
Transactions of NAMP 21, (2025) 41-54

A FRACTIONAL MATHEMATICAL MODEL FOR THE DYNAMICS OF
MALARIA TRANSMISSION AND CONTROL 

1,2Daniel Omeje, 1,2 Bolarinwa Bolaji, 1,2William Atokolo, 3Joseph Egbemhenghe
1,2Emmanuel Abah, 1,2Jeremiah Amos. 

Department of Mathematical Sciences, Prince Abubakar Audu University, Anyigba, Nigeria

Laboratory of Mathematical Epidemiology, Prince Abubakar Audu University, Anyigba.
Department of Mathematics Education, Prince Abubakar Audu University, Anyigba

(Formerly known as Kogi State University Anyigba), Nigeria

ARTICLE INFO

Article history:
Received   xxxxx
Revised     xxxxx
Accepted   xxxxx

Available online xxxxx

Keywords: 
Malaria,
Fractional,
Simulation, 
Adams–
Bashforth–
Moulton.

ABSTRACT

This study examines many epidemiological features of malaria infection
using a fractional-order mathematical model to assess how therapy affects
the  dynamics  of  malaria  transmission.  Fractional  Adams–Bashforth–
Moulton  numerical  simulations  show  how  fractional-order  values  and
model parameters affect malaria dynamics and control. More surface and
contour plot simulations show that the prevalence of malaria would rise
with increasing contact rates and less effective treatment. Additionally, the
study reveals that improving treatment approaches can dramatically lower
the frequency of malaria in the general population.

