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ABSTRACT 

 

We present the uncertainty and sensitivity analysis of the effective 

reproduction number for the deterministic mathematical model for 

tuberculosis-schistosomiasis co-infection dynamics as presented by Ako and 

Olowu [1]. The results from these contour plots suggest that the effect of the 

cercarial production, cercarial penetration, the number of schistosome eggs 

secreted and the successful conversion of the eggs to miracidia, on the 

hardship of tuberculosis in a populace, is predominantly determined by the 

medical care levels for individuals with active schistosomiasis. Hence, 

public health policy should take into account the level of medical care 

facilities available. With increasing (and sustained) treatment rates for 

schistosomiasis infections, having a large proportion of active 

schistosomiasis patients expeditiously receiving medical care will result in 

a reduction in the disease hardship in the populace. 

 

1. Introduction  

Tuberculosis, also known as known as TB, generated by the pathogen Mycobacterium 

tuberculosis, is a contagious malady whose propagation is airborne. TB was the leading contagious 

disease killer globally second only to COVID-19 in 2022 [43]. It ranked also as the number killer 

of people with HIV cum a major cause of mortality associated with antimicrobial resistance [43]. 

About 10.6 million persons took ill with the disease globally in 2022 where individuals living with 

HIV contributed 6.3% to the total number. TB was responsible for about 130 million deaths in 

2022 which was inclusive of 167,000 HIV-infected persons. Eight nations contributed to more 

than two-third of the worldwide total [43]. Schistosomiasis, both an acute cum parasitic infection 

generated by trematode worms of the genus Schistosoma [44]. 
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Human infection is possible via regular stay-at-home, agrarian, recreational and vocational 

activities which brings them in contact with water that is infested [44]. In 2021, 251.4 million 

persons were preventive medical intervention ([44]), of the which 75.3 million individuals 

reportedly received medical intervention with praziquantel, with 90% of them domiciled in Africa 

[44]. 78 nations of the world reported schistosomiasis infection transmission [44]. TB and 

schistosomiasis are co-endemic and co-infectious from global reports where the presence of 

schistosomiasis has the ability to regulate infection with TB (see [1] and the references therein). 

Several authors have rigorously investigated, through mathematical modelling, the disease 

dynamics of schistosomiasis and its co-infection with other diseases other than TB [3, 8, 10, 11, 

14, 13, 16, 17, 18, 20, 21, 22, 23, 24, 32, 33, 34, 36, 37, 45, 46, 47] while several treatises on the 

mathematical investigation for the infection dynamics of TB other diseases other than 

schistosomiasis [2, 7, 25, 26, 30, 27, 28, 31, 29, ?, 41]. Only Ako and Olowu [1] had developed a 

deterministic mathematical model to analyze the co-infection dynamics of TB and schistosomiasis 

[1]. 

The purpose of this current study is to mathematically and numerically carryout uncertainty and 

sensitivity analysis of the effective reproduction number for the mathematical model of Ako and 

Olowu [1] with respect to certain parameters of interest. 

The paper is organized as follows: Section 2 contains a review of the model formulation in [1]. 

The mathematical analysis of the effective reproduction number (both qualitative and quantitative) 

is done in Section 3. Section 4 contains the uncertainty and sensitivity analysis of certain key 

parameters to the effective reproduction number while Section 5 gives the conclusion. 

 

2 Model Formulation  

The TB-schistosomiasis co-infection transmission model under consideration was developed by 

[1] with all the assumptions, definitions and basic properties therein. 

The model demarcates the entire human populace at time t, represented by NH(t), into fourteen 

mutually exclusive classes of susceptible to infections (SH(t)), latent with TB but not infectious 

(EHT (t)), active TB (IHT (t)), exogenously re-infected with TB (IRT (t)), treated for TB (THT (t)), 

exposed to schistosomiasis (EHS(t)), infected with schistosomiasis (IHS(t)), treated for schistoso- 

miasis (THS(t)), exposed to TB, exposed to schistosomiasis (ETS(t)), with active TB, exposed to 

schistosomiasis (IST (t)), exogenously re-infected with TB, exposed to schistosomiasis (IRS1(t)), 

exposed to TB, with active schistosomiasis (EST (t)), exogenously re-infected with TB and active 

schistosomiasis (IRS2(t)), and with active TB, active schistosomiasis (ITS(t)). Where 

