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Abstract

We present a deterministic nonlinear mathematical model describing the population
dynamics of Dengue which provides public health insights to the impact of dual
infectivity of an Aedes aegypti with two strains of dengue, where both strains are co-
circulating with cross-immunity (Cl) and antibody-dependent enhancement (ADE) in
the course of the dynamics of the disease. The model is rigorously analyzed
qualitatively and thresholds for eradication are established.
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1.0 Introduction

Dengue virus (DENV), is an eruptive febrile illness transmitted by arthropods, it’s the most common mosquito borne viral
disease in human [1]. Dengue virus is also well known to affect the antigen presenting immune cells, a type of
dendritic cell in the skin [2, 3]. However, the disease could also attack other vital body organs e.g bone marrow and
Lymph nodes, macrophages in both the spleen, liver and monocytes in the blood [4]. Dengue virus which causes
Dengue fever, is a vector borne flavivirus, a genus that also includes the West Nile virus (WNV) and yellow fever virus
(YFV) [5]. There are four distinct sero-types of the virus in circulation among humans: DENV-1, DENV-2, DENV-3,
DENV-4 and DENV-5, which is the potential fifth serotype, was recently isolated from a patient in Borneo [6].
However, it has not been cleared if this virus is capable of sustained transmission betweenhumans [7].

Dengue virus is sustained in a life-cycle that involves vectors feed on blood and vertebrate hosts [8]. Report shows
that this particular viruses are sustained in Africa and Southeast Asia forests by transmission from a genus Aedes
female mosquitoes to humans through mosquito bites [9]. The vector obtains the virus from an infected human by taking a
blood meal during the initial 2 to 10 days febrile phase of illness [10].

Dengue fever starts suddenly after the period of incubation of 3 to 7 days. The first is called the febrile phase, the
second phase is called the critical phase and the third is called the recovery phase [11]. When invaded with a pathogen
like the dengue virus, the immune system defends the body against the organism (virus) [12]. The immune system is made
up of two parts; the first part that gives general protection and provides the body with the immediate defense is called
the innate immune system. The innate immune response recognizes and responds rapidly to the pathogen, but it doesn’t
proffer long-term immunity for an infected person against an invading pathogen [4]. The second part of the immune
system is responsible in producing cells that efficient to target microorganism and cells that are infected and it’s called the
adaptive immune system [4]. The adaptive immune system cells produce antibody- secreting B cells and cytotoxic T
cells called immunoglobulin, or Ig. These antibodies secreted by the B cells recognize and bind to foreign molecules [4].
The adaptive immune system provides a person with long-term against a pathogen but takes longer time to respond unlike
the innate immune response [4].

When a person recovers from a first dengue infection, the person is been protected from other three dengue serotypes for
about two to three months but the protection is not for long [4]. After a short interval, the person becomes susceptible and
can be infected with any of the serotypes. Individuals that are been exposed to dengue virus the second time will have high
risk of severe dengue infection due to antibody-dependent enhancement [13].

Anti-body dependent enhancement (ADE),occurs when non-neutralizing antiviral proteins facilitate virus entry into host cell
which can lead to increased infectivity in the cells. Documented evidence had it that memory cells provide immunity
from reinfection with the dengue serotypes that cause the first infection, persons who recover for the first dengue serotype
that cause the infection becomes permanently immune to that particular stain and be- come temporary immune to the other
strain [14]. Individuals who recover fromone dengue strain enjoy cross-immunity against other strains [15].
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Further research reveals that the first infection produces antibodies that spread the dengue viral infection and the amount of virus in the
bloodstream. This occurrence can also manifest in children who acquire antibodies against dengue virus from their mothers while in the
womb. Surprisingly, the existing antibodies and the antibodies produced by the memory B cells assist the virus to infect host cells more
instead of destroying the virus [12]. In conclusion, the consequence of antibody dependent enhancement is that the body’s immune
system response actually makes the clinical manifestation of dengue worse and raises the risk of severe dengue illnesses [16].

Dengue fever without signs are discomfort and pain, skin rash, joint pain, headache, abdominal pain, nausea and vomiting, positive
tourniguet test and leukopenia. Warning signs of dengue are persistent vomiting, severe abdominal pain, clinical accumulation of fluids,
agitation, bleeding from mucosae letharaggy, and hepatomegaly. Severe stage of Dengue is respiratory insufficiency, accumulation of
fluids, shock (dengue shock syndrome (DSS)) with severe bleeding, liver, severe organ compromise, altered conscious, heart and
other organs [17].

During the febrile phase of the dengue fever, antipyretic treatment with pain relievers and oral fluid administration is
recommended. Other medicine with aspirin should be avoided, a patient can be managed at home if he or she has access to
a health care facility nearby with observation of daily full blood. Admission to hospital for close observation is highly
needed when the case result in excessive vomiting, diarrhea, dehydration and bleeding [17].

1.0 Model Formulation

We present a new deterministic nonlinear mathematical model describing the spread dynamics of Dengue which asses and
the impact of dually infected vectors on the population dynamics of Dengue taking into consideration the phenomenon of
antibody dependent enhancement (ADE) and cross immunity (Cl) in a given human population. The classical work, to be
outlined, consider homogeneous mingling of the human and insect (mosquito) populace, so that each insect mouthful has
equivalent coincidental of transferring the virus to a susceptible individuals in the populace. Hence the total populace of
human at any time t is denoted by n, (), is sub-divided into jointly restrictive populaces of susceptible individuals (s, (t))

exposed humans with variant 1 (E, (1)) infectious humans with variant 1 (1, () recuperated humans from variant 1
(R, (t)) » Populace of susceptible humans to variant 2 who recover from variant 1 (S, ,(t)), exposed humans with variant 2
(E,, (1)), infectious humans with variant 2 (1,,(t)), recuperated humans from variant 2 (R ,(t)), population of susceptible
humans to variant 1 who had earlier recuperated from variant 2 (S, ,,(t)), Population of exposed humans to variant 2 who
had earlier recuperated from variant 1 (g, (t)), population of infectious humans with variant 2 after recovering from
variant 1 (1,,(t)), population of exposed humans to variant 1 who had earlier recuperated from variant 2 (g, (1)),
Population of infectious humans with variant 1 who had earlier recuperated from variant 2 (j_(t)) and population of
recuperated humans from both variant (M, (t)), so that