1.0 Introduction
Malaria is a life-threatening disease primarily found in tropical countries. It is both preventable
and  curable.  However,  without  prompt  diagnosis  and  effective  treatment,  a  case  of
uncomplicated malaria can progress to a severe form of the disease, which is often fatal without
treatment.  It  is  not  contagious and cannot  spread from one person to  another  the disease is
transmitted  through  the  bites  of  female Anopheles mosquitoes. Five  species  of  parasites  can
cause  malaria  in  humans  and  2  of  these  species  – Plasmodium  falciparum and Plasmodium
vivax – pose the greatest threat. There are over 400 different species of Anopheles mosquitoes
and around 40, known as vector species, can transmit the disease [1].
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Malaria symptoms usually start to show up 10–15 days following the infective insect bite. On the
other hand, symptoms may not appear for up to a year in certain situations. Depending on the
type of Plasmodium parasite causing the infection, the symptoms can vary, but frequent ones
include:  fever,  chills,  sweats,  headaches,  and aches  in  the  muscle’s  exhaustion,  nausea,  and
vomiting [2]. In Nigeria, Malaria is a major public health concern with an estimated 68 million
cases and 194 000 deaths due to the disease in 2021. Nigeria has the highest burden of malaria
globally, accounting for nearly 27% of the global malaria burden. The risk of transmission exists
throughout  the  country,  all  year  round  [3].  Research  on  fractional  order  modeling  of  many
physical  phenomena  is  currently  quite  popular.  Leibniz  introduced  the  concept  of  the  nth
derivative, which is where the idea of fractional order derivatives originated. Following that,
several definitions of integrals and fractional differentials were given. Three laws have been
proposed in the subject of fractional calculus: the extended Mittag-Leffler law, the power law,
and the exponential decay law. It was shown that the Atangana–Baleanu fractional operator is a
particular instance of the Riemann–Liouville and Caputo–Fabrizio functions, and that the kernel
Mittag-  Leffler  function  is  broader  than  power  law  and  exponential  decay  function  [4].
Numerous  scholars  have  created  a  number  of  mathematical  models  in  attempt  to  obtain
understanding  of  the  dynamics  of  malaria  transmission  within  human  populations  using
fractional-order modeling. In order to lower the disease's prevalence, these models have offered
treatment suggestions. For instance, multiple scholars have created a number of mathematical
models to get understanding of the dynamics of malaria transmission in human populations using
fractional-order modeling. In order to lower the disease's prevalence, these models have offered
treatment  suggestions.  A  malaria  transmission  (MT)  model  based  on  Liouville–Caputo
fractional-order  (FO)  derivatives  was  created  by [5]  to  account  for  memory  effects  in  the
disease's spread, the model incorporates both exponential decay and power-law dynamics. Fixed-
point theory was used to prove the existence and uniqueness (EU) of the solutions, which were
obtained by an iterative process including Laplace transforms. To further complicate the concept,
the  authors  investigated  fractal–fractional  operators  with  power-law  and  exponential  decay.
Numerical simulations demonstrated how particular FO derivatives (ς and ρ) affected the MT
model,  offering  important  new  information  for  malaria  prevention  tactics.  Fractional-order
epidemiological modeling, particularly for illnesses with memory effects, is improved by this
research. A fractional-order delayed Ross-Macdonald model is introduced in the work by [6] to
evaluate the dynamics of malaria transmission. The model looks at how the fractional-order of
the system and the Plasmodium incubation time affect  the dynamic behavior of the disease.
Important results show that delays in time have a large effect on the stability of the system and
can  even lead  to  Hopf  bifurcations,  which  are  transitions  from stable  to  periodic  solutions.
Furthermore,  the  stability  interval  is  influenced  by  the  fractional  order,  emphasizing  its
significance in the dynamics of disease transmission. Theoretical conclusions are validated by
numerical  simulations,  which  show  how  these  factors  change  the  patterns  of  malaria
transmission. This innovative method provides insights regarding malaria prevention tactics.  [7]
models the dynamics of HIV and malaria transmission with an emphasis on optimum control by
using the Caputo fractional derivative.  Using the next-generation matrix approach, the study
computes the basic reproduction number and finds that early in the epidemic, greater fractional
derivative orders cause the infected population to  decline.  The model highlights how public
health education may induce memory effects, which effectively stop the spread of both illnesses.
Furthermore, throughout the study, the best control techniques successfully lower the prevalence
of malaria and HIV. The model's conclusions are validated using MATLAB-based numerical
simulations  that  support  the  analytical  findings.  A  brand-new  five-compartmental  fractal-
fractional  SIR-SI  model  is  presented  by  [8]  to  investigate  the  transmission  of  malaria  from
people to mosquitoes.  This model  gives insights into illness dynamics under various control
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methods  and  accounts  for  memory  effects  using  extended  Mittag-Leffler  fractal-fractional
derivatives. This paper investigates the stability, uniqueness, and existence of solutions using
numerical simulations with a Newton polynomial. According to the findings, memory effects
combined with increased antimalarial therapy greatly lowers the peak number of sick people,
while  spraying  insecticides  on  mosquitoes  successfully  inhibits  the  transmission  of  disease
across  all  compartments.  A  fractional-order  mathematical  model  of  malaria  transmission  is
presented by [9] with an emphasis on mosquito vector phases and two categories of humans:
semi-immune and non-immune. This work employs the Atangana-Baleanu fractional derivative
in the Caputo sense, extending an earlier integer-order model by Ousmane Koutou and including
