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ABSTRACT 
Over the past eight decades, functional forms of an empirical macroscopic 
fundamental diagram have been continually proposed yet the predictive 
power of most models at mid and high densities continuous to be 
questionable to the traffic flow research community. K-fold cross-
validation was used to assess and compare the predictive performance of 
some macroscopic equilibrium fundamental diagram with a newly 
proposed model. The results reveal that the newly proposed model perform 
better than the other models in predicting traffic states, particularly, in 
mid and high densities. This shows that the proposed model could be useful 
for extrapolation of traffic states at mid and high densities. Furthermore, 
the proposed model shows consistently good performance across various 
roads despite its few parameters. This proves that the proposed model has 
high flexibility that enables it to adapt to most of the trends of traffic data.  
It is therefore concluded that a single-regime model with few parameters 
is capable of accurately describing empirical fundamental diagram. 

1.0 Introduction  
Mathematical models are developed to among other things help in predicting the future states of the physical 
system that they represent. Traffic flow models play significant role in this respect because traffic flow data 
is rarely complete across all density ranges, hence the need to interpolate or extrapolate traffic states. To 
achieve this, a traffic flow model needs to easily generalize, i.e. it should be able to predict test data with 
good accuracy. Therefore, traffic flow models are required not to under fit or over fit any given data set if 
they most easily generalize across data sets. applicable on roads with different flow characteristics. This 
property is known as model’s transferability. 

 

*Corresponding author.: Mabur Yaks Mafuyai 
E-mail address: mafuyaim@unijos.edu.ng 
 xxxx-xxxx© 2024 TNAMP. All rights reserved 

  

https://doi.org/10.60787/tnamp-v20-351



Mafuyai et al -Transactions of NAMP 20, 1 (2024) 9-22 

10 
 

Equally, a traffic flow model is expected to perform well on different road facilities, i.e. it should be This 
is important because traffic data from different roads can be different in both quality and quantity. The road 
geometry, existence of intersections, use of traffic control infrastructure, method of data collections and 
aggregation, etc. affect the nature of traffic data and hence it is not uncommon to see models that perform 
well on a given data set perform poorly on another. 
Traffic flow model can be classified as equilibrium models or non-equilibrium models. The equilibrium 
models represent traffic state when the rates of change of speed and density are zero. One of the most studied 
classes  of  equilibrium  traffic  flow  model  is  macroscopic  fundamental  diagram.  Empirical  macroscopic 
fundamental diagram is the graphic representation of the relationship between the variables (flow, speed, 
and density) that give the collective behavior of a traffic state observed in real-world. The functional form 
of  an  empirical  macroscopic  fundamental  diagram  is  a  mathematical  model  that  seeks  to  represent  the 
macroscopic fundamental diagram accurately. Over the past eight decades, functional form of an empirical 
macroscopic fundamental diagram have been continually proposed yet the predictive power of most models 
at mid and high densities continuous to be questionable to the traffic flow research community (see Fig.1 
for the graphs of some single-regime models). It can be noticed from Fig.1 that most of the single-regime 
models tend to overestimate traffic states at mid densities (30-80veh/km) but under estimate traffic states at 
high densities (80veh/km and above). For this and many other reasons, the search for an accurate traffic 
flow model has persisted [1], [2], [3], [4]. Recently, a new traffic flow model has been proposed [5] and the 
aim of this research is investigate and compare the predictive power and transferability of the proposed 
model with some selected models. The rest of the paper is organized  as  follows, section 2 provide the 
literature review traffic flow models, section 3 outlines the methodologies employed in the study, section 4 
presents the findings, and section 5 presents the result discussion and conclusions. 

 
Fig.1. Graph of some Single-Regime Traffic Flow Models Showing Poor Performance at Mid and High 
Densities 

2. Literature Review 
The debate on the formulation of the functional form of an empirical fundamental diagram has been whether 
the empirical fundamental diagram should be described accurately by a single function or multiple functions 
representing different regions on the fundamental diagram. Two schools of thought exist, those that believe 
the fundamental diagram is continuous and hence can be represented by a single function [6], [7] and those 
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that  believe  that  discontinuity  exist  and  hence  there  is  need  for  two  or  more  functions  [8],  [9],  [10]  to 
correctly  represent  empirical  fundamental  diagram.  Moreover,  multi-regime  models  lack  mathematical 
tractability  and  elegance;  hence  the  search  for  a  suitable  functional  form  of  a  single-regime  model  has 
persisted. 
 
