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Abstract

This paper derived hillslope leakage-dependent equations that can be used to study
groundwater flow dynamics in leaky sloping three-aquifer system within a
sedimentary basin. This was done by the introduction of leakage term(s) and Darcy
flux in Boussinesq context into the general groundwater continuity flow equations in
each of the aquifers within the three-aquifer system. The derived equations have been
shown to be capable of modeling groundwater flow not only in sloping three-aquifer
system but also in horizontal three-aquifer system, where the slope angle is zero.
These equations, when solved and used for simulations of groundwater flow in three-
aquifer system, will be very useful to hydrogeologists in studying the leakage
properties of aquifer-aquitard system which is very crucial in estimating long time
yields of aquifers within a three-aquifer system. Also, extension of Boussinesq
equation into three-aquifer system will help geoscientists to conduct detailed studies
and have better understanding of the groundwater flow dynamics in such geological
structures.
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1.0 Introduction

Groundwater has been said to be a vital resource for many sectors and human consumption in the society around the world.
Its management, protection and assessment require quantitative knowledge of flow in aquifers [1]. Groundwater hydrology
began as a quantitative science when Darcy [2] published a report on the water supply of Dijon, France [3]. Boussinesq
derived the general equation to study groundwater flow dynamics within unconfined horizontal aquifers as well as in
uniformly sloping (hillslope) aquifers [4, 5]. Since these derivations, different forms of Boussinesq’s equations for
subsurface flow on a sloping base (or hillslope flow) have been studied extensively. For instance, [6] laid the mathematical
foundations for hillslope flow. Applications and analysis of the Boussinesq’s equations were done by [7] and [8]. Also, [9,
10, 11, 12] demonstrated the application of fractional partial differential eqs (fFPDEs) to groundwater flow problems.
Although the results of various applications of Boussinesq’s equations have been remarkably accurate yet the assumption of
zero flow across the confining layers, while appropriate for many applications, has serious limitations. These limitations are
more pronounced at larger scales when the interactions between different components of a system (like flow between a soil
mantle and a confined aquifer) play a greater role [13]. But a number of recent field studies, complemented by a handful of
modeling studies, have examined the importance of leakage in a hillslope context [7, 13, 14, 15, 16, 17]. [18] and [19]
added a leakage term to a version of Boussinesq equation. [19] modified the hillslope storage Boussinesq (hsB) model to
include leakage term in a two-aquifer system and used it to explore the sensitivity of the resulted model to a range of
constant and variable leakage rate. But the use of horizontal lower confined aquifer in the two-aquifer system limited its
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application. [20] derived groundwater flow equation in layered, anisotropic aquifer but the result is not applicable to aquifer
system consisting aquifers separated by aquitards. However, little or nothing is known about the applications of Boussinesq
equation (now generally known as hillslope model) to groundwater flow in aquifers within multi-aquifer system. Also,
leakages through the aquitards separating aquifers in a three-aquifer system, in Boussinesq context, have not been
adequately studied. Since most of the sedimentary basins of the world are multi-aquifer in nature, such geological structures
are important long-term storage reservoirs especially in semi-arid and arid countries where it is usually the only perennial
water resource [21]. Hence, accurate knowledge of leakages and groundwater flow within multi-aquifer systems are
important in determining the water sustainability in such environments. This paper will, therefore, formulate equations that
will be leakage-dependent for groundwater flow in aquifers within a three-aquifer as a representative part of the multi-
aquifer system. In achieving this, sect 2 of this paper deals with the general processes of deriving the hillslope leakage-
dependent equations. Assumptions used in the conceptualization of the equations as well as how leakage terms and Darcy
flux in Boussinesq concept are introduced into the general groundwater continuity flow equations for the three-aquifer
system is also explained. Sect 3 discusses the benefits and advantages of the derived hillslope leakage-dependent
groundwater flow equations over other existing groundwater flow equations. Sect 4 of this paper summarizes the results of
the derived equations in sloping three-aquifer system and its equivalent in horizontal three-aquifer system.

