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Abstract

The subject of amenability of Fourier algebra has been a subject of research for
decades. It is generally known that Fourier algebras are not generally amenable even
though they are operator amenable. In this study we are able to construct an
amenable group Gy. The group has some features including a contractible identity.
Its group algebra L(Gy) is amenable following Barry Johnson’s result. The Fourier
algebra is obtained A(Gy) is obtained by the actions of Fourier Transforms on
L(Gy), with Gy as an underlying group. A(Gy) inherited the norm from its group
algebra L'(Gy). Further, the amenability of A(Gy) is obtained and studied. Some
groups are paradoxical and non-amenable. The problems of non-amenability posed
by these groups have given rise to non-amenable Fourier algebras. This brings some
limitations to the study of these algebras which have much of applications in
qguantum mechanics. Various aspects of amenability and operator amenability can be
studied under this Fourier algebra.
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1. Introduction and Preliminaries
Fourier algebra consists of continuous functions in the category of operator space. It is the predual of the Von Neumann

algebra vN(G) and is a copltely contractive Banach algebra. John Von Neumann in 1929, on his investigation of Banach-
Tarsk paradox, observed that non-abelian free groups are paradoxical, see [1]. In 1949 Mahlon M. Day introduced the
English translation: amenable. His work centered on the amenability of locally compact groups. Barry Edward Johnson, an
English Mathematician, initiated and linked the amenability of group to that of Banach algebras. Eymard in [2] introduced
Fourier algebra A(G). Forrest [3] extended Johnson’s result to a complete characterization of amenable A(G). He
established the A(G) is amenable when G has an abelian subgroup of finite index.

Consult [4] and [5] for generalized and various notions of amenable and operator amenable Banach algebra. In this
research, we constructed a locally compact amenable group and the resulting Fourier algebra.

Definition 1.1 [6] Let A be Banach algebra and X a Banach A bimodule, a derivative D is a continuous bounded linear map
D: A — X such that

D(ab) =a-D(b) + b-D(a), (a,b €X).

Deviation of this form

6(a)=ax—x-a a€A x€X areinner.

The dual space X* of X is also a Banach A bimodule, with operation

(x,a-x*)y={(x-a,x*)(,x" -a)=(a-x,x*) a€A x€EX,x*€E X*.

Definition 1.2 [6] A Banach algebra A is amenable if every derivation from A to the dual Banach A bimodule is inner.
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Definition 1.3 [5] A chain is a bounded linear map from Cartesian product of A to X, its bimodule, denoted by T €
C1(4,X). Let e a Banach algebra and X a Banach A bimodule. An n-cochain is a bounded n linear map from n-fold
Cartesian product A™ to X, denoted by T € C™(4, X).

Definition 1.4 [5] A chain is exact if the image of (n + 1)t" is always equal to the kernel of the nth map. Hochschild
cohomology measures the extend the co-chain is exact. The vanishing first order Hochschild cohomology implies exactness
of a sequence of € C™(4, X).

Definition 1.5 [1] The normed algebra (4, ||-||) is called a Banach algebra if (||-]|) is a complete norm. A Banach algebra is
unital if A has an identity e € A such that (Jle]]) = 1.

A Banach algebra A4 is amenable if the 1-dimensional cohomology module H* (4, H*) vanishes, that is H(4, H*) = {0}.
Theorem 1.6 [7] Fourier algebra is an operator amenable completely contractive Banach algebra if D: A(G) — X™ is inner,
for the dual X*, and X completely contractive A(G) bimodule.

Definition 1.7 [7] Let S and T be topological spaces. If f and g are mappings of S into T, then f and g are homotopic (f =
g) if there exists a mapping h: S X I* — T such that h(x,0) = f(x) and h(x,1) = g(x) for all x € S. The mapping h is
called a homology between f and g.

Definition 1.8 [8] Functors are the mechanisms that create images by rotations, translations, stretching and bending.
Functors have characteristic feature that they form images not only of sets but also of continuous maps. Topologically
related spaces have algebraic related images.

Continuous maps between spaces are projected onto homomorphism between their algebraic images.

Definition 1.9 [5] Let G be a locally compact topological group and u its left Haar measure, consider the space L'(G)
consisting of measurable functions f: G — C such that ||f]| = falfld(u).

The convolution product of functions f,g€ LY(G) is given by {(f*g)x)= [fOgly x)dy, =xvy € L'(G).
This a well defined product in L*(G), i.e. f x g € L'(G).