2.1 Single-Regime Fundamental Diagram 
Single-Regime  fundamental  diagrams  are  fundamental  diagrams  represented  by  a  single  mathematical 
expression. Their greatest attraction is mathematical elegance [11]. Table 1 presents some of the single-
regime fundamental diagrams. Each of these fundamental diagrams is deficient in one way or the other [1], 
[2], [4], [12], [13] and their ability to represent the empirical data at mid and high densities is poor (Figure 
1). Some of the most recently proposed single-regime models include Five-Parameter logistic model by 
Wang et al. [11], longitudinal control model by Ni et al. [14], Kucharski & Drabicki  [15], Modified Lee, 
and Gaddam & Rao [4], and Cheng et al., [2]. 
Wang et al. [11] was motivated by the success of generalized logistic equation in other fields of research 
that  modeled  biological growth  patterns.  And  by  observing  the  trend  of  speed-density  scattered  plot  of 
GA400 data set and comparing it to the trends often modeled by logistic equation, Wang et al. [11] proposed 
a  five-parameter  logistic  speed-density  model.  Relative  to  the  existing  single-regime  models,  the  five-
parameter logistic model shows good performance across all density range. However, the model is deficient 
in predicting jam density, it does not have a simple analytic expression for critical density, and has some 
parameters that are difficult to determine as admitted by the authors. Furthermore, Bramich et al., [1] pointed 
out that the authors erroneously associate one of the model’s parameters with free-flow speed. Hence, the 
only physical parameters in the model are two and not three as presented by the authors. Another downside 
of the five-parameter logistic model was observed by Cheng et al. [2]and Romanowska & Jamroz  [13]; that 
the model’s flow-density and speed-flow functions possess undesirable backward-bending phenomenon at 
high densities. In line with the argument for the need for mathematical elegance and accuracy and motivated 
by  the  limitations  of  the  five-parameter  logistic  models,  Gaddam  &  Rao  [4]  proposed  two  models  – 
Modified Lee model and a new model. While some of the limitations of the five-parameter logistic model 
are overcomed by the Gaddam & Rao [4] proposed models, the empirical accuracy of the models was not 
better than that of the five-parameter logistic model. In 2016, Ni et al. [14] presented a longitudinal control 
model  (LCM)  with  four  physically  meaningful  parameters  –  free-flow  speed,  aggressiveness,  average 
response time, and effective vehicle length. The model shows good performance on real world data and 
outperformed other models compared  with it. Another interesting part of LCM is its ability to produce 
various  shapes  of  the  fundamental  diagram  of  interest  in  the  literature  which  include  reverse-lambda, 
triangular and skewed parabola. However, the LCM has no simple analytic expression for capacity which 
is  acknowledged  by  the  authors.  Equally,  the  authors  appreciated  the  fact  that  LCM  could  not  realize 
reasonable  capacity  and  accuracy  at  both  free  flow  and  congested  flow  regimes  concurrently  in  some 
instances. Similarly, a closer look at Figure 3 to 8 in the work of Ni et al. [14]  would reveal instances of 
over-estimation or under-estimation at some density ranges which could affect the model’s predictive power 
(Wang et al., 2022). In an attempt to improve the estimation method of macroscopic volume delay function 
(VDF), Kucharski & Drabicki  [15] proposed a model which was studied in the context of fundamental 
diagram by Romanowska & Jamroz [13]. While the model showed reasonable performance relative to many 
other models except Wang’s five-parameter logics model, it still falls short of standard in a number of ways. 
For instance, the model does not predict jam density and it is not bounded below. Recently, Cheng et al. [2] 
proposed an S-shaped three-parameter model with aim of achieving mathematical elegance, accuracy and 
parsimony. The model was compared against some existing single-regime modes and the model shows good 
performance on empirical data and outperformed all other models except the five-parameter logistic model. 
The performance across all density ranges was good except at high densities, the flow-density model shows 
poor performance which the authors blamed on the use of only speed information in the objective function 
and suggested the use of both speed and flow information in the objective function. This suggestion results 
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in the compromise of the accuracy of the speed-density model. Furthermore, the model does not predict jam 
density and hence, the predicted speed interval has no lower bound. 