2 Formulation of hillslope leakage-dependent (HL-D) groundwater flow equations

2.1 Model conceptualization

The three-aquifer system, which will be used to represent multi-aquifer system, consists of an upper unconfined aquifer on
top of two confined aquifers separated by two aquitards and the base of the lowest aquifer is an aquiclude. As shown in Fig
1, the three aquifers are all within a geological formation and each aquifer and its confining layer (aquitard) are of uniform

thickness D_nand d_nrespectively. The aquifers are at an angle ¢ to the horizontal and have hillslope length, L. L1 and L2

are the leakage terms through the aquitard 1 to/from the middle-confined aquifer to/from the upper unconfined aquifer and
leakage through aquitard 2 to/from lower confined aquifer to/from middle confined aquifer respectively. This is in contrast
to the existing single hillslope unconfined aquifer resting on an impermeable layer, with no-flow base, at slope angle ¢ to

the horizontal as shown in Fig 2.

In formulating the governing equations for groundwater flow in each of the aquifers that made up a leaky three-aquifer

system, the following assumptions were made,

1. Each of the aquifers within the three-aquifer system has semi-infinite area extent.

2. The flow through the aquifers is essentially along the hillslope while the flow through the aquitard is mainly in
vertical direction.

3. The aquifers as well as the aquitards are saturated.

4. Each of the aquifers within the three-aquifer system has uniform hydraulic conductivity, k, along the hillslope.

D
hy

h,

Aquifer 2

5.

Aquifer 3

| 0]

Figure 1: A cross-section of a sloping three-aquifer system of hillslope length, L at an angle ¢ to the horizontal in
aquifer 1, aquifer 2 and aquifer 3.
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Figure 2: A cross-section of hillslope unconfined aquifer resting on an impermeable layer at an angle ¢ to the

horizontal. R is the vertical recharge of the aquifer from the unsaturated zone above the aquifer.
Assumption (2) above is meant to relax the no-flow boundary condition imposed on the original Boussinesq equation to
give way to a more realistic leakage-dependent Hillslope equations. The Darcy groundwater velocity, g through a single
sloping aquifer (hereafter called hillslope aquifer) has been derived by [4] as,

q=—k(a—h+sin¢j )
OX
For more than one aquifer within a sedimentary basin, q for nth aquifer can be written as,
(5 vn)
q, =—K,| —>+sing
OX (2)

where n=1,2,3 for a three-aquifer system while k, and h, are the hydraulic conductivity and the hydraulic head in nth
aquifer respectively. The volumetric flux, Q flowing through a cross-sectional area, A, of nth aquifer can be obtained as,
Qn = an1 (3)
The modified form of general mass balance equation in upper unconfined aquifer of width w(x) and without leakage given
by [13] can be written as,
fwﬂ __ R +Nw (4)

ot OX
where f is the drainable porosity of the aquifer (dimensionless), w is the aquifer’s width (m), Q1 is the Darcy flux through
the hillslope aquifer 1 (m%/day) and N is the net vertical flow (m/day). Minus sign in eq (4) shows that head decreases in the
direction of flow. Its equivalent form in confined aquifer can be written as,

s wMh_ QL (®)
ot OX

(mW

where St(n) is the storativity in nth confined aquifer (dimensionless), hn is the groundwater head measured perpendicular to
the underlying impermeable layer in nth confined aquifer. For middle aquifer, n=2 while n=3 for lower confined aquifer.

2.2 Introduction of leakage term(s)
The leakage-dependent groundwater flow equation in aquifer 1 can be written as,

My Qs - 6
fwat— ax+RW(X) Lw (6)

where hLX is the groundwater head measured perpendicular to the underlying impermeable layer in aquifer 1 at point x on
the hillslope length, L represents all possible forms of leakages (both upwards and downwards) through aquitard 1, R is the

vertical recharge into aquifer 1 from the unsaturated zone above aquifer 1. Modified form of Darcy-type leakage through
aquitard 1, L1 was given by [19] as,