Definition 1.10 [9] The Fourier transform on f € L'(G) is defined by F{f ()} = f(s) = ffooo e 2™t £ (t)dt. The collection
of Fourier transform on L}(G) is the Fourier algebra with the convolution defined by
F(g)(®) - F(f)(x) = §(s) - f(x) as the multiplication.

Definition 1.11 [8]A topological set T is contractible if there exist a point p € T such that the identity map i on T is
homotopic to a constant mapping c such that c: T — p . Example is a disk.

Theorem 1.12 [8] If T is a contractible set, then each mapping f: S — T is homotopic to a constant map f: S — {p}.
Proof Let f: S — T and let i be the identity mapping on T. Since T is contractible, i ~ ¢:T — {p}and cf:S — {p}, hus
there exists a homotopy h: T x I* — T with

h(y,0) =y and h(y,1) =p VyE€eT.

Let

A(x,t) = h(f(x),t) for{x,t) €SI,

f and h are continuous, # is also continuous. Moreover

A(x,0) = h(f (x),0) = f(x)

and

h(x,1) = h(f(x),1) =pand f = cf.

Example 1.13 [8] The simple torus S* x S* and the solid torus S x D* are non-contractible structures.

Theorem 1.14 [8] If A, a Banach algebra is a retract of a contractible set S, then A is contractible.

Proof Letr:S — A be a retraction and continuous. Since S is contractible, the identity mapping i on S is homotopic to the
constant mapping c¢:S — {p} for some pe€S. There exist a Banach algebra A such that for
heAhSxIt — S,

with h(x,0) = x and h(x,1) =p for all x € S. Let A(x,t) = r[h(x,t)] € A x I. Since r and h are continuous, # is
continuous.

Moreover

h(x,0) =r[h(x,0)] =7(x) =x

and h(x, 1) = r[h(x,1)] = r(p) for each x € A. Thus the identity mapping r|A =~ é: A — r{p}, and 4 is contractible.
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The following examples have contractible features [8]. The wedge sum of circles, it is a free group, the free product of
copies of Z. The shrinking wedge of circles is the union of circle C,, of radius% and centre (1/n, O)for n=123".
The group constructed in this study is denoted by G, its group algebra by L' (G;) and Fourier algebra A(Gr).

2 The Construction

The construction is on the T set < R3. It is made up of infinite number of paths or strings rooted at (0,0) on (x,y) plane
of (x,y,z). It is required to group paths to form classes. The tools used in this construction are two funtors namely k, the
class forming and [, the loop forming functors. The paths in the T set takes direction through [0, 27] on the (x,y) plane.
The strings or the paths denoted by o; with 0 <i < 2m. The reading of the value of i is from y = 0 through anti-
clockwise direction.

The class forming functor k also can map the whole strings to a single class, which gives rise to a trivial and contractive
group [8], k: op<i<zn — to-

The functor k groups all the paths into n classes, each class contains homotopy paths. The functor k maps some paths in a
defined interval into a class. It maps each string a;, i # n1"—6 by rotation of g to t,,. Intervals are defined over

@n-1)=n < tn < (2n+1)11::
16 16
- 3 3 5 5 7 7 9 2n—1 2 1 2n—1
ety & et < T T« BTy < Gnim oy < Gmim . Qo
16 16" 16 16" 16 16" 16 16 " 16 16 16 16 16
2 1 . R . .
ts < DT = 0,1,2 --- 15, for sixteen classes, having the rotation ofg through on= in R3.
16

The second functor [ forms loops of classes. It stretches the ends of the paths in a particular class to the origin(0,0,0)
through the base class. The stretching and the continuous deformation take clockwise direction. With this operation, loops
are formed relative to the end point held fixed. There exists a massive number of paths in a class and we desire a way to
relate one path to another. This is done by continuously deforming one path into another. However, we will require that
paths in a class share the same endpoints and that during this deformation, the endpoints remain fixed. A loopina T setis a
path ¢ such that (0) = (1), the starting and ending points meet. The loops in a class are related by position, end points
and angle of rotation. The functor [ forms, not only loops. But singularity properties of the loops.