N ()= Spo(®) + Eiu(®) + 11a(0) + Ria(0) + Epp () + 150(0) + Rip (1) + S5 (1) + By ) +

liga(t) + Siaa (t) + Eugy(t) + 1y (t) + M, (1) @

Likewise, the insect (mosquitoes) populace at time t, is split into susceptible vectors (mosquitoes) (s (t)), exposed
vectors with variant 1 (g (t)), infectious vectors with variant 1 (1 ,(t)), exposed vectors with variant 2 (g , (t)), infectious
vectors with variant 2 (; «y), population of exposed vectors with variant 1 now exposed to variant 2(E,,(t)),
infectious vectors with variant 1 now also infectious with variant 2(1 ,(t)), exposed vectors with variant 2 now
infected with variant 1 (g, (t)), infectious vectors with variant 2 now also infectious with variant 1 (I ,,(t))-

The susceptible human populace is assumed to be produced via enrollment at the frequency (A (t)). This populace

decreases as susceptible individuals make contact with infected vectors, the case results into dengue infection with either
of the variant at the rate A, ,, A4,,,, 4,; and A, (the force of infection with both variants), where

ﬁvhl (Tlvl Evl + Iv1 )

A=
h1 N,
/’L _ ﬂvhz (’7\/2 Ev2 + Iv2 )
h2 N,
1= ﬂl\/h (Mu2Euz +145)
h3 N,
2
v 7], Ev + Iv
Ao = B (2B 21) @)
N,
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also g, and g are the rate of Dengue transmission from vectors to humans with variant 1 and variant 2
respectively, gt and g2 are the rate of Dengue transmission from vectors that are dually infected with variant 1 and
variant 2. The modification parameters 7., and 77,, model the reduced transmissibility of exposed Dengue vectors

with variant 1 or variant 2 (g anq g,,) COmpared to vectors with active Dengue (I, and I,),also 7,,, and 77,,,,
models the reduced transmissibility of exposed Dengue vectors that are dually infected (g  and E,,,)cOMpared to

vectors with active Dengue with both variant (| , and 1,,,), hence the assumption 0 <, <n,, <n7,, <7, <1 [18]. O}

is the rate of increased infectiousness due to cross enhancement with variant 1, o, isthe rate of increased infectiousness due
to cross enhancement with variant2
Likewise, the rate at which vectors becomes infected with variant 1 or 2 or both is given by (4, and 4,
infection for vectors with both variants) respectively, where
Ay = Bog OBy + s ) + Bras 01 s By + 1hr)
1 Nh
Ay = Brva (haEro + 1z ) + Braz 0 (lonoBia + 1so ) ®)
2 Nh
and ., and S, is the rate of Dengue transmission from humans to vectors with variant 1 or variant2, /3, ,, and

,) (the force of

Pio1 i of Dengue transmission from humans infected with variant 1 and variant2. Also o; and o, are parameters
that account for increased infectiousness of infected individuals with one strain but had recovered from the second variant.
The modification parameters 7;,, and 7, , represent the reduced transmissibility exposed humans with variant 1 or variant
2 compared to humans with active Dengue (1, and 1,,). Also 77,, and 7, models the reduced transmissibility
of exposed Dengue humans that are infected with both variants (g, , and E,,,) compared to humans with active Dengue
with both variants (1., and 1,,,), again we assume that 0<7,, <n,, <7, <7, <1Entities in each partition
undergoexpected mortalityatthefrequency g, .

The frequency of conversion of the susceptible human populace is generated by recruitment at the frequency A, . This

populace decrease as they come in contact with vectors infectious with variant 1 at the frequency A,,, with variant 2
at the frequency , ,, with the dual infected at the frequency 2,, and ;,, and finally by natural death at the frequency

My, - Thus

% = Ap— AuSho = An2Sho— AhaSho — AnaSho — #nShos (€D
The parameter p , represents the proportion of new human contamination with variant 2 vectors initially infected with
variant 2 and now infected with variant 1 while (1 p ,,) represent the remaining fraction of infections with variant 1 from
such vectors. Similarly, p ., illustrates the proportion of new humans with infections with variant 2 generated by vectors
initially infected with variant 1 and now infected with variant 2, while (1 p,,) illustrates the remaining fraction of infections with
variant 1 from such vectors. The populace of infected individuals is generated by new infection at the frequency of ; , the
remaining fraction of new humans with infections with variant 2 at the rate (1—p,,) 4,5, the remaining fraction of new
human infections vectors initially infected with variant 2 and now infected with variant 1 at the frequency of (1-p,,,) 4,

and reduces by progression of individuals (at the frequency yh1) and natural death (at the frequency pp). Thus,

dE

?hl = ﬂhiShO +(1_ pvlz)ﬂvmsho"'(l_ pv21);)’h48h0 - (7h1 + :uh)Ehl’ (5)
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The populace of infectious humans with variant 2 is generated by the advancement of infected humans with variant 2 (at
the frequency y,,). This populace decreases due to recovery from variant 2 (at the frequency, ), expected

mortality (at the frequency 4, ) and dengue induced mortality (at the frequency 5, ,). This gives,

dl
Tzl = mEmn — (ah1+/’lh+5h1)|hl' (®)

The recovered class from variant 2 is generated by humans from infectious class who recovered from variant 2 (at the
frequency , ).