L=k, e 0

d,
where h; and h; are the groundwater heads measured perpendicular to the underlying impermeable layer in aquifer 1 and 2
respectively, K., is the vertical hydraulic conductivity of aquitard 1, dl is the thickness of aquitard 1. The general

groundwater flow equation for aquifer 2 with leakage terms can then be written as,
oh oQ 8
S W—2X = 2% | w—Lw 8
v et ox
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where St’2 is storativity of aquifer 2, Q2x is the Darcy flux through the hillslope aquifer 2 (m¥day) at point x on the horizontal axis, L2
represents all possible forms of leakages (upwards and/or downwards) through aquitard 2.
h,—h
L= B ®
2
whered2 is the thickness of aquitard 2, hs is the groundwater heads measured perpendicular to the underlying impermeable layer in
aquifer 3. Also, the leakage-dependent groundwater flow equation in aquifer 3 can be written as,
ah3 X 6Q3 X (10)
= 22 4 Lw(x

3t o TRV
where St 5 I8 storativity of aquifer 3,Qsz.x is the Darcy flux through the hillslope aquifer 3 (m3/day) at point x on the hillslope.

S, W

Leakage term L. is subtracted from the horizontal flow term in eq (6) because this ensured that a downwards leakage (leakage away from
the aquifer), which is positive, was deducted from the total water flowing through aquifer 1 giving the net water flowing through the
aquifer 1. But if there is an upwards leakage (leakage into aquifer 1 from the middle confined aquifer) the negative in front of L1 will turn
the leakage term (which is originally negative due to upwards leakage) into positive, thereby, adding the leaking water from the middle
confined aquifer to the water flowing in aquifer 1 to give the water balance flowing in aquifer 1. Therefore, eq (6) is the correct
expression for groundwater flowing through aquifer 1 with due consideration of both downwards and upwards leakages. Similarly, since
no-flow boundary condition has been imposed on the base of aquifer 3, the only means of leakage is through aquitard 2 above it.
Addition of leakage term, L2 to the groundwater flowing through aquifer 3 in eq (10) ensured that downwards leakages, which are
positive, would be added to the volume of water flowing horizontally through aquifer 3 to give the net water flowing through aquifer 3.
But if it is upwards leakage, the negative leakages that result automatically deduct the quantity of water leaking from the water flowing
through aquifer 3 to give the net water flowing through aquifer 3 after leakage. Therefore, eq (10) is the correct expression for
groundwater balance flowing through aquifer 3 after due consideration of both downwards and upwards leakages along the hillslope.
Also, due consideration has been given to the fact that the direction of leakages may vary from point to point along the hillslope. The

distance along the hillslope, which was at angle ¢ to the horizontal, was taking as the x-direction. Cross-sectional area which the
groundwater flow through in aquifer 1 is,

A =hw (11)
Substituting egs (2) and (11) into eq (3), it becomes:
Q=- lhlm(cos ¢%sin ¢j (12)

Substituting egs (7) and (12) into eq (6) and dividing through by fw, it becomes,
L —%[— k,hw(cos ¢)% +sin 4 +Rw + kv{hzd_hljw
1

ot OX

%:kicowi(h%jmﬂwﬂiﬂﬂ h,~h, (13)

ot foox\ " ox f ox f fd,

For a perfectly horizontal aquifer, ¢ =0, c0s0=21and SIN0=0. Then eq (13) will reduce to,

ot fox\ ox) f fd,

In aquifer 2, n=2 and the cross-sectional area through which groundwater flow in aquifer 2 is,

A2 — D2W (15)
eq (2) becomes,

g, = —kz(cos ¢% +sin ¢j (16)

OX

Substituting egs (15) and (16) into eq (3), it becomes,

Q, =k, Dzw(cos ¢aa—hz +sin ¢] A7)

X

Also, substituting eqgs (7), (9) and (17) into eq (8) and dividing through by Stow, we will obtain,
oh, _T,cos¢ 0y Ky (h=h) ks (h=h, (18)

ot St, ox* St d, St,\ d,
Also, for a perfectly horizontal aquifer 2 with leakages, ¢ =0and COSO=1. Then eq (18) reduces to,
ohy T, M Kyfh=h) kpfh—h (19)

at StZ axz St2 dl St2 d2
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where T = k2 D2 is the transmissivity in aquifer 2 and D> is the average thickness of aquifer 2. Also, since sin ¢ is a not functions

oftime and D2 is a constant, then their derivatives with respect to x is zero.
Following the same procedures as above, leakage-dependent hillslope groundwater flow equation in aquifer 3 can be obtained as,

oh, Tcos¢%_& h—h, (20)
ot St, ox* St d,
where T, =K, D, is the transmissivity in aquifer 3.
Also, for a perfectly horizontal aquifer 3 with leakages, ¢5 =0andc0sO=1. Then eq (20) reduces to,
oh, T, o'y k[ hy—h, (21)
ot S, ox* S, d,

