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Abstract

In this research, we prove some coincidence point theorems for nonlinear contractive
mappings with rational expressions in the context of metric spaces endowed with a
partial order. Hence, this work serves as an improvement to the available results in
the literature, and illustrations to support our claims were also presented.
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1. Introduction

There are a lot of generalizations of the Banach contraction mapping principle in the literature. One of the most interesting
of them is the result of Ran and Reurings [1] which studied the existence of fixed points for certain mappings in partially
ordered metric spaces and applied their results to matrix equations. Their results were later extended by Nieto and Lopez
[2] for non-decreasing mappings and obtained the solutions of certain partial differential equations with periodic boundary
conditions.

Chatterji [3] considered various contractive conditions for self-mappings in metric space. Dass and Gupta [4] also
investigated the rational type of contractions to obtain a unique fixed point in complete metric space. Very recently,
Seshagiri and Kalyani [5] have explored some results on coupled fixed points for the mappings in partially ordered metric spaces.
In this manuscript, we establish some coincidence point for f-nondecreasing self mapping satisfying certain rational type
contractions in the context of metric spaces endowed with partial order. We generalize and extend the results in some
literatures. A few examples are given to support our results.

2. Preliminary Notes

We start with the following definitions and theorems that motivate our study:

Definition 2.1 [6] The triple (X, d, <) is called partially ordered metric spaces, if (X, <) is a partially ordered set and (X, d)
is a metric space.

Definition 2.2 [6] If (X, d) is a complete metric space, then the triple (X, d, <) is called complete partially ordered metric
spaces.

Definition 2.3 [7] Let (X, <) is called partially ordered set. A mapping f: X — X is said to be strictly increasing (strictly
decreasing), if £(x) < f()(f(x) > f(y)) forall x,y € X with x < y.

Definition 2.4 [7] A point x € A, where A is a non-empty subset of a partially ordered set (X, <) is called a common fixed
(coincidence) point of two self-mappings f and T, if fx = Tx = x (fx = Tx).

Definition 2.5 [7] The two self-mappings f and T defined over a subset A of a partially ordered metric space (X, d, <) are
called commuting, if fTx = Tfx forall x,y € A.

Definition 2.6 [7] Two self-mappings f and T defined over A c X are compatible, if for any sequence {x,} with
nl_l)lzlm fx, =nEer Tx,, =u for some u € A, then nEer(fon'fon) =0.

Definition 2.7 [7] Two self-mappings f and T defined over A c X are said to be weakly compatible, if they commute only
at their coincidence points (i.e., if fx = Tx then fTx = Tfx).

Definition 2.8 [7] Let f and T be two self-mappings defined over a partially ordered set (X, <). A mapping T is called
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monotone f-nondecreasing, if fx < fy =Tx < Ty forall x,y € X.

Definition 2.9 [7] Let A be a non-empty subset of a partially ordered set (X, <). If every two elements of A are

comparable, then it is called well ordered set.

Definition 2.10 [7] A partially ordered metric space (X, d, <) is called ordered complete if for each convergent sequence

{xn e € X, the following condition holds: either

i if x,, is a non-increasing sequence in X such that x,, - x implies x < x,,, for all n € N that is, x = inf{x,,}, or

ii. if x,, is a non-decreasing sequence in X such that x,, — x implies x,, < x, for all n € N that is, x = sup{x,,} .

Theorem 2.11 [8] Let (X, <) be a partially ordered set and suppose that there exists a metric d on X such that (X,d) is

complete metric space. Suppose that T and f are continuous self-mappings on X, T(X) € f(X), T is a monotone f-

nondecreasing mapping satisfying
d(fx,Tx)d(fy,Ty)

d(Tx,Ty) < 0(( A=, Fy) ) + ,B(d(fx,fy)) 2.1)

for all x,y € X for which f(x) and f(y) are comparable, and for some «, 8 € [0, Dwitha + B < 1.

If there exists x, € X such that f(x,) < T(x,) and T and f are compatible, then T and f have a coincidence point.

Theorem 2.12 [5] Let (X, d, <) be a complete partially ordered metric space. Suppose that T: X — X be a non-decreasing,

continuous self mapping satisfying

AdCx,y) +ld(x, Ty) + d(y, TX)] + & TX)ZE;: ;g i ch] ;;;d(y' E2
0 JifA=0 (22)

for all distinct x,y € X with y < x, where A = d(y,Tx) + d(x,Ty) and A,n, u are non negative real numbers with 1 +
2n + u < 1. If there exists x, € X with x, < Tx,, then T has a unique fixed point in X.

