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Abstract 

An elliptic curve is a cubic polynomial in two variables in which there is at least one 

rational solution. The set of all rational solutions to an elliptic curve is known to be 

an abelian group which is finitely generated. In this paper, we obtained the 2 – 

torsion and 3 – torsion points for the family of elliptic curves of the forms  𝒚𝟐 = 𝒙𝟑 +

𝒂𝒙  and 𝒚𝟐 = 𝒙𝟑 + 𝒂𝒙𝟐 + 𝒃𝒙 over quadratic field. 
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1. Introduction 

An elliptic curve is a cubic polynomial in two variables in which there is at least one rational solution. An essential tool in 

the study of an elliptic curve 𝐸 is the fact that there exists a composition law on the set 𝐸(ℚ) of rational points on 𝐸, which 

gives 𝐸(ℚ) a group structure. This was first noted in [1]. The necessary conditions for a point on an elliptic curve over the 

rational field ℚ to be a torsion point was established by [2, 3], the work of [4] determined a complete list of 15 possible 

torsion subgroups for all elliptic curves over ℚ. It has shown by [5, 6] that, for a quadratic field 𝐾, the torsion subgroup 

𝐸(𝐾)𝑡𝑜𝑟𝑠 of 𝐸(𝐾) is isomorphic to one of a list of 26 groups. Characterization of (𝐾)𝑡𝑜𝑟𝑠  for certain families of elliptic 

curves over a quadratic field 𝐾 where considered by [7] and also the 2-torsion and 3-torsion of elliptic curves of the form 

𝑦2 = 𝑥3 + 𝑏𝑥 + 𝑎 . In particular, they pare down the list of 26 possibilities to at most seven for a curves of the form 𝑦2 =
𝑥3 + 𝑎, where 𝑎 is a square of an integer. In this paper, we obtained the 2 – torsion and 3 – torsion points of an elliptic 

curve of the form 𝑦2 = 𝑥3 + 𝑎𝑥2 + 𝑏𝑥 over a quadratic field 𝐾, by adopting the approach of [7]. 

In section 2, we gave the preliminaries and some basic definitions to explain the points of order 2 and order 3, while in 

section 3, we present our main results. 
 

2. Preliminaries and Basic Definitions  

2.1 Elliptic Curve 

An elliptic curve 𝐸 is a cubic curve 𝑓(𝑥, 𝑦) = 0 over a field 𝐾, with at least one  𝐾-rational point (i.e., there is at least one 

point 𝑃 on 𝐸 with coordinates in 𝐾).  
 

2.2 Torsion Points 

Every point on an elliptic curve 𝐸 over ℚ is one of two kinds: a point of finite order or a point of infinite order in 𝐸(ℚ) [8]. 

For a point 𝑃 to be a point of finite order means there exist a smallest positive integer 𝑛 such that 𝑛𝑃 = 𝑃 + 𝑃 +
𝑃+ . . . +𝑃 = 𝒪. The point 𝒪 is at infinity which is called zero and is always counted to be relational on 𝐸. If no such 𝑛 

exists then 𝑃 is of infinite order. In other words, 𝑃 being of infinite order means you can never get the point at infinity by 

adding 𝑃 to itself, no matter how many times you do it. This distinction between finite and infinite points leads to the 

following definition: 

Definition 2.3 A point 𝑃 ∈ 𝐸(ℚ) is called a torsion point (or 𝑛 – torsion point) if 𝑃is of finite order 𝑛.  

The set of all torsion points of a an elliptic curve 𝐸 formed a finite subgroup of 𝐸(ℚ) denoted by 𝐸(ℚ)𝑡𝑜𝑟𝑠, that is, 

𝐸(ℚ)𝑡𝑜𝑟𝑠 =  {𝑃 ∈ 𝐸(ℚ)|P has finite order} ⊆  𝐸(ℚ). The subset 𝐸(ℚ)𝑡𝑜𝑟𝑠 is a subgroup of 𝐸(ℚ) called the torsion 

subgroup of 𝐸. 