3. Discussion

Equation (13), (18) and (20) are the newly derived hillslope leakage-dependent (HL-D) groundwater flow equations in a uniform width
homogeneous and isotropic sloping upper unconfined aquifer (aquifer 1), middle semi-confined aquifer (aquifer 2) and lower semi-
confined aquifer (aquifer 3) respectively found within the same sedimentary basin. Each of them will be needed for the computation of
hydraulic/piezometric heads at different points along the simple hillslope for their respective isotropic and homogeneous aquifer within
the three-aquifer. Also, egs (14), (19) and (21) are the leakage-dependent groundwater flow equations in a homogeneous and isotropic
horizontal upper unconfined aquifer (aquifer 1), middle semi-confined aquifer (aquifer 2) and lower semi-confined aquifer (aquifer 3)
respectively found within the same sedimentary basin. This shows that the derived hillslope leakage-dependent (HL-D) groundwater flow

equations can also handle groundwater flow in horizontal three-aquifer system, where ¢ = 0 . These equations, when applied to sloping

or perfectly horizontal three-aquifer system and the resulted equations are solved either analytically or numerically, will be very useful to
hydrogeologists in studying the leakage properties of aquifer-aquitard system. A good knowledge of leakage properties of aquifer-
aquitard system, which can be obtained from the derived HL-D equations, is very crucial in estimating long time yields of aquifers within
any multi-aquifer system. Also, the derived HL-D equations will prove to be very useful tools for geoscientists in conducting detailed
studies of the groundwater flow dynamics in sedimentary basins containing three-aquifer system.

4. Conclusion

New hillslope leakage-dependent, HL-D equations that model groundwater flow in sloping three-aquifer system have been derived.
These equations have been shown within the paper and in table 1 not only to be capable of modeling groundwater flow in sloping three-
aquifer system but also groundwater flow in perfectly horizontal three-aquifer system, where the slope angle is zero, within a sedimentary
basin. These equations, when solved and used for simulations of groundwater flow in three-aquifer system, will be very useful to
hydrogeologists in studying the leakage properties of aquifer-aquitard system which is very crucial in estimating long time yields of
aquifers within a three-aquifer system. Also, extension of Boussinesq equation into three-aquifer system will help geoscientists to study
in detail and have a better understanding of the groundwater flow dynamics in such geological structures.

Table 1: Summary of Newly Derived HL-D Groundwater Equations for sloping Three-aquifer System and the
Resultant L-D Groundwater flow Equations when ¢ = O (Perfectly horizontal = Three-aquifer System)
Aquifer Types Groundwater Equations Remark
oh, _ klcos¢6[hlahl)+ kls|n¢6m+R+kv1[h2 —hlJ
ot foox o foox f fd, Newly Derived
Sloping Three-aquifer 6h2 T,cos¢ o°h, k, ( X _hlj K,, [hs _hz] HL-D Groundwater
Syst v 2 o Tl T Flow Equati
ystem ot s, oc d, st, | d, ow Equations
8?13 T, cos¢%_&
ot ox? d2
a f 8x OX f fd,
Perfectly horizontal oh, T, o, k,(h-h) k,(h—h, L-D(leakage-
Three-aquifer System E:sjy_si( d }’Sj[ d, j dependent)
——— - Groundwater Flow
613 _ L o'h, _& h, —h, Equations
ot S, ox* S, d,

Transactions of the Nigerian Association of Mathematical Physics Volume 18, (January - December, 2022), 63-68

67



Derivation of Hillslope... Sonloye, Usman, Agada and Oniku Trans. Of NAMP

References

[1] Su N (2017). The fractional Boussinesq equation of groundwater flow and its applications. Journal of Hydrology
547 (2017) 403-412.

[2] Darcy H (1856). Les FontainesPubliques De La Ville De Dijon. Dalmont, Paris.