memory effects to improve realism in portraying the dynamics of malaria. Lipschitz criteria and
the fixed-point theorem were used to demonstrate the existence and uniqueness of the model.
The fractional-order model, which considers the complexity of interactions between humans and
mosquitoes, is more dynamic, according to numerical analysis carried out using the Generalized
Euler  technique.  This  method  provides  a  more  thorough  grasp  of  the  dynamics  of  malaria
transmission. [10] describe a deterministic mathematical model that simulates the dynamics of
malaria  transmission  between  people  and  mosquitoes  by  utilizing  the  Caputo-Fabrizio  (CF)
fractional derivative. The model incorporates a hospitalized patient compartment and applies the
next-generation matrix approach to determine equilibrium point stability conditions and calculate
the fundamental reproduction number (ℛ₀). Sensitivity analysis of ℛ₀ is carried out both locally
and internationally, demonstrating the resilience of the model. The Runge–Kutta fourth-order
approach in MAPLE is used to do numerical simulations, demonstrating how fractional calculus
might  improve  our  comprehension  of  the  dynamics  of  malaria  transmission.  [11]  create  a
fractional-order mathematical model for malaria transmission in their 2021 study, considering
the  potential  for  recurrence and transient  immunity.  The memory effect  in  the  dynamics  of
malaria  is  captured  by  the  model  by  using  the  Caputo  fractional  operator.  The  authors  use
Lipschitz and locally limited criteria to demonstrate the uniqueness and existence of solutions.
Equilibrium points undergo stability analysis, which reveals a Hopf bifurcation. To lower the
number of infected hosts and vectors, two control variables are included. The model's output is
verified by numerical techniques, such as the Runge-Kutta fourth-order approach and Laplace
Adomian decomposition,  which are backed by sensitivity and convergence studies.  An ideal
control  strategy  for  a  fractional-order  malaria  transmission  dynamics  model  with  updated
parameters is examined by [12]. The model incorporates two control variables with the goal of
lowering the populations of infectious humans that pose a risk to both low-risk and high-risk,
using  the  Atangana-Beleanu  fractional  derivative.  The  authors  present  nonstandard  finite
difference techniques, which use Mittag-Leffler kernels, for simulating the model and establish
essential  conditions  for  addressing  the  optimum control  issue.  The  model's  effectiveness  is
demonstrated through the presentation of numerical simulations and comparison investigations
that  confirm  the  theoretical  results.  This  paper  explores  fractional  calculus  inside  epidemic
models,  which  helps  to  malaria  control  measures.  Using  fractal-fractional  operators  in  the
Atangana-Baleanu setting, [13] offer a nonlinear mathematical model to explore the transmission
dynamics of the monkeypox virus across human and rodent populations. In order to prove that a
solution  exists  and  is  unique,  the  authors  employ  fixed  point  theorems  like  Banach's  and
Krasnoselskii's.  They  also  examine  the  stability  of  equilibrium  points  and  the  fundamental
reproduction  number.  Numerical  methods  for  the  model  were  developed  using  the  Adams-
Bashforth approach. The influence of different fractional orders and fractal dimensions on the
transmission dynamics is shown by numerical simulations based on actual data, offering insights
on the behavior of the illness.  [14] create a fractional-order mathematical model that focuses on
the  propagation  of  human  infection  via  mosquitoes  in  order  to  explain  the  Zika  virus
transmission process. Atangana-Baleanu-Caputo sense is used in the model's construction, and a
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fractal-fractional operator with a generalized Mittag-Leffler kernel is included. The paper looks
at the system's positivity and boundedness and uses fixed point theory to prove that there is a
single,  unique  solution.  Atangana-Toufik scheme numerical  simulations  are  carried  out  with
stability  analysis  taking various  fractional  dimensions  into  account.  The simulations  provide
important insights for upcoming Zika virus management measures and confirm the theoretical
results.  [15] investigated various epidemiological aspects of Lassa fever viral infection using a
fractional order mathematical model so as to assess the impacts of treatment and vaccination on
the spread of Lassa fever transmission dynamics using a fractional order derivative with power
law  to  enhance  understanding  of  disease  dynamics.  [16]  suggest  a  fractional-order
compartmental model to investigate the dynamics of helminth infections spread via the soil. The
system  of  nonlinear  differential  equations  is  solved  in  series  using  the  Laplace  Adomian
Decomposition Method (LADM). The outcomes demonstrate that the series solutions produced
by LADM converge to  the model's  precise  solution.  These approximations  are  validated by
MATLAB numerical simulations. According to the study, the fractional-order model is more
flexible than the classical model because it allows for alterations to the infection dynamics across
different  compartments  by adjusting the fractional  order  (e.g.,  0.75 to  1).  A fractional-order
mathematical model is created by [15] to investigate the dynamics of Lassa fever transmission
and management techniques. The model starts with integer-order nonlinear differential equations
that  include  imperfect  treatment  and  immunization  as  control  measures.  A  fractional-order
derivative with a power law is used to modify the model in order to gain a better understanding
of the illness transmission. The study uses the Lyapunov function to analyze the stability of the
endemic equilibrium and defines requirements for the presence and uniqueness of solutions.
Utilizing the fractional Adams-Bashforth-Moulton approach, numerical simulations show how
changes in contact rates, treatment efficacy, and vaccination effectiveness affect the dynamics of
the illness. The prevalence of Lassa fever is seen to grow with increased contact rates and worse
vaccine  efficiency,  but  it  is  dramatically  reduced  with  optimal  treatment  and  immunization
tactics.