Table 1 
 Some existing single-regime models available in the literature 

Author(s) Functional Form  Parameters 
Greenshields, 
(1935) 𝑞 = 𝑉 𝑓 𝑘(1 −

𝑘
𝑘𝑗

)  
𝑉𝑓 , 𝑘𝑗  

Drew, (1968) 
𝑞 = 𝑉 𝑓 𝑘[1 − (

𝑘
𝑘𝑗

)
𝑚

] 
𝑉𝑓 , 𝑘𝑗 , 𝑚  

Pipes, (1967) 
𝑞 = 𝑉 𝑓 𝑘 (1 −

𝑘
𝑘𝑗

)
𝑛

 
𝑉𝑓 , 𝑘𝑗 , 𝑛 

May & 
Keller, 
(1967) 

𝑞 = 𝑉 𝑓 𝑘 (1 − (
𝑘
𝑘𝑗

)
𝑚

)
𝑛

 
𝑉𝑓 , 𝑘𝑗 , 𝑛, 𝑚  

Jayakrishnan 
et al., (1995) 𝑞 = 𝑘[(𝑉 𝑗 + (𝑉 𝑓 − 𝑉𝑗 )) (1 −

𝑘
𝑘𝑗

)
𝑚

] 
𝑉𝑓 ,𝑉𝑗 , 𝑘𝑗 , 𝑚  

Greenberg, 
(1959) 𝑞 = 𝑉 𝑚 𝑘𝑙𝑛

𝑘𝑗
𝑘  

𝑉𝑚 , 𝑘𝑗  

(Underwood, 
(1961) 𝑞 = 𝑉 𝑓 𝑘𝑒𝑥𝑝 − 𝑘

𝑘 𝑚  
𝑉𝑓 , 𝑘 𝑚  

Drake et al., 
(1967)  𝑞 = 𝑉 𝑓 𝑘𝑒𝑥𝑝 [− 1

2( 𝑘
𝑘 𝑚

)
2

] 
𝑉𝑓 , 𝑘 𝑚  

Papageorgiou 
et al., (1989) 𝑞 = 𝑉 𝑓 𝑘𝑒𝑥𝑝 [− 1

𝑎 ( 𝑘
𝑘 𝑚

)
𝑎

] 
𝑉𝑓 , 𝑘𝑚 , 𝑎 

Franklin, 
(1961) and  
Newell, 
(1961) 

𝑞 = 𝑉 𝑓 𝑘 {1 − 𝑒𝑥𝑝 [− 𝜆
𝑉𝑓

( 1
𝑘 − 𝑘

𝑘 𝑗
) ]} 

𝑉𝑓 , 𝑘𝑗 , 𝜆 

Del Castillo 
& Benítez, 
(1995) 

Exponential curve 

𝑞 = 𝑉 𝑓 𝑘 {1 − 𝑒𝑥𝑝
[
|𝐶 𝑗 |
𝑉 𝑓

( 1−
𝑘 𝑗
𝑘 ) ]

}  maximum sensitivity 

curve 

𝑞 = 𝑉 𝑓 𝑘

{
  
 

  
 

1 − 𝑒𝑥𝑝 (

 
 

1−𝑒𝑥𝑝
[
|𝐶 𝑗 |
𝑉 𝑓

(
𝑘 𝑗
𝑘 −1)]

)

 
 

}
  
 

  
 

 

 
𝑉𝑓 , 𝑘𝑗 , 𝐶𝑗  
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(Kerner, & 
Konhauser, 
(1994) 

𝑞 = 𝑉 𝑓 [
1

1 + 𝑒𝑥𝑝
(( 𝑘

𝑘 𝑐
−𝑐 1 )/𝑐 2 )

− 𝑐 3]  

𝑉𝑓 ,𝑘 𝑐 , 𝑐1 , 𝑐2 , 
, 𝑐3  
Fixed 
parameters in 
the their 
work were 
𝑐1 , 𝑐2  𝑎𝑛𝑑  𝑐 3   

