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ABSTRACT

The goal of this research is to expand existin%single server queue models
by deriving their performance measures through the application of
probability laws. In this paper, we present a server queue model which
consists of balking customers whose behaviours are characterised by
discouragement and impatience during long (t]ueues. The averages
number of such customers and response times of the queue system are
being used to derive the average time customers have to wait and the
number of customers who wait for service. Bayes law of total probability
and Laplace-Stieltjes transforms are being applied to derive these
parameters in single-server queue ?stems_presented in this research. A
numerical example is also presented to validate the model parameters. It
is observed that, in order to evaluate the distribution of the response and
waiting time, the distribution at the instant a customer joins It must be
known. It is also observed that, the model distribution’s parameters from
both the theoretical and numerical illustrations of the single server
(M/M/1) with balking customers presented in this paper conform to the
Little’s theorem on queues.

1.0 INTRODUCTION

The authors in [1], remark that the number of customers who patronize a service facility could be finite or infinite.
According to Ogumeyo and Nwamara [2] and Wagner [3], customers’ arrival and departure in queuing system follow
Poisson distribution law with arrival rate A and service rate u which are assumed to be independent and exponentially
distributed. The busy periods are periods during which the server is busy servicing customers while idle periods are
servicing customers as defined in [3]. The author in [4], stated that the role of a
probability distribution of customers’ rate of arrival and departure including the
service pattern. Basic queue structures and queue channels are discussed in Subagyo [5] and Kakiay [6]. Hillier and
Lieberman [1] stated that queues emerge as a result of service rate being lower than the rate of demand for service,
liken to situations commonly experienced in super — markets, hospitals, banks, filling stations etc. The three states of a
gueuing system is reported in [7], which includes transient, steady and explosive states. A queue is said to be in a
transient state if its behavior varies with time, if its behavior does not change with time, it is said to be in steady state

periods during which the server is not
queue system involves identifying the

condition while an explosive state is when a queue system builds up to infinity.
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As contained in Ogumeyo and Nwamara [2], several queuing models in literature have addressed different
aspects of queuing systems. For example, a queue model to decongest highways traffic is reported in
Nugraha [8]. A queuing model to minimize patient waiting time in a healthcare facility is presented in
Kembeet al. [9]. Commonly used mathematical symbols by Kendall classifying queues are stated in [1], [3]
and [4].
Bhat [10], presented single server queue models which centred on utility of servers, including their busy and
idle periods’ probability distribution functions with the aim of ascertaining their levels of usefulness. Weber
[12] and Takagi [13] remark that performance determines the steady-state of a queue which according to
Kobayash [11] is attained when the expected number of arrivals is equal to the mean service time.

The behaviour of customers is very important in the management of a queue system. According to
Weber [12], balked customers are customers who refused enter the queue because the queue is too lengthen
while reneged customers are customers who join the queue but after sometime they get discouraged and exit
it. Jockeying customers are the ones that move from one queue to another in search of a quicker or faster
service when there are alternative queues in the system. A queue is said to be in transient state if its
behaviour varies with time while a queue is said to be in a steady state if its behaviour in a long interval is
independent of time. The measures of performance of a queue system hinges on the ability to manage its
service facility with the aim of striking an optimum balance between the waiting cost of time and cost of
keeping the system idle time, Ogumeyo and Nwamara [2]. Waiting cost can be direct or indirect. Direct
waiting cost consists of unutilized manpower and equipment which has to be paid for by business owners.
This increases the cost of production of goods and services. Indirect cost centres on loss of customer which
leads to decreased sales and less profits. The purpose of this research is to expand the queue model in [2]
with the aim of analysing its performance measures.

2.0 Methodology and Materials
Mathematical Notations
The following are the mathematical symbols associated with the proposed models:

. 1 . - . . .
A = Arrival rate of customers, S = average time the server is idle, S = customer time expenditure in the

system. u = rate of departure from the system, Q = Average population of customers in the queue, T =
average time of response to a customer, N = Average population of customers in the system.