The  specific  objective  of  this  paper  is  to  apply  the  Fractional  Adams–Bashforth–Moulton
approach to get numerical solutions of the extended model.

Preliminary
Here,  we provide  a  few fundamental  definitions  and findings  from fractional  calculus.  This
investigation  will  employ  the  fractional  Caputo  derivatives  on  the  right  and  left,  [17,18].
Additionally, this publication emphasizes how fractional calculus can be used to simulate real-
world  issues  in  sciences  such  as  biomathematics  and  engineering,  and  physics.

Definition 1: Let  then the left and right Caputo fractional derivative of the function
 is given by 

                          (1)
The same way 
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Definition 2: The generalized Mittag-Leffler function  for  is given by  

                                             (2)
which can also be represented as 

                                                      (3)

                                         (4)

Proposition 1.1. Let  and 
Therefore, the conditions given below holds:

1.

2.
1.1. Model formulation
The population is divided into eight groups in order to build the integer-order model for malaria:

susceptible persons , People who have been exposed to malaria , individuals infected with

malaria , People with malaria who are receiving treatment , individuals who have recovered
from malaria  .  Additionally, we separated the vector population into three groups: malaria-

prone vectors , vectors exposed to malaria  and vectors infected with malaria . The entire

human population is represented by  whereas the entire vector population is symbolized by

.

Humans susceptible to malaria recruits at a rate  . The class declines due to the rate of
natural deaths and also by the proportion of individuals who become infected after contact with

an  infected  vector  .  These  malaria-susceptible  individuals  increase  at  the  rate  at  which
recovered  individuals  become  susceptible  again  .  We  thus  formulated  the  dynamics  of
susceptible individuals as follows:

Malaria exposed Humans increases due to the proportion of individuals newly infected at a rate

of . This class decreases at the rate at which the exposed individuals become fully infected, at

a  rate  of  as  well  as  the  rate  of  natural  death .  This  population  is  described  by  the
following formulation;
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Malaria Infected Humans increases due to  the progression of  exposed individuals to  the

infected class at a rate of . The population decreases due to the natural death rate ,  due
to disease-related deaths at a rate of , the rate at which the infected individuals are taken for

treatment, at a rate of . The dynamics of this class are described as follows; 

Malaria infected Humans on treatment increases at the rate at which infected individuals

are taken for treatment, at a rate of , the population decreases due to both disease-induced

and natural deaths, at a rate of  and  respectively. The class also decreases due to recovery

at a rate of  of the treated individuals. The dynamics of this population are presented as
follows;

Malaria recovered individuals increases due to recovery as a result of treatment, at a rate of

.The  class  ultimately  decreases  due  to  natural  death  at  a  rate  of  and  reverts  to
vulnerability at a rate of .This class's dynamics are expressed as;

 Susceptible vectors population are recruited at rate . The class decreases at the rate at

which susceptible vectors become infected after contacting infected humans, at a rate of and

by the natural death of vectors at a rate of  . The dynamics of this class are formulated as
follows;

Where 
Malaria  exposed  vectors  class  increases  at  the  rate  at  which  newly  infected  susceptible

individuals progress to the exposed class, at a rate of  , The class decreases at the rate at

which exposed vectors become fully infected, at a rate of , as well as the rate of natural death