Lee et al., 
(1998) 𝑞 =

𝑉𝑓 𝑘 ( 1 − 𝑘
𝑘𝑗

)

1 + 𝐸 ( 𝑘
𝑘𝑗

)
𝜃  

𝑉𝑓 , 𝑘𝑗 , 𝐸, 𝜃 

Boardman & 
Lave, (1977) 
van Aerde,  
(1995) 

𝑞 = 𝑉 𝑓 𝑘𝑒𝑥𝑝(−𝑐 1𝑘)𝑒𝑥𝑝(−𝑐 2𝑘 2 )  

𝑞 =
𝑣

𝑐1 + 𝑐2
𝑉𝑓 − 𝑣 + 𝑐 3𝑣

     𝑜𝑟 

 𝑞
= 𝛼 (1 − 𝛽𝑘
− (( 𝛾𝑘 − 1 )2 + 𝛿𝑘 2)1 2⁄ )   𝐵𝑟𝑎ℎ𝑚𝑖𝑐 𝑒𝑡 𝑎𝑙, (2022)  

𝑉𝑓 , 𝑐1 , 𝑐2  
𝑉𝑓 , 𝑐1 , 𝑐2 , , 𝑐3  
 
 
 

𝛼, 𝛽, 𝛾, 𝛿 

Bando et al., 
(1995) 𝑞 = 𝑉 𝑓 𝑘 (

tanh (𝑐1𝑘 −1 − 𝑐 2) + tanh 𝑐 2
1 + tanh 𝑐 2

)  
𝑉𝑓 , 𝑐1 , 𝑐2  

Ghandehari, & 
Ardekani,  (2008) 𝑞 = 𝑐 1𝑘𝑙𝑛 (

𝑘𝑗 + 𝑐 2
𝑘 + 𝑐 2

)  
𝑘𝑗 , 𝑐1 , 𝑐2  

MacNicholas, 
(2008)  

𝑞 = 𝑉 𝑓 𝑘
1 − ( 𝑘

𝑘𝑗
)

𝑛

1 + 𝑐 ( 𝑘
𝑘𝑗

)
𝑛 , 𝑛 ≥ 1, 𝑐 ≥ 0  

𝑉𝑓 , 𝑘𝑗 , 𝑐, 𝑛 

Wang et al., (2011) 

𝑞 = 𝑘

(

 𝑉𝑏 +
𝑉𝑓 − 𝑉𝑏

[1 + 𝑒𝑥𝑝 ( 𝑘 − 𝑘 𝑡
𝜃1

)]
𝜃2

)

  

𝑉𝑓 , 𝑉𝑏 , 𝑘𝑡 , 𝜃1 , 𝜃2  

Modified Lee [4] 

𝑞 = 𝑉 𝑓 𝑘
( 1 − ( 𝑘

𝑘𝑗
)

𝑎
)

𝑏

1 + 𝐸 ( 𝑘
𝑘𝑗

)
𝜃  

𝑉𝑓 , 𝐸, 𝑘𝑗 , 𝜃, 𝑎, 𝑏 
Parameter 𝑏 was 
fixed at 1 

Gaddam & Rao, 
(2019) 
 
 
 
Ni et al., (2016) 

𝑞 = 𝑉 𝑓 𝑘

[
 
 
 
 
 ( 𝑒−( 𝑘

𝑘 𝑐
)

(1+𝑎 )

− 𝑒 − (
𝑘 𝑗
𝑘 𝑐

)
(1+𝑎 )

)

1 − 𝑒 − (
𝑘 𝑗
𝑘 𝑐

)
(1+𝑎 )

]
 
 
 
 
 
𝑏

 

𝑞 =
𝑣

(𝛾𝑣 2 + 𝜏𝑣 + 𝑙 ) [1 − ln ( 1 − 𝑣
𝑉𝑓

) ]
 

𝑉𝑓 , 𝑘𝑐 , 𝑘𝑗 , 𝑎, 𝑏 
Parameter 𝑏 was 
fixed at 1. 