Theorem 2.13 [9] Let (X, d, <) be a complete partially ordered metric space. Suppose that T, f: X — X are continuous
mappings and T is monotone f-nondecreasing, T(X) < f(X) satisfying the following condition

d(fx, Tx)[1+ d(fy,Ty)]
1+d(fx fy) + Bld(fx, Ty) + d(fy, Tx)] + yd(fx, fy) (2.3)

for all x,y € X, for which fx and fy are comparable and for some a,8,7,6,¢ € [0,1) with 0 < a + 28 +y < 1. If there
exists a point x, € X such that fx, < Tx, and the mappings T and f are comparable, then T and f have coincidence point
inX.

d(Tx,Ty) < ifA#0

d(Tx,Ty) < «a

3. Main Results
Theorem 3.1 Let (X, d, <) be a complete partially ordered metric space. Suppose that T, f: X — X are continuous mappings
and T is monotone f-nondecreasing, T(X) € f(X) satisfying the following condition
d(fx,Tx)[1 T T T
(fx, Tx)[1 + d(fy,Ty)] N d(fx,Tx)d(fy,Ty) T+ yd(Fx fy) 3.1)
1+d(fx fy) d(fx, fy)
for all x,y € X, for which fx and fy are comparable and for some «, 8,y € [0,1) with0 < a + 8 +y < 1. If there exists a
point x, € X such that fx, < Tx, and the mappings T and f are comparable, then T and f have coincidence point in X.
Proof. Let x, € X such that fx, < Tx,. Since T(X) < f(X), then we choose a point x; € X such that fx, = Tx,. But
Tx; € f(X), then there exists another point x, € X such that fx, = Tx,. Recursively, we construct a sequence {x,} in X
such that fx,,, = Tx,, foralln = 0.
From the hypotheses, we have fx, = Tx, = fx; and then the monotone property of f implies Tx, < Tx;. Similarly, we
have Tx; < Tx, as fx; < fx,. Continuing the same process, we obtain
Txg <Tx; <Txy < <Tx, <Txppq < -
Now, we have the following two cases:
Case 1: Suppose that d(Tx,, Tx, 1) = 0 for some n, then Tx,, = Tx,4q. ThuS, Tx,4q = Tx, = fx,441. Hence, x,,., isa
coincidence point of T and f.
Case 2: Suppose that d(Tx,, Tx,,,) > 0 for all n = 0. Then from (3.1), we have
A(fxns1, Txns)[1 + d(fxn, Tx,)] +B A(fxns1, Txny1)d(fxn, Txy)
1+ d(fxn+1’ fxn) d(fxn+1r fxn)

d(Tx,Ty) < «a

d(Txp.1,Txp) < @ +vd(f 41, fxn)

which implies that
d(Txn+1' Txn) <ad (Txn' Txn+1) + ,Bd(Txn: Txn+1) + )/d (Txnr Txn—l)

14
d(Txp41, Txy) < (ﬁ) d(Txp_1,Txy)

B
Inductively, we get
d(Txp1, Txy) < (ﬁ) d(Txq, Txg).
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14
1_a_ﬁ<1

Now, we shall prove that {Tx,,} is Cauchy sequence. For m > n, by triangular inequality we have
d(Txy, Txy) < d(Txp, Txm_1) + A(Txp_q, TXp_2) + -+ + d(Txp4q, Txy)
S (km_1 + km_z + °ee + kn)d(Txl, Txo)

n

T % d(Txq, Txy),
as m,n — +oo,d(Tx,,, Tx,) — 0, which shows that the sequence {Tx, } is Cauchy sequence in X. So, by the completeness
of X, there exists a point A € X such that Tx,, - 1asn — +oo.
By the continuity of T, we have
TA = T( lim xn)

n—+oco

where k =

<

=A

Since, Tx,, = fxp41, then fx,,.; = A1 asn — +oo. Thus, by compatibility of T and f, we get

nl_i)Too(fon' fTx,) = 0.

Therefore, by triangular inequality, we get

d(TA, fA) <d(TATfx,) +d(Tfxp,, fTx,) + d(fTx,, fA),

Take the limit as n — 40 and using the fact that T and f are continuous, we obtain that

d(TA, fA) =0.

Hence, TA = fA. Therefore, A is a coincidence point of T and f in X.

Theorem 3.2. In addition to the hypothesis of Theorem 3.1. If f(X) is a complete subset of X, then T and f have
coincidence point in X. Further, if T and f are weakly compatible, then T and f have a common fixed point in X. Moreover,
the set of common fixed points of T and f are well ordered if and only if T and f have one and only one common fixed
pointin X.

Proof. Suppose f(X) is a complete subset of X.Following the proof of Theorem 3.1, the sequence {Tx,} is a Cauchy
sequence and hence, also {fx,} is a Cauchy sequence in (f(X), d), since Tx,, = fx,., and T(X) € f(X). But f(X) isa
complete, then there exists some u € f(X) such that

Jim, T3, = lim f, = fu

Notice that the sequences {Tx,} and {fx,} are nondecreasing and then from the hypotheses, we get Tx, < fu which
implies that fx,, < fu, for all n € N, Since T is monotone f-nondecreasing, then we have Tx,, < Tu for all n € N.