Remark 2.1 consider in the plane, the problem of integrating a function f of a complex variable around a closed curve
C, e.g., the unit circle. For example:

fczdz =0and fc% # 0 . What is the difference? From the point of that C can be shrunk to point within the domain of
analyticity of z (i.e., the whole plane), hence integrating around C is equivalent to integrating at a point, which gives zero.
On the contrary C cannot be shrunk to a point within the domain of i

Some of the closed paths in this construction have singular points:

— T
Ii— <0, < ——t°= t, Disk,no singular point

16 i 16 0 g p

T 3n n . . ;
L—<0< ——>ts=t, there is a singular point

16 16

2n—-Dm 2Cn+Dm n ) ) )
i—————<og < ———— —>ts =1t there is a singular poin
16 16
Now consider the classes of infinite loops o; not as string but paths of continuous bounded functions.
Remark 2.2 (i) By the path o; operated by the two functors, we therefore mean continuous bounded maps.
(i) The functors k and [ have the virtue of being functorial: homomorphisms and continuous maps: h: g; — t,.
(iii) This infinite composition of loops is certainly continuous at each point and it is continuous at t,, since every
neighbourhood of the base point t, in the set contains all but finitely many of the loops.
Definition 2.3 [8] A composition functor h = kl and its operation defined by h: T set — Gis a functorial of kl.
Remark 2.4 Given a continuous function t* € Gy the inverse of t* is denoted by £* and defined by ¢t27~*.
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2.5 The group elements and their measures

The following therefore the group elements There are n elements of the group, taking n= 16:
t0 is the identity element. It can be denoted by ¢,. 0 is the angle of

rotation of the homotopy class, representing the measure of the class.

T
ts denoted by t;, g is the angle of rotation of the homotopy class and the
measure.
T
tZ denoted by ta 5 Zis the angle of rotation of the homotopy class and the measure.

t 8 denoted by t3, " is the angle of rotation of the homotopy class and the measure.

2nm

t 16 denoted by tn, " is the angle of rotation of the homotopy class and the measure.
157
ts denoted by ¢t5, 1%" is the angle of rotation of the homotopy class and the measure.

2.6 The sub-groups of G
The proper non trivial subgroups of the G include:

T 31 51 31 7T 31

Groun = {70, 5, 05,60, U7, 64,02 ,67 ), Groups = {177 62,6%,6% |, Groups = (27,7,

2.7 The computation of the results
These computations are made up of the binary operation of the G, group and all the elements that yield the results in the
Cayley tables

b1 T!T[ 1 14 nTt 3m

totl_tsots—tss—ﬁ totz_tson—tsz—ts
T 31 nSn n 4 nn 51T

t1°t3 tsots—tss—tz; t1°t4 tsotz—ts z—ts

E 51 ES_T[ 31 us 27 1'[2_1'[ 7_7'[
t1°t5=t8°t8—t38—t4 tlot6=t80t3 :tss =t

T m T T T on
t1°t7=t8°t8=t88=t; tjotg=tsotT =ts  =ts

ud 9 29_11 5T T 5T _5_11 1im
t10t9=t80t8_t3 8—t4 t10t10=t80t4—t8 4+ =ts

T 117w m, 1 3 n 3 ™, 3n 1371
t°t11—t8°t8—t8 s_tz; t°t12—t8°t2—t82—t8

n 137 ™, 1371 77 ™ 7 m,m 151
t1°t13—t80t8—t8 8 =1t4; t10t14=tsot4 :ts B =t 2

T 157 T, 157

tyotis=tsots =ts s =t°

T 1'[7'[ 3m

t otz_t4ct4_t8 4_t8

T 3T 1'[31'[ T s nTr 5T
t20t3=t40t8=t88=t2; t°t4—t8°t2—t8 2_t8

E 5_7'[ E+5_T[ 3_1'[ us 27 TEZTE 7T
tyots =teots =8 8 =¢t4, t20t6=t80t3 =t83_t8

T m T, T i on
tyot; =t+ots =ts 8 =t7; tyotg = t8°t”=t8 =ts

T o _+9_n 5T 5T 7[57[ 11m
t20t9=t4ot5—ts B—t4 tzotlo_t80t4—t8 T =ts

s 11_7'[ 7'[111'[ 3m s 31 n3n 131
t20t11=t40t8 :ts 8=tz; t2°t12—t8°t2_t82—t8

T 137w ™, 1371 7m 7 ™, 1571
tyotig =teots =ts 8 =t=s; t2°t14—tsot4—ts 8 =1t 4

T 157 T, 157 T

tyotis =tsot s =ts 8 = ts.