𝑉𝑓 , 𝛾, 𝜏, 𝑙 
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Kucharski & 
Drabicki, (2017) 𝑞 =

𝑉𝑓 𝑘

1 + 𝑎 ( 𝑘
𝑘 𝑐

)
𝑏  

𝑉𝑓 , 𝑘𝑐 , 𝑎, 𝑏 
 

Cheng et al., 
(2021) 𝑞 =

𝑉𝑓 𝑘

[1 + ( 𝑘
𝑘 𝑐

)
𝑚

]
2 𝑚⁄  

𝑉𝑓 , 𝑘𝑐 , 𝑚 

Gazis et al., (1959) 𝑓𝑚 (
𝑞
𝑘 ) = 𝑐 1 𝑓 𝑙 (

1
𝑘 ) + 𝑐 2   

𝑓𝑝 (𝑥 ) = {𝑥 1−𝑝           𝑓𝑜𝑟 𝑝 ≠ 1
ln 𝑥       𝑓𝑜𝑟 𝑝 = 1  

𝑐1 , 𝑐2 , 𝑚, 𝑙 
𝑚, 𝑎𝑛𝑑 𝑙  are 
constants that define 
the form of 
sensitivity term 

 
2.2 Multi-Regime Fundamental Diagram 
Two  considerations  gave  rise  to  multi-regime  models:  1)  the  inability  of  the  single  regime  models  to 
accurately describe the fundamental diagram at all density ranges [35] and 2) the perceive discontinuity in 
the empirical fundamental diagram and the breakdown phenomenon experience in real situations [10]. Edie 
[9] was the first to propose a multi-regime fundamental diagram. Two mathematic functions were used in 
his  work  –  Greenberg  logarithmic  function  [22],  used  to  describe  congested  regime  and  Underwood 
exponential function [23] used to describe free-flow regime. Since the work of Edie [9], many more multi-
regimes have been proposed for various purposes. Some of these models are presented in Table 3. Apart 
from the fact that the multi-regime models do not always show superiority in fit accuracy statistically [36], 
their major drawback is lack of scientific means for selecting the regime boundaries  [9], [37]. Another 
problem  of  multi-regime  models  is  increased  model  complexity  which  might  negatively  affect  its 
parsimony. 

 

Table 2 
 Some multi-regime models available in the literature 
Author(s) Functional Form Parameters 
   
Edie, 
1961[9]  𝑞 = {

𝑉𝑓 𝑘𝑒𝑥𝑝 − 𝑘
𝑘 𝑚          𝑘 < 𝑘 𝑏

𝑉𝑚 𝑘𝑙𝑛
𝑘𝑗
𝑘                   𝑘 ≥ 𝑘𝑏

 

𝑉𝑓 , 𝑘 𝑚 , 𝑉𝑚 , 
 𝑘𝑗 ,  𝑘 𝑏  

Drake et 
al., 1967[8] 𝑞 = {

𝑉𝑓 𝑘 − 𝑐𝑘 2                         𝑘 ≤ 𝑘𝑏

𝑣𝑏𝑤 𝑘 − (
𝑣𝑏𝑤
𝑘𝑗

) 𝑘 2                   𝑘 > 𝑘𝑏
 

𝑉𝑓 , 𝑐, 𝑣𝑏𝑤 , 
 𝑘𝑗 ,  𝑘 𝑏  

Dick, 
1966[38] 𝑞 = {

𝑣𝑏𝑤 𝑘(ln 𝑘 𝑗 − ln 𝑘 𝑏 )         𝑘 ≤ 𝑘 𝑏
 𝑣𝑏𝑤 𝑘(ln 𝑘 𝑗 − ln 𝑘)                  𝑘 > 𝑘 𝑏

 
𝑣𝑏𝑤 , 𝑘𝑗 ,  𝑘 𝑏  

Munjal et 
al., 
1971[39] 

𝑞 = {
𝑉𝑓 𝑘                                                𝑘 ≤ 𝑘𝑚

 𝑣𝑏𝑤 (𝑘 𝑚 − 𝑘 ) + 𝑉𝑓 𝑘 𝑚                   𝑘 > 𝑘𝑚
 

𝑉𝑓 , 𝑣𝑏𝑤 , 
𝑘 𝑚    

Smulder, 
1989[40] 
 
 