Derivation of a Steady-State by using Baye’s Rule

The methodology adopted in this research is Baye’s rule of total probability which was also applied by the
author in [12]. The steady state distribution for arrival and departure processes are obtained by using Baye’s
rule of total probability as stated in the following equations:

py=lomdin_pi—q2 ., Plo14yg Rl (1)
()
Let X, X;, represent the state of instant arrival and departure of customers from the system, respectively and

let I, = P(X, = k),D,, = P(X, = k), k = 0,1,2, ..... represent their distributions. If we apply Baye’s rule to
the above expressions,

. (lkh+0(h))Pk APk
Il = lim e et U 2
k™ hoo 22 o(4h+0m)P;  E5204P; 2)
Similarly
Dy = lim Bt 0 Piees _ paPres 3)
h—%)zjzl(ujh+0(h))Pj 2jZq UjPj
becausePy,; = A—"Pk,k =0,1...,thus
Hk+1
APy k=01 (4)
Kk~ veo 5 5 — Uk B ¥ 3 N
i=0 i P;
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Equations (1)-(4) state that at steady-state in a queuing system, the average arrival rate and the rate of service
are similar but cannot have the same value compared to steady — state distribution at a random point.
Equation (5) clearly proves this.

i=0 i=0 k=1

If the arrivals of customers are uniformly distributed over a multi-server m system, then the average
population of customers who arrive at the service facility during time T is AT /m. Hence the utilization of the
server can be expressed as stated in equation (6).

If we represent U and T as the times of waiting and response by the ith customer respectively by defining the
waiting time to be the customer’s time spent in the queue while waiting for services, and response time to be
the customer’s time spent in the system, then

Ti = Ui + Vi ........................................................................... (7)
In equation (7) Vjrepresent service time of the queue system where U; and T; are assumed to be random

variables. Thus, their mean values represented by U; and T] respectively can be used to measure the
efficiency of the queue system. If we proceed to represent N(t) = Oas the event that at time T the server is
idle. Then the server utility during time T can mathematically be expressed as

Us =2 [ (Nt oo )

Where N(t)>0 and T is a protracted time interval. As T approaches infinity (o), equation (9) is established
with probability 1.

Us = Jim e XN = 0)dt =1—Py=—"— ... 9)

If we represent P, as the steady state probability that the server is idle while E&§ andEi represent the
average busy period, average idle period of the server respectively then, by applying ergodic property of

Markov chain contained Feller [14] which states that ifX (t)is an ergodic Markov chain and A is a subset of
its state space equation (10) holds with probability 1.

Tlgrgo%o X(X(t)eA)dt) - Z oA e (10)
0 €A

m(A) + m(4)

Where m(A) represents the mean time of the chain in subset A and m(4) is the mean time ofA during a cycle,
respectively. WhileP;representsthe ergodic (stationary, steady state) distribution of X (t).

By Burke’s Theorem stated in Feller [14], at each period t, the population of customers N(t) present in the
queue is not determined by the order of their departure times prior to t in single server queue systems have
steady states with arrival rate A.

3.0 Analysis of Performance Measure of M / M / 1 Queue with Balking Customers

Balking customers are customers who enter a queue system and exit without receiving service. A
modification of a single server queue (M / M / 1) system in which customers are impatient for service as a
result of too many arrivals is being considered in this paper. Let b; represent the probability of a customer
joining the system where k is the number of customers already in the queue system at the time he arrived.
This can be mathematical expressed as

A=Ab, j=01,. N .. (11)

From equation (11), it obvrous that b represent various category of customers. The objective of this research
is to find such probabilities formulas for the main performance measures without complication. Hence, we
consider the following equations (12) and (13).
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1 .
bi——}f;—I, ] —-0,1.n.n.n.n.n."."."."."."."."."."."."."."."."..(12)
Thus
o
P = j_!PO' T T PSPPSRI € b ) &
By applying the normalization condition to equation (13) we obtain equation (14).
J ,
P = ’]’_—!e—r’, T = 0, L, e (14)