st 3w 3m.sm 3w 3w m smm om
t3°t3—t8°t8—t8 8 =t4; t30t4=t8 otz =ts 2=1¢ts;

3m s 3m, s 3 3 3w 3m om
t30t5=t8 ots =ts 8 =tT; t30t6_t8 ot4_t8 4=t8

3m m sm, 7m sn un
t3ot7=tsots—ts 8 =t4; t3ot8=taot”=ts =ts

sm om 3w om  unm 3w st 3mysm 13w
t30t9=t80t8 =ts szts; t30t10=t8 ot4 =ts 4 =t 8
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st um 3w umo7m st 3w 3m.sm  1sm
t3ot11_tsot8 =ts 8 =ts; t30t12_t8 otz =ts 2z =ts
3m 13w 3m, 13w 3 7 3n, 7m n
t ot13_ts ot s =ts 8 —to; t30t14_t8 ota =ts '8 =ts
31 1571 3m, 151 T
t0t15=t8°t8_t8 8 = ta
T T T
tyoty,=t2otz =tz 2 =tT;
b 51 T[ST[ 91 s 2T T, 2T 51T
+2 n L
t4ot5_tzots—tz 8 =ts; t4ot6_tzot3—t2 3_t4
ks 7T 7'[77'[ 11w
t4ot7_tzots—tz?_t7; t4ot8=tzot”=t2 =t7
m em  moom  13m T st omsm 7w
t4ot9=tzot8=tz 8_1:8; tpotig=tzots =tz + =t4
T um  moaam 15w LI .
totll_tzots—tz 8 =138; tot12=t20t2=t22=t0
T 131 T[+13T[ E ™ 7T £7_1[ 11m
t4ot13=tzot8 =tz 8 =ts; t4ot14_tzot4—tz s =t 4
m 1w mast 3w
t4ot15=tzots =tz 8 =1ts8,
st sm smsm 5w st 3w sm3m um
t otc =ts ots =¢ts 8 =(4; tcot, =ts ota =ts 4 =t 8
5~ 5 6
st 7m  3m7m 3w sz SE, . o 1m
tsot; =ts ots =ts s =tz; tcoto =ts ot™ =ts =ts
7 5 8
st om  smoom  7m st st smysm 15w
tot =tsots =ts s—t4 tcotin =t8 otas =ts 4 =1¢(s8
9 5 10
sm 117 s_nlln 5T 31 5_n'+3_n i
tsoty, =tsots =ts 8 =t% tgot,=tsotz =ts 2z =ts
5T 131 5m_ 137 T 5T 7T 5n+7n 3
t ot13_tsot8 =ts 8 =t4; t50t14=t80t4 =ts 8 =t2
51T 15T 5m 15T
or,bm
tsotys=tsots =ts 8 =t2
31 31 31 3T 31
tgotg=taots =t+ +« =tz
3n m 3m,7m 137 3n ST m
toot; =taots =t+ 8 =t s; tgot =tso0tt =t =ts
6 7 8
3w om  3moom 15w st sm 3w sm
t60t9:t4 ots =t4+ 8 =¢(3s8; t °t10_t4 ot+ =ta 4—t0
31 11w 3_1T+11_T[ T 371 371 31[3_1[ T
t °t11—t4°t3 =t4+ 8 =ts; t6ot12=t4 otz =ta' 2 =ts
st 13w 3w asm 3w 3w amm @
t60t13:t4 ot s =ta4 8 =ts; t60t14:t4 ot4 =ta 8 =t2
