 𝑁                                                                 (12) 

 

According to this theorem, the Markov chains with these characteristics will eventually converge. In 

addition to providing the chain's convergence, this theorem also calculates how long it takes the 

Markov chain to reach its stationary state. 

 

2.8 Mixing Time of a Markov Chain 

The Markov chain's mixing time, 𝑡𝑚𝑖𝑥, is the number of time steps needed to get the chain within a 

predetermined threshold, ε, of its stationary distribution, even if the process starts from the worst 

possible initial distributions[6]. 
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  𝑡𝑚𝑖𝑥(𝜀) ≔ 𝑚𝑖𝑛 {𝑡 ∈ Ꞑ ∶ max
𝑥⊆𝑆

|𝜎𝑥𝑃𝑡 −  𝜋|  < 𝜀, 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 ∈ 𝑆 }                             (13) 

the parameter 𝜀 is called the mixing tolerance. it specifies how close the Markov chain distribution 

must be to the stationary distribution before it is declared that the chain has mixed. A common way 

to define the standard mixing time is: 

   𝑡𝑚𝑖𝑥 ≔  𝑡𝑚𝑖𝑥(1/4)                                                                                (14) 

 

An ergodic Markov chain is irreducible and aperiodic, ensuring a unique stationary distribution [7]. 

Its mixing time is the number of steps required to reach the stationary distribution within a specified 

accuracy, regardless of the initial state [15]. 

 

2.8.1 Initial Distribution 

Consider a Markov chain with m states:𝑆 = 1,2, … , 𝑚 The uniform initial distribution assigns equal 

probability to every state: 

𝜋(0) = (
1

𝑚
,

1

𝑚
, … ,

1

𝑚
)                                                               (15) 

for the three-state Markov chain, the initial distribution is 

𝜋(0) = (
1

3
,
1

3
,
1

3
) 

The uniform distribution provides an unbiased starting point because it does not favour any particular 

state. 

 

2.9  Trend Analysis Comparing Early vs. Later Periods 

The data is divided into periods, early period: 1985–2004   and later period: 2005–2023 

𝑁𝐷: Number of Dry observations, 𝑁𝑊: Number of Wet observations, and N: Total observations 

𝐹𝑖 =
𝑁𝑖

𝑁
 × 100,    𝑖 = 𝐷, 𝑊                                                                    (16) 

3.Results and Discussion 

The Chi-square test of dependence (Table 1) yielded χ2 = 2223.61(p<0.001) for the two-state chain 

and yielded χ2 = 2917,14 (p<0.001) for the three-state chain. These results indicate significant 

dependence between successive rainfall states, confirming that the data satisfy the Markov property. 

Table 1: Dependency of Sequence of Chains  

 

 

 

 

Matrix 1: Transition Count (2-state) 

                     Dry day 𝑊𝑒𝑡 𝑑𝑎𝑦               
𝐷𝑟𝑦 𝑑𝑎𝑦
𝑊𝑒𝑡 𝑑𝑎𝑦

    (
7066          948
4888        947

) 

 

Matrix 2: Transition Probabilities (2-state)                      
Dry day 𝑊𝑒𝑡 𝑑𝑎𝑦               

State Chi-square Statistic p-value 

Dry, Wet 2223.6120 0.0 

Dry, Wet, Rainy 2917.1462 0.0 
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𝐷𝑟𝑦 𝑑𝑎𝑦
𝑊𝑒𝑡 𝑑𝑎𝑦

    (
0.881707          0.118293
0.162296          0.837704

) 

 

Matrix 1 and 2 show the transition count and probabilities of the sequence of dry day and wet day; 

the rows represent the current state (from), and the columns represent the following state (to). It can 

be seen from matrix 1 that, from the dry day there were 7066 transitions to the dry day and 948 

transitions to the wet day. Matrix 2 gives the probability information: if it is dry today, there's an 88% 

chance that tomorrow will also be dry a 12% chance it will be wet.  If it is wet today, there's a 16% 

chance that tomorrow will also be dry, an 84% chance it will be wet.  