[3] Igbokwe M U, Amos U (2011). Fundamental Approach in Groundwater Flow and Solute Transport Modeling
using the Finite Difference Method. J. Earth and Environmental Sciences, Drimram Dar (Ed.), ISBN: 978-953-
307-468-9.

[4] Boussinesq J (1877). Essaisur la theorie des eaux courantes(Test on the theory of running waters). Mem. Acad. Sci.
Inst. Fr. 23 (1), 252-260.

[5] Boussinesq J (1904). Recherches théori qu essurl’écoulement des nappesd’eauin filtréesdans le sol etsurdébit de
sources. J. Math. Pure Appl. 10, 5-78.

[6] Henderson, F M., Wooding RA. (1964), Overland flow and groundwater flow from a steady rainfall of finite
duration, J. Geophys. Res.,69 (8), 1531-1540.

[7] Abdellaoui B, Peral, Walias (2015). Some existence and regularity results for porous media and fast diffusion
equations with a gradient term. Trans. Am. Math. Soc. 367, 4757-4791.

[8] Telyakovskiy AS, Kurita S, Allen MB (2016). Polynomial-based approximate solutions to the Boussinesq
equation near a well. Adv. Water Resour. 96, 68—73 (2016).

[9] Alkahtani BST, Atangana, A (2016). Controlling the wave movement on the surfaceof shallow water with the
Caputo-Fabrizio derivative with fractional order. Chaos, Solitons Fractals 89, 539-546.

[10] Atangana A, Alkahtani BST (2016). New model of groundwater flowing within a confine aquifer: application of
Caputo-Fabrizio derivative. Arab. J. Geosci. 9 (1),1-6.

[11] Atangana A, Baleanu D (2016). New fractional derivatives with non-local and nonsingular kernel: theory and
application to heat transfer model. Therm. Sci. 20 (2), 763-769. arXiv:1602.03408.

[12] Djida JD, Area I, Atangana A (2016). New numerical scheme of Atangana-Baleanu fractional integral: an
application to groundwater flow within leaky aquifer.arXiv:1610.08681.

[13] Troch PA, Paniconi C, Van Loon E (2003). Hillslope-storage Boussinesq model for subsurface flow and variable
source areas along complex hillslopes: 1. Formulation and characteristic response, Water Resour. Res., 39(11),
13186, doi: 10.1029/2002WR001728.

[14] Uchida T, Asano Y, Ohte N, Mizuyama T (2003). Seepage area and rate of bedrock groundwater discharge at a
granitic un-channeled hillslope. Water Resour. Res. 39 (1), 1018. Doi:10.1029/2002WR001298.

[15] Tromp-van M, Peters NE, McDonnell JJ (2007). Effect of bedrock permeability on subsurface storm flow and the
water balance of a trenched hillslope at the Panola Mountain Research Watershed, Georgia, USA. Hydrol. Process.
21, 750-769.

[16] Ebel BA, Loague K, Montgomery DR, Dietrich WE (2008). Physics-based continuous simulation of long-term
near-surface hydrologic response for the Coos Bay experimental catchment. Water Resour. Res. 44, W07417.
d0i:10.1029/2007WR006442.

[17] Graham CB, Woods RA, McDonnell, JJ (2010). Hillslope threshold response to rainfall: (1) A field based forensic
approach. J. Hydrol. 393, 65-76.

[18] Koussis AD, Smith ME, Akylas E, Tombrou M (1998). Groundwater drainage flow in a soil layer resting onan
inclined leaky bed. Water Resour. Res. 34 (11), 2879-2887.

[19] Broda S, Paniconi C, Larocque M (2008). Evaluation of the hillslope-storage Boussinesq model with leakage. In:
Calibration and Reliability in Groundwater Modelling (Proceedings of Model CARE 2007), IAHS Red Book, vol.
320. IAHS Press, Copenhagen, Denmark, pp. 182-187.

[20] Baker M, Hemker K (2002). A Dupuit formulation for flow in layered, anisotropic aquifers. Elsevier Journal of
Advances in Water Resources 25, pp 747-754.

[21] Kruseman GP, DeRidder NA (1990). Analysis and evaluation of pumping test data. International Institute for

Reclamation and Improvement, Wageningen, The Netherlands.

Transactions of the Nigerian Association of Mathematical Physics Volume 18, (January - December, 2022), 63-68

68