Definition 2.4: Point of Order 2 

A point 𝑃 ≠ 𝒪 is said to be of order 2 if 2𝑃 = 𝒪. If we write 𝑃 = (𝑥, 𝑦), then −𝑃 = (𝑥, −𝑦). The condition 2𝑃 = 𝒪 is  
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equivalent to 𝑃 = −𝑃. This implies (𝑥, 𝑦) = (𝑥, −𝑦), which can only happen when 𝑦 = 0. So all the points of order two 

must have 𝑦 = 0. 

Definition 2.5. Point of Order 3 

Torsion points of order 3 are the points that satisfy 3𝑃 = 𝒪, which implies that we are looking for  points satisfying 2𝑃 =
−𝑃. This is obtained by the equation, Ψ3(𝑥) = 3𝑥4 + 4𝑎𝑥3 + 6𝑏𝑥2 + 12𝑐𝑥 + (4𝑎𝑐 − 𝑏2). This was achieved by the used 

of duplication formula [9]. 
 

2.4 Lutz – Nagell Theorem 

The problem of finding torsion points (points of finite order) on elliptic curve 𝐸 was addressed by [3] and independently by 

[2].  

Theorem 2.4.1: (Lutz – Nagell Theorem) 

Let 𝐸: 𝑦2 = 𝑥3 + 𝑏𝑥 + 𝑎 be an elliptic curve with 𝑎, 𝑏 ∈ ℚ. Then  

i. Both 𝑥 and 𝑦 are integers, and  

ii. Either 𝑦 = 0 or 𝑦2|(4𝑎3 + 27𝑏2). 

This theorem provides us with necessary conditions for a point 𝑃 = (𝑥, 𝑦) on an elliptic curve 𝐸 with integer coefficient to 

be a torsion point in 𝐸(ℚ). The theorem can also be used to obtain a complete list of all possible torsion points. 
 

3. Main Results 

3.1 Points of Order 2 

Let 𝐸: 𝑦2 =  𝑥3 + 𝑎𝑥2 + 𝑏𝑥 + 𝑐 be an elliptic curve in Weierstrass form and that the point at infinity 𝒪 is taken to be the 

zero element for the group law. Which point in our group satisfy  

2𝑃 = 𝒪, with 𝑃 ≠ 𝒪? 

Instead of 2𝑃 = 𝒪, it is easier to look at the equivalent condition 𝑃 = −𝑃. Since −(𝑥, 𝑦) is just (𝑥, −𝑦), these are the 

points with 𝑦 = 0, that is  

𝑃1 = (𝛼1, 0) , 𝑃2 = (𝛼2, 0),  𝑃3 = (𝛼3, 0) 

where 𝛼1, 𝛼2  and 𝛼3 are the roots of the cubic polynomial 𝑓(𝑥) =  𝑥3 + 𝑎𝑥2 + 𝑏𝑥 + 𝑐. Thus, there are at most three 

points of order 2. If all the three roots of 𝑓(𝑥) are real, then the graph of 𝑓(𝑥) as in figure 1 

 

 

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

   Figure 1: Points of Order Two 

If we take all the points satisfying 2𝑃 =  𝒪, including 𝑃 = 𝒪, then we get the set 𝐺 = {𝒪, 𝑃1, 𝑃2, 𝑃3}. It turns out that 𝐺 is 

a group of order four, where every non-zero element is of order two. Thurs, this group 𝐺 is the Klein Four Group, which is 

the direct product of two cyclic groups of order 2. This means that the sum of any two points 𝑃1, 𝑃2, 𝑃3 should equal the 

third, which is obvious from the fact that the three points 𝑃1, 𝑃2,  and 𝑃3 are collinear. 