 

Matrix 3: Stationary Distribution (2-state) 

      Dry day                 𝑊𝑒𝑡 𝑑𝑎𝑦                 
    (0.57841184        0.42158816)   

  

The stationary distribution in Matrix 3 means that in the long run, there will be 58% chance that the 

weather will be dry and 42% chance that it will be wet day. This implies that over a long period, the 

proportion of dry and wet days will stabilize at 57.8% and 42.2%, respectively. Knowing the 

stationary distribution tells us, on average, there are more dry days than wet days (in the long run, 

even though the weather can still vary day-to-day. 

 

Matrix 4: Transition Count (3-state) 

                           𝐷𝑟𝑦 𝑑𝑎𝑦 𝑊𝑒𝑡 𝑑𝑎𝑦 𝑅𝑎𝑖𝑛𝑦 𝑑𝑎𝑦               
𝐷𝑟𝑦 𝑑𝑎𝑦
𝑊𝑒𝑡 𝑑𝑎𝑦

𝑅𝑎𝑖𝑛𝑦 𝑑𝑎𝑦
    (

7066       328             620
2523        740              370
783        577              842

) 

 

From dry day, there were 7066 transitions to dry day, 328 transitions wet day, and 620 transitions to 

rainy day 

 

Matrix 5: Transition Probabilities (3-state) 

                          𝐷𝑟𝑦 𝑑𝑎𝑦 𝑊𝑒𝑡 𝑑𝑎𝑦 𝑅𝑎𝑖𝑛𝑦 𝑑𝑎𝑦               
𝐷𝑟𝑦 𝑑𝑎𝑦
𝑊𝑒𝑡 𝑑𝑎𝑦

𝑅𝑎𝑖𝑛𝑦 𝑑𝑎𝑦
    (

0.881707  0.040928 0.077365
0.1018445 0.694467 0.203688
0.262035 0.355587 0.382378

) 

 

Matrix 4 shows the transition count for the three-state chain, it can be seen that from the dry day, 

there were 7066 transitions to dry day, 328 transitions to wet day, and 620 transitions to rainy day. 

The transition probabilities of the sequence of dry, wet and rainy days captured in Matrix 5, The 

transition matrix shows that the probability of remaining in a dry state is 0.88, indicating strong 

persistence of dry conditions. Wet and rainy states have lower persistence probabilities of 0.69 and 

0.38, respectively. The high probability of remaining dry suggests that Makurdi experiences 

predominantly dry conditions, consistent with the findings of [2], who reported that the area is 

becoming drier. 

Matrix 6: Stationary Distribution (3-state) 

    𝐷𝑟𝑦 𝑑𝑎𝑦        𝑊𝑒𝑡 𝑑𝑎𝑦      𝑅𝑎𝑖𝑛𝑦 𝑑𝑎𝑦            
(0.57837541 0.26257841 0.15904618)  

   

The stationary distribution in matrix 6 reflects the long-term equilibrium of the system. This means 
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that, over a long period of time, the weather system will tend to spend about 57% of the time in the 

dry state, 26% in the wet state, and 16% in the rainy state. This implies that no matter where the 

system starts (whether it's dry, wets, or rainy), it will eventually reach this distribution, since the 

Markov chain is ergodic (i.e., it is irreducible and aperiodic). These findings agree with results of [2] 

and [19] 

 

Table 2: Mixing Time of the Sequence of Dry day and Wet day 

 

 

 

 

 

 

Table 3: Mixing Time of the Sequence of Dry, Wet and Rainy day 

Initial Distribution Number of Steps 

0.0,   1.0,   0.0 34 

0.0,    0.0,  1.0 32 

1/3,    1/3,   1/3 31 

 

Tables 2 and 3 present the mixing times for different initial distributions. In both the two-state and 

three-state models, the uniform initial distribution converges faster to the stationary distribution than 

the non-uniform initial distributions. For the two-state model, the uniform distribution reaches 

stationarity in 24 days, compared with 31 days for the non-uniform distributions. A similar pattern is 

observed for the three-state model. 