This populace is decreased by the waning cross-immunity to variant 1 due to recovery from variant 2 (at the frequency
0,) and by natural mortality (at the frequency z, ). Thus,

dR
Fhl: oyl — (92 + 44y )Rhl' )

The population of susceptible humans to variant 2 who recover from variant 1 increases by the inflow of individuals from
(Rr,) class at the frequency ¢,. The populace is reduced due to infections with variant 2 at the frequency ¢,,4,,,

2 2 H _ .
TV Ans, A 7, 12 A, , respectively, where (0<7,, <1)represents cross-enhancement due to the previous

infection with variant 1 and finally reduces by usual death (at the frequency 4, ). Thus,
ds

f = O,Ry — S, Ay — Tzrv2125h12 Ana — Tzrvznsnlz Ans = HnSwa ®

Population of infectious humans with variant 1 who lost temporary immunity to variant 1 after recovering from variant 2
(1,,,) isgenerated by individuals who progressed from exposed humans with variant 1 who lost temporary immunity to variant

1 after recovering from variant 2 class (g, ) to infectious class (at the frequency y,,,) and the populace is decreased by
recovered individual with variant 2 (at frequency ¢, ,,). The population further reduce as a result of dengue induced

mortality (at frequency O, ,, ) and usual mortality (at the frequency y, ). Thus,

dE
Thz = ASno + Pus AnsSno + Puoi 20sShe — (7o + #4,)Ep ©)

The populace of infectious humans with variant 2 is generated by the advancement of infected humans with variant 2 (at

the frequencyy,,). This populace increases due to recovery from variant 2 (at the frequency,,), expected

mortality (at the frequency ,, ) and dengue induced mortality (at the frequency s, ,). This gives,

dlnz
dt

The recovered class from variant 2 is generated by humans from infectious class who recovered from variant 2 (at the
frequency ,, ) this populace is decreased by the waning cross-immunity ti variant 1 due to recovery from variant 2(at the

= 7n2Enz _(ah2+/'lh+5h2)lh2' o)

frequency ¢,) and by natural mortality (at the frequency 4, ).
dR
Thus, ?hz: App by — (91 + )ha- 1y
The population of susceptible humans to variant 1 who recover from variant 2 increases by the inflow of individuals from

(R,,) class at the frequency g, . The populace is reduced due to infections with variant 2 at the frequency 7, A, ,

1 ) ) . . . .
TlioAng.and  z,.r: A ,, where 7 (0<r7,, <l)represent cross-enhancement due to the previous infection with

variant 1 and finally reduces by usual death (at the frequency 4, . Thus,

dSth

dt
The population of infected humans to variant 2 who recover from variant 1 increases by the inflow of individuals from (

s,,,) Class at the frequency z,,4,,, 7,,r’,A-and 7,13, 4, ,- This populace is reduced by progression of humans (at the

= ORy, — 7.Sp A — Tlrvllzshzl Ans — TlrlelSh21 Aha = HnSha 12)

frequency }'12) and natural death (at the frequency 4, ). Thus,

dE
% = 7,Sn2 An2 + 72rv2125h12 Ans + z_2"\/221Shlz Ana — (7h12 + ,Uh)Ehlz a3

The population of infectious humans with variant 2 who recover from variant 1 is increased by inflow of individual from
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E,, class at the frequency,, , and reduced recovery from variant 2 (at the frequency¢,,,), dengue induced death (at the

frequency 5, ,) and natural death (atthe frequency y, ). This gives,

dl
% = Ym2Bne — (amz + My +5h12)|h12 14

The population of infected humans to variant 1 who recover from variant 2 increase by the inflow of individuals from (
s,,,) class at the frequency 7,4, -ri,2.and 7 r% 4, ,. This populace is reduced by progression of humans (at the
frequency y,,,) and natural death (at the frequency , ). Thus,

% = 73S0 A + T1T12Sho1 s + TiloiShor Ang — (7h21 + /uh)Ehzl 15)

The population of infectious humans with variant 1 who lost temporary immunity to variant 1 after recovering from variant
2 (,,) isgenerated by individuals who progressed from exposed humans with variant 1 who lost temporary immunity to

variant 1 after recovering from variant 2 class(g,,,) to infectious class (at the frequency(y,,)) and the populace is

h21)
decreased by recovered individual with variant 2 (at frequency ¢, ). The population further reduces as a result of dengue-
induced mortality (at frequencyE,..) and usual mortality (at the frequency pp). Thus,

dl h21

h21

at = 7n21BEn21 — (ahz1+auh+5h21)|hz1 @6)
The recovered class from both variant is generated by humans from; & and;  (at the frequencys,, ande,,,). This
populace is de-creased by usual death (at the frequency u, ). Hence,
dMm
Th= Oz Mhip + Apglno — (91+/1h )#th- @7

The populace of susceptible vectors is increased by birth (at the frequency Ay) and decrease by infection, with
Infested humans with variant 1 or 2 (at the frequency ), or,,, separately). The vector populace undergoes natural

v2 !
mortality (at the frequency ). Therefore, the degree of change of the susceptible mosquitoes is given by,
ds,

dt
The populace of infected vectors with variant 1 is increased via infection at the frequency Ay1, decreased by infected vector

with variant 2 at the frequency ;zhEﬂﬂw where 7rhE\,l (is the parameter that account for dually infected vectors), progression

= ﬂ’vlsv - ;l’vlsv - /’LVZSV - Hy Evl (18)

(at the frequency y,,) and natural death at the frequency u, .

This gives:

dEvl E

? = /1\/18\/ 77[h\/iﬂ'v2 Evl - (7/V1 + /le)Evl (19)
The populace of infectious vectors with variant 1 is produced by the progression of infested vectors with variant

1 (at the frequency y,,), decreased by infectious vector with variant 1 (at the frequency ﬂr:\/lﬂvz) where 7[?:\/1 is a

parameter that account for dually infected vector infectious with variant 1, natural mortality (at the frequency py)
and mortality due to dengue disease (at the frequency dy,). This gives:

S8 — B Al (481 (20)

The populace of infected vectors with variant 2 is generated by the infected vector (at the frequency A, ), diminished by
infected vectors (at the frequency 5, 4,,) where zF (is the parameter that account for dually infected vector with
variant 2), normal mortality (at the frequency ¢, ) and progression (at the frequency y,, ). This gives:

dE
TVZ = A28, ~Zm2AEu: — (7\/2 + /uv)Ev2 G

The infectious vectors populace is produced by the progression of vectors from infected vectors with variant 2 (at the
frequency y,,) diminished by infected vector with variant 2 (at the frequency ;! 4 ,) normal mortality (at the

frequency p,) mortality as a result of dengue virus (at the frequency o, ). Thus

Transactions of the Nigerian Association of Mathematical Physics Volume 17, (Oct. — Dec., 2021), 67 —82
71