𝑞 =

{
 
 
 
 𝑉𝑓 𝑘 − 𝛼𝑘 2          𝑘 ≤ 𝑘 1

(
𝑉𝑓 𝑘 − 𝛼𝑘𝑘 𝑚

1
𝑘 𝑚

− 1
𝑘𝑗

) (
1
𝑘 −

1
𝑘𝑗

)                   𝑘 > 𝑘1
 

𝑉𝑓 , 𝑘 𝑚 , 𝛼, 
 𝑘𝑗 ,  𝑘1  
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May, 
1990[41] 𝑞 = { 𝛼𝑘 − 𝛽𝑘 2          𝑘 ≤ 𝑘 𝑏

𝛾𝑘 − 𝛿𝑘 2                   𝑘 ≥ 𝑘𝑏
 

 𝛼, 𝛽, 𝛾, 
𝛿,  𝑘 𝑏  

May, 
1990[41] 𝑞 = {

𝛼𝑘         𝑘 ≤ 𝑘 𝑏

 𝑉𝑚 𝑘𝑙𝑛
𝑘𝑗
𝑘                  𝑘 ≥ 𝑘𝑏

 
𝛼, 𝑉𝑚 , 𝑘𝑗 ,  
𝑘 𝑏  

May, 
1990[41] 𝑞 = {

𝛼𝑘 − 𝛽𝑘 2                    𝑘 ≤ 𝑘𝑏1   
𝛾𝑘 − 𝛿𝑘 2            𝑘𝑏1 ≤ 𝑘 ≤ 𝑘 𝑏2

𝜀𝑘 − 𝜖𝑘 2                  𝑘 ≥ 𝑘𝑏2  
 

𝛼, 𝛽, 𝛾, 𝛿, 𝜀, 
𝜖, 𝑘 𝑏1 , 𝑘𝑏2  

Daganzo, 
1997[42] 

𝑞 =

{
  
  

𝑉𝑓 𝑘                   𝑘 < 𝑘1   
 𝑉𝑓 𝑘1           𝑘1 < 𝑘 < 𝑘 2

 𝑞𝑚 −
𝑘 − 𝑘 1
𝑘𝑗 − 𝑘 1

𝑞𝑚                 𝑘 ≥ 𝑘2  
 

𝑉𝑓 , 𝑞𝑚 , 𝑘𝑗 , 
 𝑘1 , 𝑘2  

Triangular; 
Romanows
ka & 
Jamroz, 
2021[13]  

𝑞 = {
𝑉𝑓 𝑘         𝑘 ≤ 𝑘 1

  𝑞𝑚 −
𝑘 − 𝑘 𝑚
𝑘𝑗 − 𝑘 𝑚

𝑞𝑚                 𝑘 ≥ 𝑘1
 

𝑉𝑓 , 𝑞𝑚 , 𝑘𝑗 , 
 𝑘1 , 𝑘𝑚  

Wu, 
2002[43] 

𝑞

=

{
 
 
 

 
 
 𝑘 (𝑣 0 − (𝑣0 − 𝑣 𝑘0 ) (

𝑘
𝑘 𝑘0

)
𝑁−1

)                    𝑘 ≤ 𝑘𝑘0   

 𝑃𝑢 𝑘 (𝑣 0 − (𝑣0 − 𝑣 𝑘0 ) (
𝑘

𝑘 𝑘0
)

𝑁−1
) +

𝑘
𝜏𝑔𝑜

(
1
𝑘 −

1
𝑘𝑗

) (1 −  𝑃𝑢 )  𝑘𝑔𝑜,𝑚𝑖𝑛 ≤ 𝑘 ≤ 𝑘 𝑘0

 
𝑘

𝜏𝑔𝑜
(

1
𝑘 −

1
𝑘𝑗

)                                                𝑘 ≥ 𝑘𝑔𝑜,𝑚𝑖𝑛  
  

 

𝑤ℎ𝑒𝑟𝑒 𝑃 𝑢 = 1 − (
𝑘 𝑘0 − 𝑘 𝑔𝑜,𝑚𝑖𝑛
𝑘 − 𝑘 𝑔𝑜,𝑚𝑖𝑛

)  