 

NH(t) = SH(t) + EHT (t) + IHT (t) + IRT (t) + THT (t) + EHS(t) 

+ IHS(t) + THS(t) + ETS(t) + IST (t) + IRS1(t) + EST (t) 

+ IRS2(t) + ITS(t).       (2.1) 

 

Incorporating the pathogen responsible for schistosomiasis into the co-infection dynamics, we 

assume that the miracidia and cercariae population at the different stages in the life-cycle of the 

Schistosoma spp are depicted by L(t) and J(t) compartments respectively. Next, we incorporate the 

intermediary hosts, freshwater snails, for the pathogen responsible for schistosomiasis in the model 

construction. We presume that the entire snail populace in the freshwater environment at time t, 

given by NS(t), is broken down into the jointly exclusive classes of susceptible snails (SS(t)) 

alongside snails penetrated with miracidia (IS(t)), where 

 

NS(t) = SS(t) + IS(t). (2.2) 
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The model’s associated parameters are tabulated in Table 1, while the values and ranges of the 

parameters used for numerical simulation on the model (2.3) are listed in Tables 3 and 4, 

respectively. 

 

1 1

1

1 3

1 2 2

  ,

(1 ) ( ) (1 )

          ( ) ,

 ( )

          ( ) ,

  = (1 ) (

H H T H J H H H

HT T H HT HS S ST T HT

J HT H HT

HT T H HT HS HT S TS J HT

T T H HT

RT T HT S RS J RT R

S S S S

E p S T T E E

E E

I p S T T E I I

I

I E I I

  

    

  

    

  

    

 =  − − −

 = − + + + − −

− − +

 = + + + + −

− + +

 − + − − +

1 1 1 1

1

1 2 2 3 2

) ,  

 ,

( )

          ( ) ,

 ( ) ,

 ,        

R H RT

HT T HT R RT T HT J HT H HT

HS J H HT HS T ST R RS T HS

H HS

HS HS T RS T TS T HS S S H HS

HS S HS T HS J HS H HS

I

T I I T T T

E S T T I I E

E

I E I I I I

T I T T T

 

    

     

 

       

   

+

 = + − − −

 = + + + + −

− +

 = + + − − + +

 = − − −

1 2 2 2

1 2 1 1

1 2 3 1

                                                            (2.3)

 (1 ) (1 ) ( ) ,

   = ( ) ,

  = (1 ) (

TS T HS J HT T TS H TS

ST T HS J HT J RT TS T T H ST

RS T TS R

E m E E E E

I m E I I E I

I E

       

         

   

 = − + − − − + +

 + + + − + + +

 − − + + 1 1

2 2 3 1 3 1

2 3 3 1 2 2 2 2 2

2 3 3 3 2 3

) ,

 (1 ) (1 ) ( ) ,

  = (1 ) ( ) ,

   = ( ) ,

    = (

R H RS

ST T TS TS T ST T S H ST

RS T ST RS T S R S H RS

TS T TS ST ST T S T S H TS

e HS ST

I

E f E E E E

I E I I

I f E E I I

L N I E

  

         

         

          



+

 = − + − − − + + +

 − + − + + + +

 + + − + + + +

 + + 2 ) ,

  ,

  ,

   .

RS TS L

S S L S S S

S L S S S

S J

I I L

S S S

I S I

J I J



 

 

 

+ −

 =  − −

 = −

 = −

 

 

Table 1: Description of parameters of model (2.3) [1] 

 

Parameter Description 

ΛH Human recruitment rate 

µH Natural death rate of humans 

βT Tuberculosis transmission rate 

ξ Reduced rate of re-infection with TB after recovery from a previous infection 

f , m, p Fraction of fast progressors to TB 

π1, π2, π3 Exogenous re-infection rates 

κ1, κ2, κ3 Endogenous reactivation rates 

ζT , ζT1, ζT2, ζT3, ζR, ζR1 Treatment rates for TB 

δT , δR TB-induced human death rates 

ψ Reduced rate of infection with schistosomiasis after recovery from a previous infection 