Theoretical Study of the... Akhaze, Ako and Olowo Trans. Of NAMP

dl,
thz Yv2Ev2 _”f:vzﬂvllvz_(#v+5v)lv2 (22)

The populace of vectors infected with variant 1 now infected with variant 2 is generated by the exposed vector (at the
frequency £, 4, ,), increased by infectious vector with variant 1 (at the frequency,,huﬂjw) . This populace is diminished by
natural mortality (at the frequency 44, ) and progression of vectors (at the frequency y,,,). This gives:

dE,
dtlz = 7Z'hEvlﬂ\/2Ev1 + ”r:vlﬂvzlvl - (7v12 + ﬂv)Evlzv (23)

The Populace of infectious vectors with variant 2 now also infectious with variant 1 is generated by the progression of
vectors (at the frequencyy,,,), and decreases by natural mortality (at the frequency 4,) and mortality due to dengue

disease (at the frequency J, ), This gives:

dl,
dt12 = Vu2Eua — (/uv+§v)|v12' (24)

The populace of infected vectors with variant 2 now exposed to variant 1 is generated by the infected vectors with
variant 2(at the frequency x5 ,A4,), increased by infectious vector with variant 2(at the frequency 7. ,). This

populace diminishes by natural mortality (at the frequency g, ) and progression of vectors (at the frequency y,,,). This

gives:
@—HWVE + 700 Aulvs — (Fuor + 14,)E (25)

at | hetaBe T hetalve Pvar T Hy)By21-
The population of infectious vectors with variant 2 now also infectious with variant 1 is produced by the progression
of vectors from exposed vector with both variant (at the frequency , , ). This populace moderated by usual mortality (at

the frequency £¢, ) and mortality as a result of dengue disease (at the frequency s ). Thus:

o]
Tvtm = VB — (,uv +5v)|v21 (26)

Hence, the dengue transmission model comprises of the resulting system of 23 of nonlinear ordinary differential equations
is given in (27). Figure 1 gives the graphic illustration of the exchange of humans between compartments as well the
mosquito dynamics as in (26). Table (1.1) and (1.2) respectively, explain the sub-populations and parameters employed in
the mathematical formulations.

2
n
n
ap
R
Sz

)i
B I
N ); Sia
N , H,

W 2 5
\ o, / T + Tl + Tl
“, / &
” 2 g 25
Doy + Tatiin s + Tty .
3 Vi
.L!.U' ¢ l"':‘ =
)t &

E,

Figure 1: Schematic representation for the basic Dengue model
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ds,
T2 = Ay Ao = o uSa= Ao~ M

dE
= S = Pt (= P ASie = G+ 44w
di )
St B (et )l

dr

= by = (6,+ 4 )Ry

dt

ds,
7d;12 = R~ TSua e~ ToliaSuo A TohsSane = Sz s
dE,
T2 = i +ParuSiot PauSio = (e + 40)E

dl N
TT: Vn2Ene = Qo+ 480,

dr
2=, by = (6 + )Ry s

dt

ds, .

d:u = ORy; = S A= TWiSharhe = ThesSnasdna = HyShan +
dE . .,
7'1;12 = 0,Sup Aot TS st ToheSua s — (P + )z
di .

P G R

dE,
St = St St GaSe — (st #4)ras (@7
di .

&= e = (@t 4+

dM
Sk R G A

ds,

= S, S-S, - MEa,

dE
= Sy TnAeBu = (B,

di
BTkl (48
A, X
ot T RS B - (722 + #,)Ee2,
Ay e a4 — (i, +8 N
0= raBa Aol = (048,
dE
2E = raaB+ madala = (az + 4B
di
= P = (1 +6)M
dE
8 = A A Al = (it #)Es
di
T;Z= FooiBuor = (4,461

Table 1.1: Definitions of model variables

State Variables Description
N0) Populace of susceptible humans
En (1) Populace of humans exposed to variant 1
1, () Populace of infectious individual with Variant1
Ry (1) Populace ofrecoveredhumans fromvariant1
E,, (1) Populace of humans exposed to variant 2
1, (1) Populace of infectious humans with variant 2
Ry (1) Populaceofrecoveredhumansfromwair2
Sia(t) Populace of susceptible humans to variant 2 who recover from variant 1
Enp(®) Populace of exposed humans to variant2 who had earlier recovered fromvariant 1
(0) Populace of infectious humans with variant 2 after recovering fromvariant 1
S (t) Populace of susceptible humansto variant 1 who had earlier recovered from variant2
E,(t) Populace ofexposed humanstostrain 1who had earlier recovered from variant2
l(t) Populace of infectious humans with variant 1 who lost temporary 8immunity to variant 1 after recovering from variant 2
M, (t) Populaceofrecoveredhumansfrombothvariant.
S, (1) Populace of susceptible vectors
E,(t) Populace of exposed vectors to variant 1
1:() Populace of infectious vectors with variant 1
E,() Populace of exposed vectors to variant 2
1,,(t) Populace of infectious vectors with variant 2
E,(t) Populace of exposed vectors with variant 1 now exposed to variant2
l1(t) Populace of infectious vectors with variant 1 nowalso infectious with variant 2
E,,(t) Populace ofexposed vectors with variant 2 now infected with variant1
15(t) Populace of infectious vectors with variant2 now also infectious with variant 1 height
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Table 1.2: Definition of model parameters