Lemma 3.1.1: A non – trivial point (𝑥, 𝑦) on a curve 𝐸(𝐾): 𝑦2 = 𝑥3 + 𝑏𝑥 + 𝑎, where 𝑎, 𝑏 ∈ 𝐾, is a point of order two if 

and only if 𝑥 ∈ 𝐾 satisfies 𝑥3 + 𝑏𝑥 + 𝑎 = 0. 
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i.e. 𝑥3 + 𝑏𝑥 + 𝑎 was factor to identify the field over which 𝐸 has 2 – torsion. In order for 𝐸(𝐾)𝑡𝑜𝑟𝑠 to contain a 2 – torsion 

point, there would necessarily be an element 𝑥 ∈ 𝐾 such that 𝑥 satisfies 𝑥3 + 𝑏𝑥 + 𝑎 = 0. 

Theorem 3.1.2: Let 𝐸(𝐾): 𝑦2 =  𝑥3 + 𝑎𝑥2 + 𝑏𝑥 be an elliptic curve. A point (𝑥, 𝑦) ∈ 𝐸(𝐾) is 2 –torsion if and only if 𝑥 =
0 or 𝑥is a point in 𝐾 satisfying the monic polynomial 𝑥2 + 𝑎𝑥 + 𝑏 = 0. 
Proof:  

But we know that a point (𝑥, 𝑦) ≠ 𝒪 on 𝐸 is a point of order 2 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓𝑦 = 0 

See [9]. That is, 𝑥3 + 𝑎𝑥2 + 𝑏𝑥 = 0 if and only if 𝑥(𝑥2 + 𝑎𝑥 + 𝑏) = 0 

𝑖𝑓𝑓 𝑥 = 0 or 𝑥2 + 𝑎𝑥 + 𝑏 = 0. 

𝑖𝑓𝑓 𝑥 = 0 or 
–𝑎±√𝑎2−4𝑏

2
 

 

3.2 Points of Order 3 

Torsion points of order 3 are the points 𝑃 on an elliptic curve that satisfy 3𝑃 = 𝒪, which implies that we are looking for the 

points such that 2𝑃 =  −𝑃. To find the points satisfying this condition, we use the duplication formula and set 𝑥 coordinate 

of 2𝑃 equal to the 𝑥 coordinate of 𝑃. This formula gives us the 𝑥 value of 2𝑃 based on the 𝑥 value of 𝑃 = (𝑥, 𝑦). We want 

2𝑃 =  −𝑃 = (𝑥, −𝑦), which means the 𝑥 value of 2𝑃 must equal to the 𝑥 value of (−𝑃). We therefore have the equation  
4 2 2

3 2

2 8 4

4 4 4 4

x bx cx b ac
x

x ax bx c

   


  
, 

Working out the algebra we get a simplified equation in term of 𝑥 as 4 3 2 2

3( ) 3 4 6 12 (4 ) 0x x ax bx cx ac b        . The 

roots of this equation will be the 𝑥 values for our points of order 3. 

If 𝑥 ∈ ℂ we have 4 disticnt roots. We know they are distinct because  
3( )x  and 

'

3( )x have no common roots. If it happens 

that 
3( )x and 

'

3( )x have a common root, then 𝑓(𝑥) and 𝑓′(𝑥) would have a common root, which contradict the fact that 

𝑓(𝑥) is non-singular. Plugging in these 4 roots of  3( )x  into our elliptic curve will yield a total of 8 distinct points. All 

together we get 9 points of order 3, the above mentioned 8 together with the point at infinity 𝒪. There is only one 

commutative group of order 9 with every element having order 3, and that is the product of two cyclic groups of order 3. If 

we restrict 𝑥 ∈ ℝ, we will always get a cyclic group of order 3. If we restrict 𝑥 to being in ℚ, we will either get a cyclic 

group of order 3 or the trivial group {𝒪}. 

The same procedure that is used for torsion points of order 3 can be used to find torsion points of order higher than three. 