 
Figure 1: Mixing Behaviour of the Two-State Rainfall Markov Chain under a Uniform Initial 

Distribution 

 
    Figure 2 : Mixing Behaviour of the Three-State Rainfall Markov Chain under a Uniform 

Initial Distribution 

Figures 1 and 2 show the total variation distance and mixing time for the two-state and three-state 

Markov chains under a uniform initial distribution. The two-state chain converges faster, with a 

Initial Distribution Number of Steps 

1.0,  0.0 30 

0.0,  1.0 30 

0.5,  0.5 24 
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mixing time of 24 days, compared with 31 days for the three-state chain. This indicates that increasing 

the state space slows convergence, consistent with [7]. The 7-day difference in mixing time (24 vs. 

31 days) indicates a difference in the speed of convergence to the stationary distribution. While its 

practical impact on long-term agricultural and water resource planning is limited, it provides useful 

insight into rainfall persistence, climatic stability, and short-term decision-making. 

Table 4: Dry-State Frequency Between Early and Later Periods (1985–2023) 

Period  Dry Frequency (%) 

1985–2004 46.8305 

2005–2023 53.1695 

The dry-state frequency increased from 46.83% in 1985–2004 to 53.17% in 2005–2023, indicating a 

greater proportion of dry conditions in the later period. This observed increase supports the Markov 

chain results by suggesting a shift toward higher dry-state occurrence. 

Table 5: Comparison of AIC and BIC Values for Two-State and Three-State  Models 

Model 
Number 

of States 

Parameters 

(k) 

Log-

likelihood 
AIC BIC 

Two-state Markov Chain 2 2 -4542.56 9089.12 9104.19 

Three-state Markov Chain 3 6 -10148.6 20309.24 20354.46 

The three-state Markov chain provides a more detailed representation of rainfall by distinguishing 

rainy conditions. Although it has higher AIC and BIC values than the two-state model, indicating a 

less parsimonious fit, it better captures rainfall variability when distinguishing between wet and heavy 

rainfall is important. 

Table 6: Standard Errors and 95% Confidence Intervals for the Two-State Rainfall Model 

Rainfall State Stationary Distribution Standard Error 95% Confidence Interval 

Dry day 0.5784 0.0042 (0.5694, 0.5865) 

Wet day 0.4216 0.0042 (0.4135, 0.4307) 

The standard errors for both states are small, SE=0.0042, indicating high precision in the stationary 

probability estimates. The 95% confidence intervals are narrow, with the probability of dry days 

estimated between 56.94% and 58.65%, and wet days between 41.35% and 43.07%. These results 

confirm the stability and reliability of the estimated equilibrium probabilities 

Table 7: Standard Errors and 95% Confidence Intervals for Three-State Rainfall Model 

Rainfall State Stationary Probability  Standard Error 95% Confidence Interval 

Dry day 0.5784 0.0042 (0.5694, 0.5874) 

Wet day 0.2626 0.0037 (0.2558, 0.2693) 

Rainy day 0.159 0.0031 (0.1529, 0.1652) 

The estimated standard errors are relatively small (0.0031–0.0042), indicating low uncertainty and 

high precision in the stationary probability estimates. The narrow 95% confidence intervals further 

confirm the stability of the estimates. For example, the probability of a dry day is expected to lie 

between 56.94% and 58.74%, while rainy days are expected to occur between 15.29% and 16.52% 

under the assumed Markov process 
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Conclusion 

The mixing times of the two-state and three-state Markov chain models were compared to assess the 

effect of rainfall-state classification on convergence. The two-state model converged faster than the 

three-state model, indicating that increasing the number of rainfall states increases transition 

complexity and slows convergence. This highlights the trade-off between faster convergence and a 

more detailed representation of rainfall dynamics. Future studies could consider time-inhomogeneous 

Markov chains or models that account for uncertainty in transition probability estimates. 
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