Parameter Description
A, Human enrollment frequency
1 natural death rate of humans
A, Vector recruitment frequency
L, naturaldeath frequency of vectors
B Spread probability from humanstovectors
B Spread probability from vectors to humans
Ty, Adjustmentparameter todually infected vector
Ty Adjustment parameter todually infected vector
Tha Adjustmentparametersthataccountsforthe Lessentransmissibility of unprotected humans with variant 1
Tha Adjustmentparametersthataccounts forthe Lessentransmissibility of unprotected humanswith variant2
N Adjustmentparametersthataccountsforthe Lessentransmissibility of unprotected vectors with variant 1
M, Adjustmentparametersthataccountsforthe Lessentransmissibility of exposed vectors with variant 2
o, Recovery rate of humans from variant 1
o, Recoveryrate of humans from variant 2
Yu Progression rate of exposed vectors with variant 1
Y2 Progression rate of exposed vectors with variant 2
Vi Progression rate of exposed humans with variant 1
oo Progression rate of humanswith variant 2
5h1 Disease prompted mortality for humans with variant 1
Si Disease prompted mortality for humanswith variant2
S Disease prompted mortality for humanswith strain2who recovered from variant 1
Ot Disease prompted mortality for humanswith variant 1 who recovered from variant
6 Cross immunity for variant1
6, Cross immunity for variant 2
7 Cross enhancement due to previous infection with variant 1
7, Cross enhancement due to previous infection with variant 2
rll2 Proportion of variant 1
rlz2 Proportion of variant 2
ry Proportion of variant 1
rzz1 Proportion of variant 2
o Increased infectiousnessduetocrossenhancementtovariant1
o, Increased infectiousness due to cross enhancement to variant 2
Dz Fraction of new humans infections with variant 2
P Fraction of new humans infections with variant 1

2.0 MODEL ANALYSIS

We prove that all state variables of the model (27) are always positive for all time, t and that the orbits generated are
positively invariant for all time.

Theorem 2.0 Let the initial figures for the dengue model (4) be given as

Sv (0) > 0’ Ev1 (0) > O! Ivl (0) > 0! Evz (0) > 0’ Ivz (0) > O’ Evlz(o) >0: Iv12 (0) > O’ Ele(O) > 07 Iv21(0) > 0! ShO (0) > O' Ehl (0) > O,
Iy 0) >0, R.1(0) >0, S;1,(0) >0, E,,(0)>0, 1,,(0) >0, R,,(0) >0, Sh21(0) >0, En(0) >0, 14,(0) >0, E,,(0) >0,
1,,(0)>0,8nd M, (©)>0-

Then the trajectories

(8, (1), Ey (0, 1, (1), Epp (8, 12 (8), Eyp (8, 1go (1), B (1), 1420 (1),

shO (t)v Ehl (t), I hi (t)v Rhl (t), sh12 (t)v Ehz (t)v I h2 (t)r RhZ (t)r Shzl(t)v Ehzl(t)v I h21(t)7 M h (t))

of the model with positive initial conditions, will remain positive for all time t>0.
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Proof: Following [19] and [20], the model (4) can be written in the form

ay,
GoRG ®

Yl = (Shﬂ (t)Y Ehl(t)' Ihl(t)' Rhl(t)' ShlZ(t)' Ehz(t)’ IhZ (t)Y ha (t)Y Sn21(t)v Emz(t)- IhlZ(t)' Eth(t)Y Ih21(t)’ Mh(t)'
S0, Eg(0), 1, (1), Epp (0, 1, (0, Eppp (1), 1,12(8), Epa (), 1, (1))

where

G, = (A,0,0,0,0,000,0,0,000,0,0,000,0,0,0,0,0),

and ¢(y,), isa 23 x 23 matrix given as

fwl) _ ( :1(12x12) :2(12x11) J
3(11x12) 4(11x11)

Where
—(F,+1#,)0 0 0 0 © 0 0 0 0 00
F, gs 0 0 0 O 0 0 0 0 0 O
0 ~%m—0s0 0O 0 O 0 0 0 0 O
0 0 a¢y—-9g, 0 0 O 0 0 0 0 O
Fy 0 0 0-g O O 0 0 0 0 O
0 0 0 0y,-9g, O 0 0 0 0 O

f,=|0 0 0 00 a,-0, O 0 0 00
0 0 0 6,0 0 O0-(F,+x) O 0 00
0 0 0 0O 0o 6 ©0 —(Fs+4,) 0 0O
0 0 0 00O 0 0 F, 0 -g, 00
0 0 0 0O 0 0 0 0 Va2 —Gip O
0 0 0 00O 0 0 0 Fs 0 0-g9,

000 — Bunita = Pum = Bunalvz = Bunz = Binthaz = P = Binluzs = P
000 Bty Pwm O 0 F, Fia Fi Fis
000 0O 0 o 0 0 0 0 0
000 O 0 o 0 0 0 0 0
0 0 0 0 0 ﬂth’]vQ ﬂvh? Flﬁ F17 FlB F19
000 0O 0 o 0 0 0 0
f,=[000 0 0 o0 0 0 0 0
000 0 0 =782 = T2Punz = Foo — Fau -Fp —Fy
0 0 O - ‘[lﬂvhlnvl - Tlﬂvhl O O - FQA F25 - F26 - F27
000 0 0 7,8tz T2Bme — Fao Fy Fp Fas
000 0O 0o o 0 0o o0 0 0
000-7,8m7u T:1fwm O 0 For Fos Fae Fa
OO0 O O OO OO O O 4.
OO0 O O OO OO O &,,,,0
OO0 O O OO OO OO o
O0OO O O OO OO OO o
OO0OO0O O O OO OO OO o
. _| 0000 OOOOOODO o
s OO0 O O OO OO OO o
OO0 O O OO OO OO o
OO0 O O OO OO OO o
OO0 O O OO OO OO o
OO0 O O OO OO OO o
OO0OO0O O O OO OO OO o
-9, 0 0 0 00 0 0 0 0 0
Oy~ 1y 0 0 0 0 0 0 0 0 0
0 0 -(F+F+n) 0 0 0 0 0 0 0 0
00 R, -R 0 0 0 0 0 0 0
0 0 0 e -F O 0 0 0 0 0
fo=|0 0 F, 0 0 -Fp 0 0 0 0 0
0 0 0 0 0 7, -F, 0 0 0 0
0 0 0 aF a0 0 g 0 0 0
0 0 0 0 00 0 yp-40 0
00 0 0 0 75,F, ,F, 0 0 -g, 0
00 0 0 000 0 0 0 7y -4
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Where
E- B UaYio +Yer) + Bina UaYas +Yig) + Bin UlazYoo +Yor) + B (Yoo + Yas)
1 N, )
F = Bt Yss +Yaz) + (L= Pusz) B (azYoo + Yor) + (L= Puat) B (Yoo + Vi)
2 N, )
E - B 1Yo +Yi0) + PruoBiy a0 +Yor) + PuafBi ooz + Yao)
3 N, )
F-l (Bine Ulia¥ss + Yis) + KB UazYao + Vo) + oufB UluarYao + Yas))
4 N, )
= (B (Y6 i) + T (iszYao + Yau) + KB (Yo +Yia)
5 N, )
F = P (1Yo +Y3) + BriaiOis (naYiz + Yia) F = Pz (a5 +Y5) + BraaOha (a¥io + Yi1)
3 N, v N, )
91 =7u T4y 92 =V T4y, 93 = Vw2 Ty 9a = Vo T4, Os = Vi + Ay,
O =Qpy + My +Opy, 97 =0, + 1y, Gg = Yo + My Qo = Oy + fy + Oy Gy = 6, + 11y,
911 =Yz + Ay +Onz2r 913 = Voo + Mns Qg = Appy + £y + Oy,