α1 Rate of progression from latently to actively infected with schistosomiasis 

α2 Rate of progression from exposed to both TB/schistosomiasis to exposed 

to TB/active schistosomiasis 

α3 Rate of progression from exogenously re-infected with TB/exposed to 
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schistosomiasis to exogenously re-infected with TB/active schistosomiasis 

ζS, ζS1, ζS2, ζS3 Treatment rates for schistosomiasis 

δS Schistosomiasis-induced human death rate 

σ Rate of progression from active TB/exposed to 

schistosomiasis to active TB/active 

schistosomiasis 

χ1, χ2 Adjustment parameters for increased TB mortality due to co-infection 

η1, η2 Adjustment parameters which account for the increased susceptibility to TB of 

humans with latent and active schistosomiasis 

ΘRT Adjustment parameters which account for the decreased probability of 

transmission of TB by humans exogenously re-infected with TB 

ΘRS1, ΘRS2 Adjustment parameters which account for the increased probability of 

transmission of TB by humans exogenously re-infected with TB, and exposed 

to/active schistosomiasis, respectively 

Π1, Π2 Adjustment parameters which account for the increased probability of 

infectiousness of humans with active TB and latent/active schistosomiasis 

respectively 

τ1, τ2 Adjustment parameters for increased TB mortality as a result of exogenous re-

infection due to co-infection 

v1, v2, v3 Adjustment parameters which account for schistosomiasis-induced deaths 

ΛS Recruitment rate for snail population 

µS Snail mortality rate 

ε Limitation of the growth velocity 

L0 Saturation constant for the miracidia 

βL Miracidial infection rate 

Ne Number of eggs secreted by humans 

γ Rate at which eggs successfully become miracidia 

µL Miracidial death rate 

  Cercarial production rate 

J0 Saturation constant for the cercariae 

βJ Cercarial infection rate 

µJ Cercarial death rate 

 
where the force of infection associated with TB, schistosomiasis (following penetration by cercariae) 

and snail penetration by miracidia respectively is given below: 
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3 Analysis of the Effective Reproduction, TS , obtained in [1] 

The model system (2.3) in [1] possesses a DFE represented by 
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where the associated effective reproduction number of the model (2.3), RTS, obtained via 

the next-generation operator method [40], is given by 

max{ , }TS HT HS =                                                    (3.1) 

where 
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3.1 Analysis of TS  

Evaluation of the threshold quantity, TS , analogous to some key parameters (ζT , ζS, Ne, γ,  , J0 

and L0) is investigated by considering the partial derivatives of TS  corresponding to these 

parameters. We proceed to plot the contour plots of employing (3.1) using the parameter values in 

Tables 2 and 3. 

3.1.1 Analysis of HT  

Calculating the partial derivatives of HT  relative to one of the parameters under scrutiny (ζT ) 

exposes the consequence of this parameter on TB regulation in the populace. This implies that 

  0
( )

HT HT

T T T H   

 
= − 

 + +
                       

(3.2) 

Apparently, it ensues from (3.2) that the partial derivative is negative, unconditionally. Thus, 

adequate medical care rate of TB at the phase of infection will exert a positive influence in decreasing 

the load of TB among the populace, regardless of the rates of the additional parameters in the 

expression on the right flank of (3.2). 

We further investigate the sensitivity analysis of HT  to treatment. Thus, we consider the limiting 

value of HT  as this extremely large value is assigned to this particular parameter under 

investigation. If we consider the limiting value of HT  as ζT → ∞, we obtain  

lim
𝜁𝑇 →∞

𝑅𝐻𝑇 = 0  (3.3) 

The limiting value in (3.3) demonstrates the impact of a tuberculosis regulation policy or 

programme which concentrates on adequate and prompt treatment of humans with infectious TB 

among the populace provided that policy leads to a significant decline in the corresponding effective 

reproduction number, HT  , to a value below one. From the analysis of RHT as seen in (3.2) and 

(3.3), respectively, we obtain the following result: 

Lemma 3.1. Effective treatment rate (ζT ) for the infectious phase of infection will have a positive 

impact in decreasing the tuberculosis load among the populace, regardless of the rates of the 

additional parameters in the effective reproduction number. 