3w 1sm 3m asm sm
tgotig=t+ots =t+ s =ts
m m m,m m m e 15t
t7ot7=t80t8—t8 8—t4; t7ot8=tsot”=ts =ts
7T 91 7n9n 7T 5T 77 5T T
t,;otg=ts ots =ts B:to; tyotjg=tsots =ts #+ =ts
7w oum o7m umowm m 3w 7m3m 3w
t otll_tsots =ts 8 =t4; t70t12=t80t2 =ts 2 =ts
7t wmo o7mosm @ m gm 7mm sm
t7°t13=t8 ot s =ts 8 = t4; t7ot14=t8 ot4 =ts 4 =ts
7 157 7m 15T 3
t7ot15=t?otT=t?T—tT
t8°t8=tn°t”=tn+n=t2”
9T 9T T 570 us
2 +22 T T
tsotgzt"ots =t" 8 = ts; t8°t10=t ot4—t 4—t4
ur o um 3w mo L
tg otllztnots =t 8 =ts; tgoti, =tfotz =t "z =tz
13w 7_[1311 sm 77 4l 37
tot13_tnots =t =ts; t80t14=t”ot4—t 8 = ta4
151 151 7
T+ n
tgotis =tFots =t""s =t3.
on on om, om om on s5n om ST 3n
t90t9=t8 ots =ts s—t4 t90t10=t3 ot4 =ts 4 =¢ts
or  um  ymoum @ or 3w  em.3m 7
t90t11=t80t8 =ts 8 :tz; tg°t12=t8 otz =ts 2 =¢ts
9 137w om 13w 3m o 7 om 7m 7
t0t13=t80t8 =ts 8 =t(4; tot14_taot4—ts 2 =ts
o 151 91 15T
totlsztsota—t?T—to,
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st st smsm o=@
t ot10=t4 ot4 =ta 4 =t2
st um osmoum sm st 3w sm3m 3w
t otll_t4 ot s =t4+ 8 =ts; t100t12=t4 otz =ta 2 =¢t4
st 13m smm7m st 7w smm @
t ot13=t4 ot s =t4+ 8 =ts; t100t14=t4 otsa =ta 8 =t(s
5T 151 5n+1511 51
t100t15=t4ot8 =t4 8 = ts,
un un lm, 11w 3T un 3n w37 m
t11°t11_t8 ots =ts 3_t4 tj10tip =t 8 otz =ts 2 =¢(s
11w 131 11w 137 11 7m lm, 7n om
ty ot13=tsots =ts 8 =tT tjpotiy=ts ots =ts 2 =ts
11w 15m 11m 15w sm
t otls_ts ot s =t s 8 = ta,
3m 3m 3m, 3m
t; otlz_tz otz =tz 2 =tT
31 1371 3_7'[+13_1'r I 31 7T 3_n+7_n 5T
t120t13_t2 ots =tz ' 8 _ts t120t14_t2 ots =tz 8 =t
3w 1sm 3masm  um
t °t15—t2°t8 =1tz2 8 =t 8,
Br BT umasm osw Br 7w Bmom  uz
ti3 ot13_tsots =ts 8 =14, tigotiy =ts ot+ =ts 4+ =¢3
13w 157 17 15w 3m
t13°t15=t8 ots =¢ts 8 =tz2,
7 7 7™, 7m 3m 7 151 7m, 151 13w