Stability condition is usually p less than infinity (p < o), since condition p < 1 is not needed in single
server queues. Since the customers’ arrival satisfies Poisson distribution law, equation (15) can be used to
obtain the performance measure of the system as follows:

Performance Measures

Ug = 1}5&)130 SR ¢ 1.3
Hence
1 U _ 1 1-x7P
=p, Var X) =

X=N—U =p(1—x p)—p+x Z"—1

E(X?) —Z(k—l)sz —Zk Pk—ZZkPk+ZPk

—E(Xz)—2N+U —p+p —2p+U =pl-p+1—x7"?
Thus
Var (X) = E(X?) — (EX))* =p? —p+1—x7P — (p+x7P —1)?
=p>—p+1—-xP—p?—x"?P —1—-2px P +2p+2x7P
p—x" 4+ x7P —2px7P
=P =X P(XTP 2D = 1) (18)
Bayes rule in equation (2) can be used to determine the probability of customer joining the system at his
arrival as shown in equation (19) and (20).

Z] O(A]h+o(h))P] Zﬁoljpj _p(1-x7P) _ 1-x7P
h-0 L2o(Ah+o(W)Pr — X2APK p) T op
In order to determine the response and waiting distribution times, we need to know the distribution of the
queue prior to customers’ arrival to joins the system. This also requires an application of Bayes rule. Hence,
we obtain.

P = lim

2 xk+1 _

[k = kel Tk — _Ger)t x — Pkt1 (20)
? .L . pl+1x_p 1_x_P ....................................
1=0i+1 t=0(j+1)"

We observe that in equation (19) and (20), Il # P
In this case, we shall first of all determine the mean response time T and then the waiting time W.
By applying the law of total expectation, we obtain equations (21) and (22)

o k+1 _1 (k+1)Pgt1 _ 1 —
T=Ypo—Il) = Zk 0 Ix P R N = #(1 e ..(21)

W= T————(" 56 D) 22)

u  p\1-x7FP
We recall from equation (5), that
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izzﬂkpk ZZ#kPk ZZﬂPk =pu(l—x7P)
k=0 k=1 k=1

Hence,

AT =p(l=xP) B = p = N (23)
A.Wzy(l—x‘p).%=p+x‘p—l=é ...................... (24)

Equation (24) conforms to Little’s formula for(M/M/1) queue system with Balking Customers. T and W
distributions can be determined by applying the same procedure as stated earlier. That is

© . oo 'u('ux)jx_#x pj+1 xP
fr(x) =]Zfr(xlj) Al = Z‘J IT TG+ DI1—xP

Since the evaluation of f(x) including f,(x) is difficult, we apply Laplace transform to evaluate them.
Since the Laplace transform Lt (s) and Ly, (s) can be obtained, it means we can derive their higher moments.
Thus,

j+1

oo oo —p
j+H1 =
_ . _ ]+1)

L) = ) LoDy = ) (A=) 25

j=0 j=0

x7P up V1 x~P b
S pZ(#H) TS T (357 = 1) . (25)
=

Lo () = Lr(S) e (26)

Mean Response Tlme
The mean response time T can be determined by using equation (26) to verify the formula as follows:

, x~P Hp _
r(s) == X xert(—pup(u +5)7%)
X b b

L (0) = P ———————

rO == T T aa
Hence
o p
T o e (27)

Equation (27) is the average time response of the queue. Similarly, the average waiting time can be obtained
by using equation (26). The Laplace — transform method can be used to obtain Var(T) and (W) of the queue
system as stated below:

, x7P A _
L'(s) = 7—=5 (=DA% +5)
Therefore
x~P A 2 A
1) = (5 (DA + )72) 4+ 22(C +5)7 x5 )
Therefore,
p\? | 2p _
(0) 1—x p(xp(_;) +Pxp)—
1 p +2p
T LB (28)
Hence,
1 p*+2p p 2
Var (T) = F 1—xP (u(l - x‘p))
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@ +2p) (1 —xP)—p* p?+2p—p’xP —2pxP —p?

pr(1—x7P)2 B pu*(1 —x7P)2
__2p-p*x7P-2pxP _ p(2—(p+2)x~P)
S IR T (LxmyE e (29)

Equation (29) is the variance of the response time. Moreover, since U and T are considered as a random sum,

it follows that'
2

Var(U) = E(X, ) + Var(X,) (1) - %(E(Xa) + Var(X,)

E(X) = Z Rl = Y
k=1 k=1

1 (o) o]
-— (Z (k+ DPess = ) PkH)
k=0 k=0

= 1-x—P
Since Var(X,) = E(X2) = (E(X2))2 oo eeeeeioeeeeeeee e, (31)
We have to first of all evaluate E(X2). That is

E(X? —Z 211, —2'2’—“
(Xa) J =

=— _p2(0+1)2—21—1)1>,+1

— ,,(Z(Hl) P,+1—221P,+1 Zml)

1
=@+ 20 +xP -1 -(1-x7)
_1xv(p — P =X P 1) (32)
Therefore
Val‘(Xa)=1 _p(PZ—p—x‘p+1)—<1_x_p(p+x‘p—1)>

(=) -2 -p-x T
= () (@ -x)p —p -7 + 1) = (p+xF 1))

1-x~P

2

= ! — ) PP —p—xP+1—-p*’x P+px P+x2P —xP—p?—x"2P -1 —-2px P +2p—2x7P)
1—x7P

_ p=x"P(p?+p)

I TRE)E e (33)

Determination of the Variance of Waiting Time

AR _ p—xP(p> +p)
var ) = (3) (1_x-p<P+x”‘”+W>

= m((?’ +x P11 -xP)+p—xP(p?+p))
Thus

1
Var(T) = Var(U) + /,7

2

Var(T) = ) P+xP-1DA-xP)+p—xP@P*+p)+ (1 —x7P)?

(=
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_A=xP)p+xP-1+1-xP)+p—xP(*+p)
(u(1 - x7))*

_ 2p—2px P—p2xP

© p(-x7P)?

which is the variance of the response time.

Note: If A and p represent measurements of demand for service and the capacity of performance of the

service facility respectively, then u—A represents the excess capacity of the queue system to satisfy the
demand. By following similar procedure, other performance measures of queue system of M/M/I are
obtained as follows:
@) Waiting and Service time on the queue is
B A
T 2)

(b) Probability that there is no customer in the queue:

4.0  Numerical Example
A road transport company has two clerks working in its office. The first clerk only handles V.P. passengers’
registration/issuance of receipts while the second clerk handles the business class passengers. Assuming the
service time for both clerks is exponentially distributed with mean service time 2 minutes per passengers.
The arrival rate of V.P. corresponds to Poisson distribution law with a mean arrival rate of 16 per hour.
While the business class passengers arrival rate is 14 per hour. Determine the following performance
measures of the queue system:
(a) The average waiting time of V.P. passengers and business class passengers if each clerk could handle
both the V.P passenger class and the business class passengers.
(b) What would be the effect if we increase the service time 7 minutes.
Solution
There are two independent queuing systems: V.P passenger class and business passenger class with the
arrival following Poisson distribution and the service time being exponentially distributed.
For V.P. class Passenger: Given that A = 14/h and
u = 2/minutes (i.e. 30/hour)