Further analysis of the threshold quantity, HT , is carried out by investigating its sensitivity to 

certain key parameters, namely: the treatment rate (ζT ), the transmission rate (βT ), endogenous 

reactivation rate (κ1) as well as the fraction or proportion of fast progressors to TB (p). Hence, we 

examine the contour plots (Figures 1 - 2) of HT  as functions of ζT , βT , κ1 and p. The values of 

the parameters used for generating the contour plots are obtained from Tables 3 and 4. 
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The plot in Figure 1 indicates that effective treatment of about 80% of infectiously-infected 

humans (with a medical care rate of ζT = 0.75 and a disease transmission rate βT = 1.2) is needed in 

order to annihilate tuberculosis from the populace. Any regulatory policy dependent on the measures 

presented in Figure 1 will compel HT  to acquire a value below unity. 

Figure 2 implies that effective treatment of about 77% of actively-infected individuals via 

endogenous reactivation (with a treatment rate of ζT = 0.75, endogenous reactivation rate of 

κ1 = 0.05 and a disease transmission rate βT = 1.2) is needed to annihilate tuberculosis from the 

populace. Any regulatory policy dependent on the measures presented in Figure 2 will compel HT  

to acquire a value below one. 

The results from these contour plots suggest that the effect of the proportion of active TB 

infections and the fraction of infectious tuberculosis cases via endogenous reactivation, on the weight 

of tuberculosis in a populace, is predominantly determined by the medical care levels for humans 

with tuberculosis. Hence, public health policy should take into cognizance the level of medical 

care facilities for the management of infectious TB cases in the populace. With increasing (and 

sustained) medical care rates for TB infections, having a large proportion of infectious tuberculosis 

patients expeditiously receiving medical care will result in a decline in the disease hardship in the 

populace. 
 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1: Contour plot consisting of RHT dependent on ζT and βT 
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Figure 2: Contour plot consisting of RHT dependent on ζT and κ 

3.1.2 Analysis of HS
 

Calculating the partial derivatives of HS
 relative to the parameters under scrutiny (ζS, 

Ne, γ,  , J0 and L0) further exposes the influence of these parameters on schistosomiasis 

control in the community. This gives 
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Apparently, it ensues from (3.4) that the partial derivative is negative, unconditionally. Thus, 

effective medical care rate of schistosomiasis at the phase of infection will exert a positive impact in 

decreasing the weight of schistosomiasis in the populace, regardless of the rates of the additional 

parameters in the expression on the right flank of (3.4). 
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However, we observe, from (3.5), that the number of schistosome eggs secreted by infectious 

human sub-population will exert a negative influence in decreasing the weight of schistosomiasis in 

the populace, regardless of the rates of the additional parameters in the expression on the right flank 

of (3.5). 
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We also observe, from (3.6), that the rate at which schistososome eggs (secreted by infectious 

human sub-population) successfully become miracidia will exert a negative influence in 

decreasing the weight of schistosomiasis in the community, regardless of the rates of the additional 

parameters in the expression on the right flank of (3.6). 
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We further observe, from (3.7), that the cercarial production rate (by the infectious snail sub- 

population) will exert a negative influence in decreasing the weight of schistosomiasis in the 

populace, regardless of the rates of the additional parameters in the expression on the right flank 

of (3.7). 
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We also observe, from (3.8), that the saturation constant for the cercariae will exert a positive 

influence in decreasing the weight of schistosomiasis in the populace, regardless of the rates of 

the additional parameters in the expression on the right flank of (3.8). 
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We also observe, from (3.9), that the saturation constant for the miracidia will will exert a positive 

influence in decreasing the weight of schistosomiasis in the populace, regardless of the rates of 

the additional parameters in the expression on the right flank of (3.9). Further analysis of 
2

HS
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yields 

lim
𝜻𝑺→−
𝑵𝒆→𝟎 
𝜸→𝟎

𝑅𝐻𝑆 = 0   (3.10) 

The limit in (3.10) demonstrates the impact of a schistosomiasis control programme 

that concen- trates on prompt and effective treatment of individuals with active 

schistosomiasis, reduction of the number of schistosome eggs secreted by infectious 

humans and reduction of the rate at which eggs secreted by infectious humans 

successfully become miracidia. 

lim
𝜻𝑺→−
𝑱𝟎→∞ 
𝑳𝟎→−

𝑅𝐻𝑆 = 0  (3.11) 

The limit in (3.11) demonstrates the impact of a schistosomiasis control programme that con- 

centrates on prompt and effective treatment of individuals with active schistosomiasis and the 

elimination of both cercariae and miracidia from the aquatic reservoir that hosts them in the environ- 

ment. 