t14 0 tyy =tso0ts =tas
151 151 15m 157 77T

tisot;s=ts ots =ts s =ts.

+ =tz; t14°t15—t4 ots =t4 8 _ts

28The Cay Iey table of the GTcroup and the subgroups showing the bmary operatlon and the closure properties.
0 T 11T 131 7T 157
t t8 t4 ts t2 ts t4 ts t ts t4 ts tz ts | t4| t s|
to tU T T 3 T i 3 m tT om i 1im 3 13m 7m 157
ts ta ts t2 ts ta ts te ta t s t2 t s ta| ts
T T T 3n T sm 3% m t™ on L 1im 3n 137 m 18] 2m
ts ts ta t's t2 ts ta ts ts ta t s t2 t s ta ts
T T 3T T L 3T m t™ on 5T 1im 3n 137 n 7| 420 T
t4 t4 ts tz ts ta ts ts ta ts t2 ts ta ts ts
3n 3n T i 3n n t™ on s 1im 3n 137 m 5w | 42m Tl =
ts ts tz ts t4 ts ts t« | ts tz |ts t+ | ts ts | t4
T T i 3n m t™ on ki 1im 3n 137 m sm | 2w T T 3m
tz t2 ts ta ts ts ta ts t2 t s ta t s ts ta| t's
i i 3n m t™ on i 1im 3 137 m sm | g2m T T 3 T
ts ts ta ts ts ta t s t2 ts ta ts ts t4 tel| t2
3n 3n 7 tT on Ei 1im 3n 13m m Sw [ 42w T T 3m T 11
ta4 ta ts ts ta t s t2 t s ta t s ts t4 ts t2| ts
m m t™ on g 1im 3n 137 m ism | 42m T T 3n T 11 3m
ts ts ts ta t s t2 ts ta4 ts ts t4 ts t2 t s ta
t™ t™ on ki 1im 3n ism m sm | y2m T T 3 T 1in 3m 7
ts t4 ts t2 t s t4 ts ts t4 ts t2 ts ta| ts
on on EL EEE 3n 137 m ISw [ 2m T ki 3n T 1im 3n ™ T
ts ts t4 t s t2 t s ta t s ts ta ts t2 t s ta ts
g i 1im 3n i3m m sm | 42m T T 3 T 1in 3n mogm| 9m
ta4 ta ts tz2 ts ta t s ts t4 ts t2 ts ta ts ts
1im EEE] 3n 13m m w1 42w T T 3n T 1im 3n 7 tT om 5T
ts t s t2 t s ta ts ts t4 ts t2 ts ta ts ts| ta4
3n 3n 13m 7_" w14 2m T T 3n T 1im 3n m t™ on s 117
t2 t2 t s t4 t s ts t4 ts tz t s ta ts ts t4| t 8
137 137 m ism t2m T T 3n T i 3n m t™ on i 3w
ts ts ta ts ts ts ts t2 ts ta ts ts ta ts tz
m m ism t2m T T 3n T 1im 3n m t™ on £ 1im 3m 137
ta ta ts ts t4 ts t2 ts ta ts ts ta t s tz2| ts
ism 5w 42w T T 3% T Iim 3n m t™ on 5w Iim 3n EE]
ts |t ts ts ts tz | ts t4 ts ts t« | ts tz |t ts
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29 GTsubl
o tZT[ T L 3 t" 5T 3T 7
ta t2 ta ta | t2 ta
t2n t21'r s T 3 t" 5T 3T 7
t4 t2 ta ta | t2 ta
T T T 3n t™ 5T 3m n t2ﬂ.’
ta t4 t2 ta ta4 t:z2 ta4
T T | 3w | gm | SE | 3E [ x| gm | %
t2 t2 ta ta t2 ta t4
3T 3m | gm | sm | 3w [ 7T | 42w | T | X
ta t4 t4 t2 ta ta t2
[ [ 5T 37 | 2w T 3 ki
te [tz | t4 ts tz | t=
5T 5T 37 | 2w T 3 ki t"
ts | ts |tz | t4 ts tz | ts
3T 3T 7T tzn T il 3n tT[ 5T
tz |tz | t4 ts tz | t2 ts
7T T | ¢2m T T 37 i 5T 3T
t2 ta t4 tz ts t+ | t2
2.10 GTsubZ
21 T T 37
21 21 T T 37
t t tz t tz
T T 37T 2
tz | ez | U ez |
Vs T 3T 21'[ T
t t tT t tz
3T 3T 2T ™ T
tz |tz | ¢ tz |t

2.11 Grgyp3

o th tT[

t2n.' tZTl’ t™

tn’ tn’ th

2.12 The inverses

nire . U . nro
The inverse of any t s € G isdenoted by ts, call it say t s, defined by
2 _n]_'ﬂ (16-npm M
t""s =t 8 =+ts € Gp

Remark 2.12.1 t, remains the left and right identity for the group.
2.13 Associative property

jT nym

nEm

Take arbitrary elements ts + t and t's € Gr,to obtain the associative property of the group:

m T ("_ "_) e
(t 8 °ts ) o 8 8

nmn s nmw
()= ( &)

nm n]n ngm

tT ° ( ts°ts )
The structure of G is therefore an abelian group, it is therefore amenable. It has the following properties:
It is closed under the binary operation.
It is associative.
It has an identity element.

Each element has a unique left and right inverse.
The operation of the group is commutative.

PoooTe

2.14 The structural Implications of the T — GROUP
The G has many features, among the features are:
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It is a locally compact group.

Its points have closures.

It is Abelian group.

The loops in a class are homotopic (common end points).

e. The identity has a compact neighbourhood.

Theorem 2.14.1 [1] For a locally compact group G, the group algebra L!(G) is amenable if and only if G is amenable. It
follows that L (Gr).

oo

3. Non-amenability of Free — group and the Fourier Transform on Gy Grooup

Proposition 3.1 IF, can be paradoxically decomposed: [F, is not amenable.

Proof Let S(a) be the set of all strings that start with a and define S(a™1),S(b), S(b™1) similarly. S(a) , S(a™1), S(b),
S(b™1) € 2F2. We need to show that u(aS(a) U S(a™1)) < 1 where the measure u(FF,) = 1. Clearly F, =e U S(a) U
S u S(a) u S(b).