. The following is a formulation of the class dynamics.
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Malaria infected vectors The class increases due to the progression of exposed individuals

becoming fully infectious, at a rate of . This class decreases due to natural recovery at a rate of

.The dynamics of this class are formulated as follows:

.
The force of infection associated with this human population is expressed as:

However, that related to the population of vectors is provided by

The following represents the mathematical  model  that  aligns with our presumptions and the
previous description:

,

, (5)

,

,

. 
2.0 Fractional malaria mathematical model

In this section, we use the Caputo fractional derivative operator to expand the integer model of
malaria shown in Eq. (5). Since the output of the fractional order model can be changed to
produce different answers, the new model that uses the Caputo fractional derivative operator has
a higher degree of freedom than the classical model that is shown in Eq. (5). Thus, the following
is how the fractional malaria approach is presented:

The flow diagram for the model that matches the assumption we made is displayed in
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3.0 Fractional malaria mathematical model

                                                                    (6)

Where

Subject to the positive initial conditions

(7)

3.0 The basic reproduction number (R0) and model equilibrium points

The model (5)'s disease-free equilibrium point can be written as follows:

          (7)

We utilize the technique developed by [30] and obtained the basic reproduction number as:

Since 

                                 (8)

4. Fractional order model numerical results 
We  numerically  solved  the  fractional  order  Malaria  model  using  the  generalized  fractional
Adams Bashforth–Moulton  approach described in  [19];  the  values  of  the  Model  Parameters
employed  are  shown  in  Table  1,  where  various  fractional  order  (𝛾)  values  are  taken  into
consideration and simulated.
4.1. Implementation of fractional Adams–Bashforth–Moulton method 
This work uses the methodology outlined by [20], [21], and [22]. We used the fractional Adam–
Bashforth–Moulton approach to find an approximate solution of the fractional malaria model
shown in (6). Now shows the fractional model (6) as follows:

                                                         (9)

Where   and  is a continuous, real-valued
function. Therefore, the fractional integral idea can be used to represent Eq. (9) as follows:

                      (10)
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Following [6] process, we permitted the step size  utilizing a consistent grid on

 Where  Consequently,  the  following  is  an  approximate
representation of the malaria fractional order model displayed in (6): 

                                     (11)

Where;
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                             (12)

,

From (11) and (12) we obtained;

And 

Table 1: Values of model parameters used for simulation
Parameters Description Value Source

Rate of susceptible persons recruited. 0.00011 [28]

Rate of human natural death 0.00004 [27]

Rate of vector natural death 0.04 [26]

Rate at which a class becomes infected 0.01 Fitted
Human contact rate 0.8962 Fitted

vector contact rate 0.09 Fitted

Malaria-related mortality rate in humans. 0.0003454 [31]

Rate  of  recuperation  from  a  malaria
infection

0.1 Fitted

Recruitment  rate  within  the  vector
population.

0.071 [25]

Rate  at  which  vectors  that  have  been
exposed develop infection.

0.056 [28]

The rate at which people recuperate from
malaria and turn susceptible.

0.1 Fitted

Modification parameter 0.11 Estimated
Sources:https://www.afro.who.int/sites/default/files/2023-08/WEB_7784%20WMR%20-%20Nigeria
%202022_2408.pdf

4.2. Importance of using the fractional Adam-Bashforth Moulton method in obtaining the
numerical solutions of the model 
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• The fractional Adam–Bashforth Moulton method delivers high-order accuracy with just one
extra function evaluation per step.
 • The Adam–Bashforth Moulton method is frequently utilized in packaged ODE solvers and
provides automatic error control.
 •  This  approach  is  a  helpful  tool  for  numerical  solutions  of  partial  and  fractional  order
differential  equations  and  has  potential  applications  in  a  number  of  sectors,  including
engineering, chemistry, and medicine. 
4.3 Numerical Simulation
This  section  displays  the  graphs  and  accompanying  interpretations  from  our  numerical

simulation.
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Fig. 2(a): Effect of varying on
Human Susceptible to Malaria 