𝑘𝑔𝑜,𝑚𝑖𝑛 = [𝑣 𝑘0 (𝜏 𝑔𝑜 +
1

𝑘𝑗 𝑣𝑘0
)]

−1

 

𝑘 𝑘𝑜 = [𝑣 𝑘0 (𝜏 𝑘𝑜 +
1

𝑘𝑗 𝑣𝑘0
)]

−1

  

𝑣0 , 𝑣𝑘0 , 𝑘𝑘0  
𝑘𝑗 , 𝜏𝑔𝑜 , 𝜏𝑘𝑜  

 
3. Methodology 
3.1 Models selection 
The selected models include Edie multi-regime model, Drake’s two-regime model, Wang et al five-parameter 
logistic model, van Aerde model, Gaddam model, Modified Lee’s Model, Cheng et al model, and the newly 
proposed model [5]. The first four were considered because of their performance ranking according to the 
comprehensive comparative study by Bramich et al. [1], [12]while the last four are considered because they 
are relatively new and were not covered in the comparative study by Bramich et al. [1], [12]. 
 
3.2 Data preparation 
To investigate predictive performance of each model, cross validation was used. The data was divided into 
two sets in the ratio of 70% to 30%. The 70% set was used to calibrate (train) the models and the 30% set 
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was used to test the models’ predictions by calculating the root mean square error (RMSE) and plotting the 
scattered plot of the measured observation and the predicted together. To achieve a k-fold cross validation, 
four (k=4), different samples of 70% to 30% and 50% t0o 50% ratios were generated in the following manner: 
1. 70-30, this was realized by taking the first 70% of the GA400 data as calibration set and last 30% as 
test set. 
2. 30-70,  this  was  realized  by  taking  the  first  30%  of  the  GA400  data  as  test  set  and  last  70%  as 
calibration set 
3. 15-70-15, this was realized by taking the first 15% and last 15% of the GA400 data and add it up to 
get 30% set for testing and the middle 70% constituted the calibration set 
4. 50-50, this was realized by taking the first 50% of the GA400 data calibration set and last 50% as test 
set. 
The  RMSE  for  each  pair  was  determined  and  the  average  value  for  the  four  different  permutations  was 
calculated and tabulated. 
 
3.3 Models’ transferability 
To compare the transferability of the proposed model with some selected models by fitting the models to data 
from different roads. To achieve this objective, data from different region of the world were selected from 
Harvard Dataverse V1, available at https://dataverse.harvard.edu, Doi: 10.7910/DVN/FSGDGM provided by 
[44]. The following facilities were selected, Canada/Toronto/ N30431H2, France/Merseille/ 
00034PMA0001, Germany/Hamburg/ K1225D3_2, Switzerland/Luzern/ ig11FD107_D3, France/Bodeaux/ 
Z28CT7, and France/Bodeaux/ Z224CT13.  The models were fitted using Levenberg-Marquardt algorithm 
and the plots were generated using Matplotlib in python. The statistical metrics were determined using eqn. 
(1) and the error metrics were plotted for visualization. 

𝑅𝑜𝑜𝑡 𝑚𝑒𝑎𝑛 𝑠𝑞𝑎𝑢𝑟𝑒 𝑒𝑟𝑟𝑜𝑟 (𝑅𝑀𝑆𝐸 ) = √ 1
𝑁 ∑ (𝑦𝑒𝑖 (𝑘) − 𝑦 𝑚𝑖 (𝑘) )2

𝑁

𝑖=1
    (1)  

4. Results 

4.1 Predictive performance results 
The root-mean square  error (RMSE) of the testing set of  each of the four samples were determined and 
tabulated in Table 3. And the plots are presented in Figure 2a to c. 
 