The notation aS(a™!) means take all the elements in S(a™!) and concatenate (a binary operation on [F,) them on the left
with a.

aa~'h € aS(a™1) reduces to S(b)

aa'b~! € aS(a~1) reduces to S(b~1) which because of the rule that a must not appear next to a™1, reduces to the string
b. In this way, aS(a™1) contains all the strings that start with b and b~ and of course it contains all the strings that start
with a~1,

Also F, = aS(a™) U S(a) and F, = bS(b~1) U S(b)

This implies that that u( S(a™1)) # u(aS(a™1)). And of course

u(S@™M) < u(as@™).

Since uF, =aS(a™*) U S(a)ue=1

= [, = F, + F,, each of the subsets makes one copy of [F,, [10].

Proposition 3.2 Fourier Transform decomposes convolution in L (G)to point wise multiplication in A(G) [9].

Ff @ = F()F9).
Proof
The convolutionon f,g € L(G) is

(f*9)® = J,9(t —0)f ()dx, similarly, h(t) = [ g(t —0)f ()dx.

Combining (f * g)(t) = [ ,g(t — x)f (x)dx
and

fee)

FUFO} = f(s) = f e 2Tt F (1) de
FUf * IO} = [ e ™ (f  g)(D)dt, f.g €G.

With the necessary substitution we have:

fi (f_ie_”s“*")g(t)dt) f)dx

_ f_ ) f_ o:oe‘z”s(“")g(t)f(x)dt dx

= f :e'Z"“g(t)dt - f Ze-z’”(f”) f(x)dx

=F(g)(®) - F(HG) = g(s) - f(x).

Proposition 3.3 The Fourier algebra A(Gy) is obtained by Fourier transform on G.
igf (}f g, h € LY(Gy) defined (f * ¢)(t) = h(t) by

F*® = [,9(t—x0f(x)dx.

Fort,x,u € Gy, wehaveu =s +t.
Again h(u) = ng(u —x)f(x)dx.
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The Fourier transform on h(u), denoted by

Flhw)} = h(s) = [ e ™ *h(u)du

= [ e P (f *9)(Odu
fGe_Z”iS”J- g —x)f(x)dx du

= foGe‘z"iS“;(u — xdu)f (x)dxdu
/4
t

(e g(u — xdu)du) f (x)dx.
Letu=s+tt=u—x thendu =dt,and lett,x € G explicitly becomes

n;m n;m

t=ts and x:ﬂ t s , then the above equation becomes
=/, (f Ge‘z”i“%” f%g(t)dt) f()dx.

=J.J Ge-“i“% Vg (0)f (0ddx

= foGe‘Z"iSt%Jr%g(t)f(x)dtdx

= [ f et L st o) ) dedx

= fGe'z’”“%g(t)dt - [ e f(x)dx

— fGe—antg(t)dt_ fGe—anxf(x)dx

=F@®) - F(H®) =g() - f&).

For all f € L'(Gy), the function f defined on the dual of Gy is the Fourier transform of f € L'(Gy). The set of all
functions so obtained will be denoted by A(Gr), the Fourier algebra with the sup norm from the group algebra and point
wise multiplication. Hence there exists a Fourier algebra A(G;) from G;.

The map f — f(s) is a complex homomorphism of L'(G;) and it is not identically zero. Conversely every non-zero
complex homomorphism of L*(G) is obtained in this way, and distinct character induces distinct homomorphism. For all
f € L*(Gy), the function f defined on G is the Fourier transform of f € L'(G), with whatever norm with L'(Gy).
Proposition 3.4 The Fourier algebra A(Gy) is amenable.

Proof Need to show that A(G) contains a bounded identity [11]. From [8] a Banach algebra is amenable if and only if its
underlying group is amenable. The group G has a bounded identity ¢27. The group algebra f € L'(G;),and ft2™

-1 Vs

1_6 <ty < 1_6

t?" =ty is bounded, f is also bounded. The Fourier transform F(f) remains the boundedness of the points.
A(G7) contains a bounded identity, A(G;) is amenable.

Conclusion

Other aspects of amenability, operator amenability [12] and [13], weakly amenability, weakly amenability and ideally can
be studied under this algebra as in [14]. This Fourier algebra is the point wise multiplicative member of C,(L'(Gy)), which
is a sub-algebra of Fourier Stieltjes algebra. Initial works done on fundamental groups and other group properties that give
rise to amenability can be seen in [15] and [16].
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