We simply need to find a way of re-writing 𝑛𝑃 = 𝒪 that will utilize what we already know. 

Lemma 3.2.1:  

i. Let 𝐸(𝐾): 𝑦2 = 𝑥3 + 𝑏𝑥 + 𝑎, where 𝑎, 𝑏 ∈ 𝐾. A point (𝑥, 𝑦) ∈ 𝐸(𝐾) is a point of order three if and only if 

𝑥 ∈ 𝐾 is satisfies 3𝑥4 + 6𝑏𝑥2 + 12𝑎𝑥 − 𝑏2 = 0. 

ii. Let 𝐸(𝐾): 𝑦2 = 𝑥3 + 𝑎, where 𝑎 ∈ 𝐾. A point (𝑥, 𝑦) ∈ 𝐸(𝐾) is a point of order three if and only if 𝑥 ∈ 𝐾 is 

satisfies 3𝑥4 + 12𝑎𝑥 = 0. When 𝑎 is a square, there will always be a point of order three on 𝐸(ℚ). 

Theorem 3.2.2: 

(i) Let 𝐸(𝐾): 𝑦2 = 𝑥3 + 𝑎𝑥2 + 𝑏𝑥, where 𝑎, 𝑏 ∈ 𝐾. A point (𝑥, 𝑦) ∈ 𝐸(𝐾) is a point of order three if and only if 𝑥 ∈ 𝐾 

satisfies 3𝑥4 + 4𝑎𝑥3 + 6𝑏𝑥2 − 𝑏2 = 0. 

(ii) Let 𝐸(𝐾): 𝑦2 = 𝑥3 + 𝑎𝑥, where 𝑎 ∈ 𝐾. A point (𝑥, 𝑦) ∈ 𝐸(𝐾) is a point of order three if and only if 𝑥 = 0 or  𝑥 =
−4𝑎

3⁄ . 

Proof: 

(i) From [9] pp 40, a point 𝑃 = (𝑥, 𝑦) ≠ 𝒪,  

𝐸: 𝑦2 = 𝑥3 + 𝑎𝑥2 + 𝑏𝑥 + 𝑐 is of order three if and only if 𝑥 satisfies the polynomial 3𝑥4 + 4𝑎𝑥3 + 6𝑏𝑥2 + 12𝑐𝑥 +
(4𝑎𝑐 − 𝑏2) = 0. 
In the case of our elliptic curve 𝑐 = 0 and so we have (𝑥, 𝑦) is a point of order three if and only if 𝑥 satisfies 3𝑥4 +
4𝑎𝑥3 + 6𝑏𝑥2 − 𝑏2 = 0. 

(ii) If we let 𝑏 and 𝑐 to be all zeros from [9] we obtained that point (𝑥, 𝑦) is a point of order three if and only if 𝑥 

satisfies 3𝑥4 + 4𝑎𝑥3 = 0. The solution to this equation are 𝑥 = 0 and 𝑥 = − 4𝑎
3⁄ . 

Theorem 3.1.2 and 3.2.2 extends the results of [7] for the method of obtaining the 2 – torsion and 3 – torsion points of an 

elliptic curve quadratic field, from the family of curves of the form  𝑦2 = 𝑥3 + 𝑎 and  𝑦2 = 𝑥3 + 𝑏𝑥 + 𝑎 to that of form  

𝑦2 = 𝑥3 + 𝑎𝑥  and 𝑦2 = 𝑥3 + 𝑎𝑥2 + 𝑏𝑥. 
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Conclusion  

The results obtained from theorem 3.1.2 showed that, the 2- torsion for a family of elliptic curve of the form 𝑦2 = 𝑥3 +

𝑎𝑥2 + 𝑏𝑥 occurs at 𝑥 = 0 or 𝑥 =
−𝑎±√𝑎2−4𝑏

2
 while theorem 3.2.2 present the method for obtaining the 3 – torsion point for 

the two families of elliptic curves over quadratic field. 
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