Table 3  
Root mean square errors for cross validation using LM and GA400 data 

Train/Test Ratio Proposed Wang 5PL Cheng Gaddam Modified Lee van Aerde Edie Drake 
         
70-30 121.99 132.57 127.69 142.47 128.47 1531.68 146.93 159.75 

30-70 100.93 106.08 104.80 125.98 109.67 525.10 130.08 136.93 

25-50-25 127.38 148.24 139.39 159.88 141.89 1335.75 165.84 171.32 

50-50 125.28 137.16 131.94 148.11 133.53 1347.21 214.14 305.82 

Average RMSE 118.90 131.01 125.90 144.11 128.39 1184.93 164.2 193.46 
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(a) Flow-density curves with 70% training data set    (b) Flow-density curves 

showing prediction of the 30% test data set 
 

 
  (c) The actual performances of the models on the 30% test data set  

Fig. 2. Comparison of the predictive performance on test data 
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4.2 Results of Models’ Transferability 
The fitness accuracies are presented in Figure 3 while the graphs are presented in Figure 4a to g. 

 
Note: 1=Canada/Toronto/N30431H2, 2=France/Merseille/00034PMA0001, 3=Germany/Hamburg/K1225D3_2, 
4=Switzerland/Luzern/ ig11FD107_D3,  5=France/Bodeaux/ Z28CT7, 6=France/Bodeaux/ Z224CT13 

 

Fig. 3. Graph of root mean square error of the models against roads from different cities

(a) Flow density curves for 
Canada/Toronto/N30431H2 

(b) Flow-density curves for 
France/Merseille/00034PMA0001 
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(c) Flow-density curves for 
Germany/Hamburg/K1225D3_2  

 

(d) Flow-density curves for 
Switzerland/Luzern/ ig11FD107_D3  

 

(e) Flow-density curves for France/Bodeaux/ Z28CT7  
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(f) Flow-density curves for France/Bodeaux/ Z224CT13 
Fig. 4. Curve fits of the proposed models and some selected models on the data from different 
roads using Levenberg-Marquardt (LM) 
 

Discussions  
The average RMSE in Table 3 shows that the proposed model has better predictive power as it has 
the lowest value followed by Cheng’s model. This means that the model can generalize easily. From 
the plots, Fig. 2a and b, the performance of the proposed model compares well on both the training 
and test data. The two graphs are undistinguishable unlike, for example, van Aerde model which has 
the highest average RMSE showing striking difference in both the training and test data as seen in 
Fig. 2. The graph on the test data shows the van Aerde’s model overestimates the flow significantly. 
This result proves that the excellent performance of the proposed model is not attributed to over 
fitting  while  that  of  van  Aerde  model  is  due  to  over  fitting.    Similarly,  a  closer  look  at  the 
performances of all the other models on the test data further reveals their poor performance at mid 
and high densities. This indicates that most of the models cannot be used to predict flows at mid and 
high  densities  with  good  accuracy.  Interestingly,  this  range  of  density  is  mostly  lacking  and/or 
scarce/sparsely available in most traffic data. The proposed model may, therefore, be a handy tool in 
this regard, i.e. it will useful for extrapolation of traffic states at mid and high densities. 
Fig. 3 shows that all the model perform relatively well in all the six roads examined except Cheng’s 
model,  which  did  poorly  on  road  3  and  this  is  also  clearly  seen  in  Fig.  4c.  The  reason  for  this 
performance by all the models may not be unconnected with the fact that the data in most of the roads 
barely cover the free-flow regime only. This is not surprising because most models’ performance at 
low  densities  is  good  and  similar  and  only  begins  to  show  variation  at  mid  and  high  densities. 
Therefore, to properly assess the transferability of these models, roads with full range of data i.e. 
from light traffic to congested traffic are required. A careful examination of Fig. 4a to f reveals the 
consistency of the proposed model in mimicking the empirical fundamental diagrams despite the 
variation in data distribution. This proves that the proposed model has high flexibility that enables it 
to adapt to most trends of traffic data despite its few parameters. 
 
Conclusion 
K-fold  cross-validation  was  used  to  assess  and  compare  the  predictive  performance  of  some 
macroscopic equilibrium fundamental diagram with a newly proposed model. The results reveal that 
the  newly  proposed  model  perform  better  than  the  other  models  in  predicting  traffic  states, 
particularly,  in  mid  and  high  densities.  This  shows  that  the  proposed  model  could  be  useful  for 
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extrapolation  of  traffic  states  at  mid  and  high  densities.  Furthermore,  the  proposed  model  shows 
consistently good performance across various roads despite its few parameters. This proves that the 
proposed model has high flexibility that enables it to adapt to most trends of traffic data. 
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