Letting n — 4o, we get fu < Tu.

Suppose that fu < Tu. Define a sequence {u,,} by u, = u and fu,,,; = Tu, for all n € N. An argument similar to that in
the proof of Theorem 3.1, yields that the sequence{fu, } is a nondecreasing sequence and nl—i>r-il:loo fu, = nlirfw Tu, = fv for

some v € X. Thu, from the hypothesis, we have supfu, < fv and supTu, < fv, foralln € N.
Therefore,
fxpo<fusfuy<fu, <---<fu, << fo
Now, we also have the following two cases:
Case 1: Suppose, if there exists ny > 1 with fx, = fu,,, then we have
frn, = fu= fun, = fu; = Tu.
Hence, u is a coincidence point of T and f in X.
Case 2: Suppose that, fx,, # fuy, foralln € N. Then from (3.1), we have
d(fxn, Txy)[1 + d(fu,, Tuy,)] d(fxp, Txp)d(fuy,, Tuy,)
A(fXns1, funer) = d(Txy, Tu,) < a 1+ d(fx, fuy) A2y f1t)
Take the limit as n — +oo to the above inequality, we get
d(fu, fv) <yd(fu, fv)
< d(fu, fv)sincey < 1.
Therefore, we have
fu=fv=fu =Tu.
Hence, u is a coincidence point of T and f in X.
Suppose that T and f are weakly compatible and let w be the coincidence point. Then
Tw =Tfz=fTz = fw,sincew =Tz = fz, for some z € X.
From (3.1), we have
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d(fz, T2)[1 + d(fw,Tw)] d(fz, Tz)d(fw,Tw)
1+d(fz, fw) d(fz, fw)

d(Tz,Tw) < a +yd(fz, fw)

< yd(Tz,Tw),
asy < 1, then, we have from d(Tz, Tw) = 0. Therefore, Tz = Tw = fw = w. Hence, w is a common fixed point of T and f in X.
Now, suppose that the set of common fixed point of T and f is well ordered. It is enough to prove that the common fixed
point of T and f is unique. Let u and v be two common fixed point of T and f such that u # v. Then from (3.1), we have
d(fu, Tl +d(fv,Tv)] _d(fu,Twd(fv,Tv)
1+d(fu fv) * dfu o) Trddwsv

d(Tu,Tv) < a

< yd(u,v)

< d(u,v)sincey < 1,

a contradiction and hence, u = v. Conversely, suppose T and f have only one common fixed point, then the set of common
fixed points of T and f being a singleton is well ordered.

4. Applications
Example 4.1 Define a metric d: X X X — [0, +o) by d(x,y) = |x — y|, where X = [0, 1] with usual order <.LetT and f

2 2
be two self mappings on X such that Tx = x? and fx = % ,then T and f have a coincidence point in X.
Proof. By definition of a metric d, (X, d) is a complete metric space. Obviously, (X, d, <) is a complete partially ordered
metric space with usual order. Let x, = 0 € X, then f(x,) < T(x,) and also by definition, T and f are continuous, T is
monotone f-nondecreasing and T (X) < (X).
Now, for distinct x, y in X with x < y, we have

1 1 2x+y +xy)
d(Tx,Ty) = 51x* = y*| =5 (x +y)lx —yl <

Trodry ™Y
- 2x%13 —x|[(1 +y) + ¥?I3 = yl] x2y?|3 — x[|3 =yl 2(x +y +xy)
- a4_(1 +x)A+y)+2|x —yl(x+y+xy) 2lx —yl(x + vy + xv) ]/(1 +x)(1+y)
x2|x=3] 2(1+y)+y?*[3-y| x2|3-x| ¥y%3-yl
P i TV (i a5 )
1+ A+x)A+y)
(1+x)(1+y) (1+x)(1+y)
d(fx, Tx)[1 +d(fy, Ty)] _d(fx,Tx)d(fy,Ty)
<a + +yd(fx, fy)
1+d(fx, fy) alfx, fy)

Then, the contraction condition in Theorem 3.1 holds by selecting proper values of «,B,y € [0,1) such that 0 <a+pB+y+<1.
Therefore, T and f have a coincidence point 0 in X.
Example 4.2 Define a distance function d: X X X — [0, +o0) by d(x,y) = |x — y|, where X = [0, 1] with usual order <. Let T and f be

two self mappings on X such that Tx = x3 and fx = x*, then T and f have two coincidence points 0, 1 in X with x, = %.
5. Conclusion

This work has proven the existence of coincidence point for nonlinear contractive mappings with rational expressions in the context of
metric space endowed with partial order. Some illustrations to support our findings were also given.
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