From the analysis of HS  as seen in (3.4) - (3.9) and (3.10) - (3.11), respectively, we obtain the 

following result: 

Lemma 3.2. The effective treatment rate (ζS) for the infectious stage of infection of the human 

sub-population, reduction of both the number of schistosome eggs secreted and the rate at which the 

secreted eggs successfully become miracidia and the elimination of both cercariae and miracidia 

from the aquatic reservoir that hosts them in the environment will exert a positive influence in 

decreasing the schistosomiasis weight in a populace, regardless of the rates of additional parameters 

in the effective reproduction number. 

Further analysis of the threshold quantity, HS , is carried out by investigating its sensitivity to  

certain key parameters, namely: the schistosomiasis treatment rate (ζS), the cercarial penetration  

rate (βJ), the number schistosome eggs secreted (Ne), the rate at which the eggs become miracidia  

(γ) as well as the cercarial production rate ( ). Hence, we examine the contour plots (Figures 3 - 6) 

 of HS  as functions of ζS, βJ, Ne, γ and  . The values of the parameters used for generating  
the contour plots are obtained from Tables 3 and 4. 

Figure 3 suggests that a low rate of cercarial penetration (  = 28%) and an average rate at which the 

schistosome eggs become miracidia (γ = 50%) (in the presence of treatment, with   = 500 and γ = 

0.8468) is needed to annihilate schistosomiasis among the populace. Any regulatory policy 

dependent on the measures presented in Figure 3 will compel HS  < 1 .  

 

Figure 3: Contour plot consisting of HS  dependent on φ and γ, when φ = 500 and γ = 0.8468 
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Figure 4 shows that an average level of the number of schistosome eggs secreted by humans 

(Ne = 40%) coupled with an average cercarial production rate (  = 40%), in the presence of 

treatment (with Ne = 300 and   = 500), is required to annihilate schistosomiasis from the 

populace. Any regulatory policy dependent on the measures presented in Figure 4 will compel 

HS  < 1. 

Figure 5 suggests that a moderate treatment level of humans with active schistosomiasis 

(ζS = 60%) coupled with a low schistosomiasis transmission rate (βJ = 1.70) is needed to annihilate 

schistosomiasis from the populace. Any regulatory policy dependent on the measures presented 

in Figure 5 will compel HS  < 1. 

Figure 6 suggests that a high treatment level (ζS = 60% − 80%) of actively-infected schistosomiasis cases 

and a low level of cercarial production rate (  = 19% − 22%) are needed to annihilate schistosomiasis from 

the populace. Any regulatory policy dependent on the measures presented in Figure 6 will compel HS  < 

1. 
 

 
 
 
 
 
 
 
 
 
 

Figure 4: Contour plot consisting of HS  dependent on Ne and   

 

Figure 5: Contour plot of HS  dependent on βJ and ζS 
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Figure 6: Contour plot of HS ,   and ζS 

4 Uncertainty and Sensitivity Analysis 

The model system (2.3) has 57 parameters, and it is expected that uncertainties will occur in 

estimating parameter rates employed to simulate the model system. To evaluate the extent of these 

uncertainties and to pin-point those parameters that exert the strongest influence on the population 

dynamics of tuberculosis-schistosomiasis co-infection, we make use of a technique called local 

sensitivity analysis [19]. Sensitivity analysis decides the influence of model parameters on model 

conclusions [6, 19]. Local sensitivity investigation demonstrates the impact of a particular parameter 

while every other parameter is fixed [19]. To achieve this, we compute the sensitivity index, which 

comprises a partial derivative of the output variable (or function) with respect to the input parameters 