and

o= P+ 0 By = 7P+t Fio = 70Fs + 00 Ry = R + 14, Ry = B thso (L= Do)

Fo=/Bn Q-Pus)s  Fu=Bimo=Pa) Fis= B0 0-Pot) Fs =it Praw

Fr=Bn Pus Fig = Bathas P Fio = B Praw Foo = BlioBin Tz For = TliaBins oz = BolioBa haw

Fos = OoliBas  Fou = ThoBis o Fos = TlioBins Fos = TlioBi o For = Tl

also,

Yy =Sp00 Yo= Epg Yo = Loy Yo = Rigy Ys= By Yo = 1150 Yo = Ripy Y5 = Sip Yo = By Yio = Dz Y1y = Spany

Y= B Yis = haot Y =My Yis=S,, Yig =By Vi3 =L Vs =Epoiy Yio = Lo Yoo = Buppr Yar =l

Yoo = Epor Yos = Ly

Hence, exhausting the statement that g >0 and that the matrix ¢ is quasi-positive. It follows that (4) is positively-
invariant ingz. This shows that the orbits generated by the system (4) will always be positive for all non-negative initial

data.

Furthermore, by the comparison theorem [21].

Nr/.(t) = Ah _/uh(sho + Ehl + Ih1+ Rh1+ EhZ + Ihz + ha +Sh12 + Emz + IhlZ + Sh21+ Eh21+ |h21+ Mh)
- 5h1|v1 _6h2|v2 _5h12|v12’_6h21|v21 < Ah _/uhNh and

Nv/(t) =Ap,(S,+E L+ Ep+ 1, + R+ B+ L+ By + 1) = A, — N,

Can be written as

N, (8) < N, (0)exp (=44, (1)) +ﬂ[176><|0(7uh (t)], so that

Hy

Lim,,.,

sup N, (t) < Ay
Hy
N, () = NV(O)exp(—uv(t))+%[1—exp(—uv(t))], so that

Lim_, sup N, () < A
Hy

3.0 Local Asymptotic stability (LAS) of Disease-free Equilibrium (DFE)
The model system (4) has a DFE given by,
£ =S50, B Vs Re St B 1z Res S Ens Vs B i M S By 1,

hir “hir *h1r Yh12 =h2!

0 0 0 0 0 0
le' EvZ' |v12’ Ele' Ele’ lel

)-(200000000000002 00000000) )
Hy 4,
The LAS of the DFE is investigated using the next generation matrix operator method [21]. The matrix, F is the matrix of

new infections while the matrix V is the matrix of the other transfer terms given by
0 F V. 0
F :[ (8x8) 1(8x8) j’ and V :[ 1(8x8) (8x8) ] (29)

F2(8 x8) 0 (8x8) (8x8) V2(8x8)
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With
S S S S
ﬂnvﬂmevh ﬂMN*: 0 0 0 0 ﬂnvugnﬂ?haN*: ﬂhvu"mN*:
0 0 0 0 0 0 0 0
S S S S
. 0 0 ﬂnvz'lnszvh ﬂnva*vhﬂmzahz'lnsN*: ﬂmzanzN*:O 0
Yoo 00 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
Bl B O 0 @ Pud) Btz A= Pysc) B = Pue) Bills (1= Puar) By
00 0 0 0 0 0 0
S S S, S,
0 0 Bz P ﬂmz’?nzN*vh ﬂnva*vh ﬂmza'nﬂnszvh ﬂnvxzo'nzN*t‘
F, = 00 0 0 0 0 0 0
00 0 0 0 0 0 0
00 0 0 0 0 0 0
00 0 0 0 0 0 0
00 0 0 0 0 0 0
and
g O [0} [0} 0O 0 O [0} [0}
—7a 4, O [0} O 0O 0O O [0}
[0} 0] g, O O 0O [0} 0]
[0} 0] g, O O 0 O [0} (0]
V, = [0} 0 —y,. 4 O 0O [0} 0
[0} 0] 0] (0] g; 0 O 0] [0}
(0] 0] 0] 0O -y, 20 0] (0]
[0} 0] (0] 0 O 0 g, O 0]
0O O (0] O O O O—y, L
gs 0 0 O 0O 00 O
%18 0 0 0 00 0
0O O gg O 0 0 0 O
v 0 0-74, go 0 0 0 O
100 0 0 g,00 O
0 0 O 0 Vw29, 0 O
00 0 0 0 0 g, O
0 0 0 0 0 0—yp0u

The effective reproduction number of the model (4) %, = p(FV ™) = maq(R,, , Ry,].