2(b):  Effect of varying on
HumansExposed to malaria 

3(a): Effect of varying  on 
Human Infected with Malaria 3(b): Effect of varying  on 

Treated humans due to malaria

4(a): Effect of varying  on 
Recovered humans from malaria Fig.4(b): Effect of varying   on

cumulative new cases of Malaria
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Contour Plot of R0 vs h and 
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Figure (2a) shows how changing the fractional order derivative over time affects the vulnerable
human population. The plot clearly shows that when the sensitive human population rises, the
population falls. This decline is explained by the application of treatment strategies, which lower
the number of people at risk for contracting the illness. We saw a similar pattern in Figure (2b): a
decline in the sensitive person class. With treatment accessible as an intervention approach, the
number  of  persons  at  risk  of  catching malaria  will  steadily  decrease,  allowing the  disease's
overall impact on the human population to be greatly decreased, as demonstrated by this fall in
the exposed class.
The graph in Figure (3a) illustrates how the infectiousness of malaria in the human population
initially led to a surge in the number of members of the infected class by drawing in members
from the exposed class. But ultimately, the effect of treatment on the general populace results in
a sharp drop in the number of afflicted individuals. This illustrates how the use of treatment
techniques can greatly lower the burden of malaria on the human population. In contrast to the
graph's behavior in Figure (3b), the number of individuals in the treatment class increases as
more people from the malaria-infected class join it. Later, the treatment graph for patients with
malaria shows a consistent decline.
Figure (4a) illustrates how an effective treatment intervention for human malaria subsequently
results in a notable increase in the population of individuals who have recovered from malaria.
We  were  able  to  infer  from  the  graph  in  figure  (4b)  that  a  greater  contact  rate  between
susceptible individuals and infected vectors was the reason for an increase in the total number of
new cases of malaria. This calls for acting to reduce human-mosquito contact, such as mandating
the use of treated mosquito nets in homes and even at treatment centers. 

The contour plot is shown in the graph in Fig. (5a).   of 
concerning . Also, it is clear

by looking at  the numerical streams in the graph that the highest value   can obtained by
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5(a) contour plot showing the 
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5(b) contour plot showing the impact of
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adjusting  these  parameters  is  0.6,  which  is  less  than  unity  (1).  This  finding  implies  that
increasing these factors wouldn't result in a substantial population-wide malaria outbreak. Fig.

(5b)  illustrates  the  contour  plot  of  concerning .  It  is  clear  by  looking  at  the

numerical streams in the graph that the highest value that  can obtained by adjusting these
parameters is 0.6, which is less than unity (1). This finding implies that increasing these factors
wouldn't result in a substantial population-wide malaria outbreak.

Figure (6a) shows the basic reproduction number  reaches a peak below one (1) as the values

of   increase.  This  suggests  that  raising  these  metrics  will  eventually  lessen  the
population's exposure to malaria. On the other hand, if suitable steps are not taken, can

make the incidence of malaria worse. This is demonstrated by their impact on as shown in
Fig. (6b), leading it to peak above one (1).

Conclusion
The mathematical model for the dynamics of malaria transmission and control in the sense of
Caputo is presented in this work. Given the importance of fractional modeling. We solved the
fractional  model  numerically  using  the  fractional  Adams–Bashforth–Moulton  method.
Considering different fractional orders of the Caputo operator and model parameter values, the
generated simulations graphically represented the disease's incidence impact. Additionally, we
ran simulations by changing variables like the contact  rate between susceptible and infected
people and the contact rate for infected people. The results showed that increasing the treatment
approach  will  successfully  reduce  the  incidence  of  malaria  in  the  general  population.  This
approach can be used in future work to solve the problems examined in [23] Novel trial functions
and rogue waves of generalized breaking soliton equations via bilinear neural network method,
which creates a general symbolic computing path for the analytic solution of Non-linear partial
differential equations.
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