[6, 9, 19]. Taking the effective reproduction number, TS  as the output function and the input 

parameter to be zi, the sensitivity index can be calculated as ∂ TS /∂zi [19]. The normalized 

sensitivity index QziRTS, of RTS,, corresponding to parameter zi at a fixed rate, z0 [6,9,19] is 

Ω𝑧𝑖
𝑅𝑇𝑆 =

𝜕𝑅𝑇𝑆

𝜕𝑧𝑖
×

𝑧𝑖

𝑅𝑇𝑆  
       𝑧𝑖 = 𝑧0  (4.1) 

Using the parameter values in Tables 2 and 3, we proceed to compute the sensitivity indices 

employing (4.1). We observe that there are twenty-two (22) parameters in the effective reproduction 

number, max{ , }TS HT HS =   , of the TB-schistosomiasis co-infection system (2.3). We shall 

investigate the sensitivity of these 22 parameters to HT  and HS , respectively. 

Table 2: Parameter values (and ranges) of the model (2.3) [1] 

Parameters Values Sample ranges References 
µH 0.02041 year−1 [0.0143, 0.03] [38] 

ΛH 3 868 900 year−1 [3,000,000, 4,000,000] [12] 

βT Variable year−1 [0, 2] [42] 

ξ 0.075 year−1 [0, 1] [15] 

p 0.1 year−1 [0, 1] Assumed 

f 0.1 year−1 [0, 0.005] [35] 

m 0.1 year−1 [0, 3] [35] 

π1 0.4 year−1 [0, 1] [15] 

π2 0.45 year−1 [0, 1] [15] 

π3 0.5 year−1 [0, 1] [15] 

k1 0.005 year−1 [0.005, 0.05] [5] 

k2 0.005 year−1 [0.005, 0.05] [5] 

k3 0.005 year−1 [0.005, 0.05] [5] 

ζT 0.75 year−1 [0.5, 1] [27] 

ζT 1 0.75 year−1 [0.5, 1] [27] 
ζT 2 0.75 year−1 [0.5, 1] [27] 
ζT 3 0.75 year−1 [0.5, 1] [27] 

ζR 0.75 year−1 [0.5, 1] [27] 

ζR1 0.75 year−1 [0.5, 1] [27] 

ζS 0.23 year−1 [0.23, 0.49] [18] 
ζS1 0.23 year−1 [0.23, 0.49] [18] 
ζS2 0.23 year−1 [0.23, 0.49] [18] 

ζS3 0.23 year−1 [0.23, 0.49] [18] 
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When we consider HT  as our output function in (4.1), the two parameters with the highest 

sensitivity indices were: the rate of TB transmission (βT ) and the rate of TB treatment (ζT ) (see 

Table 4 for details). When we consider HS  as our output function in (4.1), the thirteen parameters 

with the highest sensitivity indices were: the snail mortality rate (µS), the rate of cercarial infection 

(βJ), the miracidial infection rate (βL), the human recruitment rate (ΛH), the snail recruitment rate 

(ΛS), the number of eggs secreted by humans with active schistosomiasis (Ne), the rate at which 

secreted eggs successfully become miracidia (γ), the rate of cercarial production ( ), the saturation 

constant for cercariae (J0), the saturation constant for the miracidia (L0), the natural death rate 

of humans (µH), the cercarial death rate (µJ), and the miracidial death rate (µL) (see Table 5 for 

details). 

Table 3: Parameter values (and ranges) of the model system (2.3) [1] (cont’d) 

Parameters Values Sample ranges References 

δT 0.1 year−1 [0, 0.5] [4] 

δR 0.1 year−1 [0, 0.5] [4] 

δS 1.4 year−1 [0.365, 2.19] [23] 

α1 6.5 year−1 [0, 10] [23] 

α2 6.5 year−1 [0, 10] [23] 

α3 6.5 year−1 [0, 10] [23] 