With p being the spectral radius of Fv -, is given by

Ro— \/ BBty (o + 9eha) (Vo + akdy)
0n= )
Aty 9,959

Ry, = \/ﬁhvzﬁvthvﬂh(th + O6ha) (2 + hath) ’ (30)

Aps2,9506

where g, = 7y + 44, 9, = Vu2 + Hys Os = Via + Ly 96 = Qg + Ly + Oy,
Os = Vo + Hn U = Qo + iy + Gy

Using Theorem 2 in [21] we claim the following result:
Lemma 3.1 The disease free state (DFE) of the model (4) is locally asymptotically stable (LAS) in
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Dif R, <1 and unstable if R, >1.

4.0 Backward Bifurcation Analysis
Theorem 4.0: The model (27) exhibit backward bifurcation phenomenon at i -1 whenever a bifurcation coefficient,

denoted by a is positive.
Proof:
The existence of backward bifurcation is explored using the Center manifold Theory [22]

Let
Sy=Xy Bu=Xo 1y =X By =Xy 1 =X, By =X Ly =X By =00 1y =%, =,
Bt =X 1y =X Rey =Xy By =X g =X Rig = X450 S0 = X0 Bnip = Xsg1 ligz = X0 Syrs = Ko,
Bran=Xou lhan = X My = X5,
It follows, that the model (27) can be re-written as
The forces of infection 4, A,, A3, Ana, A, and A, are given as follows

(iT);l =FR=A, A =A% — A% — 44X,
% = Fy=puX ~TakoXa— (1, +6,)%

% =Fo = AoX ~TnohiXs = (o + 4%,
% =Fo = 7 ~ThohuXs = (14, +6,)%

% = Fo =X + TpuAo%e — (hae + 24)%,
% =F, = y%s — (1, +6,)% .

d
T?= Fo= TraAaXe + TnpAuXs = (7\/21 + /—‘v)xs )

%(tg= S =7 — (1, +6,)%,

%= Fo= Ay— Ay — ko — AaXo — AnaXeo— fhnXeo

%: Fiu=AnXo + (= P digXiot @ = Do) duiXse = (i + 24)%,1,
%: Fio= X — (@ + s+ 8% (31)
d;‘;z =Fa=ay X, - (0, + 1, X5

% =Fu=0%5 = T AXi— TolioAnsXia = Toliga Ana Xoa— Hi¥ag s
d:j%zﬁss InzXio + Pz s X0 + Puoa e Xao = (oo + 440 s

d(ie =Fo = ks — (@ ty +000) %5

d:f =FRo=anpXe — (6,+ 4 )%,

d:;s =P =0X;— Ty Xig = TalnoAnsXas— Talios AnaXoas = HnXeg »

dr);:g =Fio= 0 Xt oo et Dol AnaXia = (Foaz + 400 )Xeo,

dx 5
T:": Foo = VnioXeo — (an12+ Hy +bh12)X20 !

dx,, 1 1

dat =P =1 AyXip + TilappdnsXis+ TihondnaXis — (7n21 + /Jh)xn ,
dx,,

dt =Py =Vna1Xor — (‘J‘hu+ Hy +5n21)xzz ,
dx,,

dt = Py =t X0+ X, — (01 + My )/‘nxzsx
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_ B (1%, + %) _ Bina (% +%s)
= Pl = Lol

— ﬂl"“ (1212% + X 7)
g -

_ B (121% + %)
g = N,

A= B (o Xi + %2) + B 1 (hprXso + Xg)
1 Nh

Ty = Bz (npXi5+ %i6) Jrrfwlz 0, (Thz%o1 + X55) @32)
h

Where Nh :X10+X11 + X12 + X13 + X14 + X15 + X16 + X17 + X18 + X19 + XZO + X21 + X22 + X23
Consider the case with 5 - g = g, abifurcation parameter. Solving for 5 _ 5 from g _; yields

e #4,N; 09,9596 _ #4,N19,9,9,
Ba=B == =— (33
X B (Poa + 9670) Par + atdy) %0 B (Pnz + Qoltna) Pz + 10244,
The Jacobian of the system (33) at the DFE with g — ", is given by:

“]1(12x12) ‘]z(lzxn)
3, =) |ﬁ.[J

The matrix 3, has a simple zero eigenvalue and all other eigenvalues have negative real parts with j o 5, given as follows

(34)

3(11x12) J 4(11x11)

-4, 00 0 0 0 0 0 0 O—ﬂ;wnm;—‘; /f;—
0 -, 0 0 0 0 0 0 0 0 ﬂﬁmm% ﬁ;ﬂ;—‘;
0 pu -k 0 0 0 0 0 0 0 0
0 0 0 -g, -4 0O 0 0 0 0 0 0
Lo 00 00 0 0 0 0 0 0
1o 0 o0 0 0 -g, 0 0 0 0 0 0
00 0 0 0 py -4 O 0 0 0 0
0 0 0 0 0 0 - 0 0 0 0
00 0 00 0 0 g -4 O 0 0
0= Buslta = Ba = Bualhe = Pue = Pz =B = Bios = Bia — iy 0 0
0 B P 0 0 Pl Py PBimta PB: 0 -0 0
00 0 00 0 0 0 0 0 T ~g,
With R=1-p;, and P =1-p,
00 0 0 0 0 0 0 000 a
0 0 0 0 0 0 0 0 000 O
0 0 Bl PinoPus ﬁjh’]vlzpvlz ﬂ\}hpvlz ﬂvzhﬂvzlpm ﬁ\/th\/Zl 0000
0 0 O 0 0 0 0 0 000 O
0 0 O 0 0 0 0 0 000 O
J,={0 0 0 0 0 0 0 0 0 00 O
0 0 O 0 0 0 0 0 000 O
0 0 O 0 0 0 0 0 0 00 O
0 0 0 0 0 0 0 0 000 O
0 0 O 0 0 0 0 0 000 O
0 0 O 0 0 0 0 0 0 00 O
-9,0 0 0O 0 O O O O 0 O
0,—m O O 0O 0 0 0O O O o
0O 0O -gg O 0 O O O O O O
0 0 55,-9go 0 O O O O O O
0 0 0 a&,-9g, O O O O O O
J,=|o o o 0o -4 O O 0O O O
0O 0o 0 o 0O 0-g, 0 0 O O
0O 0 0 0 0O O yu—-6, 0 0O O
0O o 0 o 0O 0 0 0 -g;0 ©
0 0 0 0 0 O 0 O ;-0 O
0 0 0 0 0 0 0 oy O o — s