By applying our expected waiting time formula we have
We A w7 T

" u(u—-2) 30(30—14) 15x16 240

@ =1.75min utes

240

hour

~ 2min utes
For the Business Passenger Class

Expected waiting time in Queue:
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W A ___ 16 8 4
“" u(u-4) 30(30-16) 15x14 105

hour

_ 4x60min utes

=2.29min utes
105

Treating the given problem as a single queue with two servers (Clerks), we have the following parameter

values:
A =14+ 16 =30/ h, n=30/h, number of servers/clerks s=2, p - A_30 1

n -1
Now Po=| s 1( 4} [ 1[ su
i {gn!(uj +S![S#—ﬂﬂ

s 2x30 2
-1
) (ZT Z(ZJS( j

|
oL

|
1
|_\
+
N~
+
N |-
7\
N |-
N
LN
1
N

Average Waiting time of arrival in the queue:

LI 1 (1) u
w=-14__-_|Z| 2 _|p
q z{(s—u (ﬂj (s;z—zf}

2
=(1j 30 > E:lxixl=ihour
2) (60-30) 2 4 30 2 240
:ﬂmin utes:l =0.25min ute
240 4

To obtain the combined waiting time with 4.5 increase service time, when A1=30/h we will have
60 60 60 2 _20x2 _ 40

p=0_80_gg2_20x2_40,,,
45 90 9 3 3
R P
0 T a4
Hence Po={i1(’1jn+1(ﬂf su ] ............................................. (4)
o\ u s\ ) su—A1

By substituting the above values into (4) we have

eS0T A0 ]
g 81x2x 4% 1

-1
) [1+ 4 * |2x‘6x2x 4% |_ %}
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_{ 9 81 1}‘1 16
= |1+=+—=—-—| =—"—min utes
4 16 30| 133

Expected waiting time of arrivals in the system is

w-stg () g

2 40
:(%) 0 A X %:%min utes = 24.3min utes
i A —3oi

5.0 Analysis of Results

From the results presented in the numerical example of section 4.0, we observed that the time a VIP
passenger has to wait before being attended to by the clerk is 2 minutes while a business passenger waited for
2.29 minutes before receiving service. If the queue problem is treated as a single queue with the two clerks as
servers, then the average time to wait for a customer to arrive at the queue system is 0.25minute. While the
combined average waiting time for a VIP passenger and a business passenger to arrive at the system with 4.5
increase service time 2.7 minutes. With increase in service time to 4.5, the expected time to wait for a
customer to arrive at the system is 24.3 minutes.

6.0 Conclusion:

The measures of performance of a queue system hinges on the ability to manage its service facility with the
aim of striking an optimum balance between the waiting cost of time and cost of keeping the system idle,
Ogumeyo and Nwamara [2]. Waiting cost can be direct or indirect. Direct waiting cost consists of unutilized
manpower and equipment which has to be paid for by business owners. This increases the cost of production
of goods and services. Indirect cost centres on loss of customer which leads to decreased sales and less
profits. Hence, there is a great need to develop mathematical queue model to enhance efficient management
of queue in business organizations. The purpose of this research is to expand the queue model in [2] with the
aim of analysing its performance measures which include: (a) number of customers in the queue plus
customers currently receiving service (b) Queue Length (c) Length of time a customer is expected to wait
before he receives service (i.e expected waiting time) (d) The fluctuation rate (variance) of the queue length.
(e) The probability that there is no customer in the queue. (f) The probability that the queue system exceeds a
given capacity K. In this paper, we have mathematically derived and analysed the performance measures of
single server queue systems based on the distributions of waiting and response times. To get the probability
distributions, we observed from the analysis that we have to first of all, know the distribution of the system at
the time an arriving customer joins the queue. This was obtained by applying Bayes rule of total probability.
The formulas for the means and variances were later transformed for easy computation by using generating
functions and Laplace- transforms. It was also observed that, the formulas for the mean and variance of the
distribution of the response and waiting times conform to the Little’s theorem on queuing system. This was
illustrated in the numerical example presented in section 4.0.
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