ψ 0.85 year−1 [0.05, 0.85] Assumed 

σ 0.5 year−1 [0, 1] Assumed 

χ1 0.65 year−1 [0, 1] Assumed 

χ2 0.85 year−1 [0, 1] Assumed 

η1 2.0 year−1 [0, 3] Assumed 

η2 4.0 year−1 [0, 5] Assumed 

ΘRT 0.5 year−1 [0, 1] Assumed 

ΘRS1 1.5 year−1 [0, 3] Assumed 

ΘRS2 1.5 year−1 [0, 3] Assumed 

Π1 1.8 year−1 [0, 3] Assumed 

Π2 2.0 year−1 [0, 3] Assumed 

v1 0.001 year−1 [0, 1] Assumed 

v2 0.002 year−1 [0, 1] Assumed 

v3 0.003 year−1 [0, 1] Assumed 

µS 0.5 year−1 [0, 1] [18] 

ΛS 73,000 year−1 [73,000, 109,500] [10] 

ε 182.5 year−1 [0, 182.5] [10] 

βL 1.475 year−1 [0, 2] Assumed 

L0 108 year−1 [9×107, 1×108] [10] 

Ne 300 year−1 [0, 800] [10] 

γ 0.8468 year−1 [0, 1] [10] 

µL 328.5 year−1 [100, 400] [10] 

βJ 4.19 year−1 [0, 5] Assumed 

J0 9×107 year−1 [8×107, 9×107] [10] 

µJ 3.0 year−1 [0, 3] [10] 

τ1 0.1 year−1 [0, 1] Assumed 

τ2 0.2 year−1 [0, 1] Assumed 
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  500 year−1 [0, 1,000] [10] 

Table 4: Sensitivity indices for the parameters of the model (2.3) using the effective reproductive number ( HT  ) 

as response function. 

  Parameters HT  
 

βT +1.0000 

κ1 +0.2507 

p +0.0392 

µH –0.2741 

ζT –0.8617 

δT –0.1149 

Figure 7: Local sensitivity analysis of HT  

Table 5: Sensitivity indices for the parameters of the model (2.3) using the effective reproductive number (RHS) as 

response function. 

Parameters 
HS  Parameters 

HS  

α1 +0.0016 J0 –0.5000 

βJ +0.5000 L0 –0.5000 

βL +0.5000 µH –0.5000 

ΛH +0.5000 µJ –0.5000 

ΛS +0.5000 µL –0.5000 

Ne +0.5000 µS –1.0000 

γ +0.5000 ζS –0.0697 

  +0.5000 δS –0.4241 

 
 

Figure 8: Local sensitivity analysis of HS  
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Conclusion 

The analyses of the threshold quantity, TS , was carried out by investigating the sensitivity of its 

components, HT  and HS , respectively to certain key parameters, namely: the treatment rate (ζT), the 

transmission rate (βT ), endogenous reactivation rate (κ1) as well as the fraction or proportion of fast 

progressors to TB (p) for the TB component, and the schistosomiasis treatment rate (ζS), the cercarial 

penetration rate (βJ), the number schistosome eggs secreted (Ne), the rate at which the eggs become miracidia 

(γ) as well as the cercarial production rate ( ) for the schistosomiasis component. When we considered HT  

as our output function in (4.1), the two parameters with the highest sensitivity indices were: the rate of TB 

transmission (βT ) and the rate of TB treatment (ζT). When we chose HS  as our output function in (4.1), 

thirteen parameters with the highest sensitivity indices were: the snail mortality rate (µS), the rate of 

cercarial infection (βJ), the miracidial infection rate (βL), the human recruitment rate (ΛH), the snail 

recruitment rate (ΛS), the number of eggs secreted by humans with active schistosomiasis (Ne), the rate 

at which secreted eggs successfully become miracidia (γ), the rate of cercarial production ( ), the 

saturation constant for cercariae (J0), the saturation constant for the miracidia (L0), the natural death 

rate of humans (µH), the cercarial death rate (µJ), and the miracidial death rate (µL). With the prior 

knowledge that it is schistosomiasis infection that drives TB transmission dynamics, and not vice-versa, in 

a population where they co-infect and co-exist, it is pertinent of all relevant stakeholders in affected areas to 

pay close and serious attention to all the parameters that drive the perpetuation of both maladies in that 

population, especially those responsible for the continuance of schistosomiasis in order to eliminate both 

diseases in the presence of treatment for active TB. 
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