Transactions of the Nigerian Association of Mathematical Physics Volume 17, (Oct. — Dec., 2021), 67 —82

79



Theoretical Study of the... Akhaze, Ako and Olowo Trans. Of NAMP

4.0: The Jacobian J 5 has a right eigenvector given by W= (w,, w,, w;,..., W,,;)"

Where
w _ W
W, =~ (w,q, +w,g,) W =W, >0, w, =712, W, =w, >0,y = Fe2Ts =0,
M, Hy Hy
_ _ _ 1
w; =0, Wy =0, wy =0, Wi =— (BuaWa (118, + V1) + BunaWa (218, +7,2))
h™ v
w,, = (BaaWo (11ty + V) W = (B uWo (atty +741) W = (B’ @mWo (1 tty +741)
12 = 3 =
Os 4, 959644, 9596974,
W, (B m@mOaW, (M8, +74,) W.. = (ﬂVhZW“ (UVZ’UV +}/V2) YW = (ﬂvhz7hzw4 (77\/2:uv Jr7’\/2) ,
= 15 = e =
14 95969744, My Py 959. 4,
w. (B n2@naWa (288, + 742) » W,, = (ﬁthyhzahzglw“ (nvz’u" +7vz) '
= s =
v 959991044y 959001044 M
Wig = Wyo =Wy =W,, =W,; =0 (35)

Similarly 3 - has a left eigenvectorv =(V;,V,,V, ----V23) , satisfying V.W=1, with

2v,
a=-—= N 2W 31 (70 Wag + Wop) — N W By (1T Wos +Wig) — N* WooBrn (W + W)
h h h
2v,
=W By (170, W, + W)
N,
v, =0, vV, =V, >0, v, = 0, ﬁvhlﬂh\/lv (geﬂm +7h1) vV, =V, >0, Vg ﬁ‘/hlﬁh‘ﬂv“(ggnhz +7/h2)]
9s9es, N 959014, Ny,
v ﬁvh[gegg(l pvlz)ﬂh\dxlv (9677ms + 7)) + 9596 pvlzﬂh\axlva (997712 +7/h2))(7v1277v21/”\/)]
o 9:95969: 9044, N
v ﬁvh [9,9,(- pvlz)ﬂh\/ixlvz (96 +7m) + gsge pvlzﬁhle1v4 (99771, + 7hz)]
7=
0595093994, N
vy = Bi9596 (1= Pyay) Bra XV (ge77h1+7h1)+g 96 Pu21Bra X Va (9o77h2 +7h2)]
0596959044, N
v _ Binl969s A= Pyy) BraXaVa (Gt + Vi) + gsgs Pu2sBnaXiVa (QoTlhz + 71z)] V=0,
9 =
0596959s24, N
v = PraXVa (Gett +7m) L= Bra¥iV Vi3=0,Vy, =0,y = Bra*iVa(QoTtho + Vo)
1 — * V1 * 1
959Ny gsN,, 9595 N
Vi = 'Bh"lxlv v;; =0,v,3 =0, Vio ﬁh\ﬂzo—hlev4(glz7]h3 + Yiz) Vao ’Bh"lzo.hz *1Va ’
90N, 01192, Ny, 9:,N
v, = ﬂthlGhlxlvz(g147]h4 + Vna1) WV, 'Bhvzilahl)*(l Ve , Vo3 =0, (36)
0139:4N 91,Ny,

4.1 Computation of bifurcation coefficients a and b
Applying the Center Manifold Theory as stated in [22], we compute the associated non-zero partial derivatives of the right
hand sides of the transformed system (31), (evaluated at the DFE with 5 _ 5-) the associated bifurcation coefficients, a and

b, are given by

a= VW, W, fi (0,0, b= V, W,
klzj:l X@ klzj:l OX aﬂ

Using the expression above in (37), the associated non-zero partial derivatives for a and b where derived and after several
algebraic calculations, we considered the case of the system (27) without Dengue-induced death, increased susceptibility to
variant i after recovery cross enhancement from variant j and dual infectivity of vectors (relative susceptibility of vectors
initially  infected with  variant i to variant j). If we make the following substitution
Sy=0n,=nt,=m\,=nt,=n,=1=1,=0, theexpression fora reduces to

(0,0, (37)
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_VaX;

b=—<2
Nh

(7aWyy +W;,) >0 (38)

Clearly, a<osince w,,w,,w,,w,, w v,,v,,v;,andv,, are all greater than zero while W, and w,, are less

111
than zero.
Hence, backward bifurcation does not occurs if and only if the disease-induced deaths for humans s, and s,,) increased

susceptibility to strain i after recovery (cross enhancement) from strain j (z, and z,) and dual infectivity of vectors (relative
susceptibility of vectors initially infected with strainito j) ~° 75 ,~., and 7, are absent.

W,

12’W

15'W

161

4.2 CONCLUSION
The threshold measure %, is the effective reproduction number of the disease. It is the average number of secondary

dengue infections produced by an infected individual in a completely susceptible populace. The epidemiological
implication of Lemma 3.1 is that when g is less than unity, dengue can be eradicated from the populaces if the initial sizes

of the sub-population of the model are in the basin of attraction of the DFE, (fo in a population with 2 variants co-

circulating. Thus, a little number of dengue-infected individuals (with both variants) into the community will not produce
large dengue outbreaks in the population where there are vectors dually-infected with both strains of the disease present in
the population, and the disease will die out with time. Furthermore the last sections of our work confirmed that backward
bifurcation phenomenon can be induced by cross-enhancement and dual infectivity of vectors.
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