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1. Introduction
In this paper, we consider the Hyers-Ulam stability of the following non-autonomous nonlinear third order

ordinary differential equations given as:
u"'(t) + BB f w@)u"(®) + a(®)g(®)u'(t) + p(O)y (w(®) = P(t,u(®),u' (1)), (1)

u"'(6) + BB f w@)u"(8) + p(O)y (u(t)) = P(t,u(®), u'(1), )

u'(0) + a(®)g@®)u'(6) + p()y u(t)) = P, u(®), u'(t)), 3)
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u"'(t) + BOf w@)u"(®) + a(®)gu()u'(t) + p(O)y (@) = 0, (4)
u"'() + B f w®)u" (1) + p(O)y (u®) =0, (5)
u"'(t) + a(®)g®)u'(t) + p(Oyu(®) =0, (6)

for t > 0, with initial value

u(to) = u'(to) =u"(te) =0, (7
where u, 5, a,p € C(), g,v.f € C(R,), P € CAXR?),I = (ty,»), R, =[0,00) and R =
(=00, @), P(t,,0,0) =0.
The Hyers-Ulam stability of non-autonomous third order differential equations (1),(2),(3),(4),(5)
and (6) have not been considered in the literature. Some researchers only studied the Hyers-Ulam
stability of first, second and third order linear differential equations see[2, 10, 12, 13, 14, 15, 16,
17, 19, 20,21, 27,28]. While the following researchers investigated Hyers-Ulam stability of first
and second order nonlinear differential equations see[ 1, 7, 8, 9, 22, 23, 24, 25, 26].
Motivation for this work comes from the papers in [5,6,7], where Hyers-Ulam and Hyers-Ulam-
Rassias stability of second order nonlinear differential equations were proved. This article extends
these papers to third order nonlinear differential equations.

2  DEFINITIONS

The following definitions are given for the purpose of establishing our results:
2.1 Definition: A function w: [0, ) — [0, o) is said to belong to a class ¥ if
1. w(w) is nondecreasing and continuous for u > 0,
2. Qo) <w®foralu and v21,
3. there exists a function ¢, continuous on [0, ) with w(au) < ¢(a)w(u) for a = 0.
2.2 Definition:We say equation (1) has the Hyers-Ulam stability, if there exists a constant K; = 0
with following property: for every € > 0, u(t) € C3(R,), if
[u™" (&) + B f (u(®)u"(t) + a(®)gw®)u'() + p(O)y (u(®)) — P(tu®),w'(®) <€ (8)
then there exists some u, € C3(R,) satisfying equation (1) such that
[u(t) — uo ()| < Kqe,
where K; is called Hyers-Ulam constant for equation (1).
2.3 Definition:We say equation (2) has the Hyers-Ulam stability, if there exists a constant K, > 0
with following property: for every e > 0, u(t) € C3(R,,,if
[u"' () + BOf w@®)u" () + p(O)y u(®)) — Pt u(®), u' ()] <€ (9)
then there exists some u, € C3(R,) satisfying equation (2) such that
lu(t) —uo(t)| < Kze,
we call such K, Hyers-Ulam constant for equation (2).
2.4 Definition: The differential equation (3) has the Hyers-Ulam stability with initial condition (8),
if there exists a positive constant K; > 0 with following property: for every € > 0, u(t) €
C3(R,), which satisfies
[u" () + a(®)gu(©)u'() + p(®)y w(®)) — P(t,u(®), u'(t)| <€, (10)
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then there exists a function u, € C3(R,) satisfying equation (3) with initial conditions (8) such
that
lu(t) —uo(t)| < Ksze,
where K; is called Hyers-Ulam constant for equation (3) with initial conditions (7).
2.5 Definition: The differential equation (4) is stable in the sense of Hyers-Ulam, if there exists
K, >0, e€>0andu(t) € C3(R,) satisfying
[u" () + B f (w(®)u"(8) + a(®)gu@®)u'(®) + p(O)y ()| < e, (11)
whenever the solution u,(t) € C3(R,) of the equation (4) satisfies
[u(t) —uo(t)| < Kue,
where K, is called a Hyers-Ulam constant for equation (4) with initial conditions (7).
2.6 Definitions: We say equation (5) with initial conditions (7) has the Hyers-Ulam stability, if
there exists a constant K5 > 0 with following property: for every € > 0, u(t) € C3(R,),if
[u™" (&) + B f w(®)u" () + p(Oy ()] <€, (12)
then there exists some u € C3(R.) satisfying equation (5) such that
[u(t) — up(t)] < Kse,
where Kz is called Hyers-Ulam constant for equation (5) with initial conditions.
2.6 Definition: The differential equation (6) is stable in the sense of Hyers-Ulam, if there exists
Ks =0, €>0andu(t) € C3(1,R,) satisfying
[u"' () + a(®)g@)u'(t) + p(Oy )| <, (13)
whenever the solution u,(t) € C3(R.,) of the equation (6) satisfies
[u(t) — up(t)] < Kee,
where K is called a Hyers-Ulam constant for equation (6) with initial conditions (7).
3 LEMMAS AND THEOREMS

The following lemmas and theorems are needful to establish our claims.

3.1 Lemma [3]: Let u(t), f(t) be positive continuous functions defined on a <t < b, (< )
and K > 0, M = 0, further let w(u) be a nonnegative nondecreasing continuous function for u >
0, then the inequality

u(t) <K+ Mftz f(w(u(s))ds, to<t<b, (14)
implies the inequality
u() < Q7 (k) + M [} f(s)ds), ty<t<b <b. (15)
Where
Q) = ;‘0% 0 < up < U (16)

In the case w(0) > 0 or Q(0+) is finite, one may take u, = 0 and Q1 is the inverse function of
Q and t must be in the subinterval [t,, b] of [t,, b] such that
Qek) + M ftto f(s)ds € Dom(Q™Y).

3.2 Lemma [11]: Let r(t) be an integrable function then the n-successive integration of r over the
interval [t,, t] is given by

f.

0

1 t

ftto r($)ds™ = == [ (t = )" (s)ds. (17)
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3.1 Theorem[18]: If f(t) and g(t) are continuous in [ty,t] €1 and f(t) does not
change sign in the interval, then there is a point & € [ty t] such that ftto g(s)f(s)ds =

9@ J,, f(s)ds.
3.2 Theorem [4] : Let
1. u(t),r(t): (0,0) = (0,0) and continuous on (0, o),
2. wEeEVY,
3. n > 0 be monotonic, nondecreasing and continuous on (0, o),

u(t) <) + [, f(S)m(u(s))ds, 0<t< oo, (18)
then

u(t) <n(HQ* (A1) + f; f(s)ds), 0<t<b, (19)

where (0, b) c (0, ), where Q(u) is defined in (9) and Q1 is the inverse of Q and t is in the
subinterval (0, b) is so chosen that

Q1) + f, f(s)ds € Dom(Q™).
3.3 Theorem [5, 6]: Suppose u(t),r(t), h(t) € C(I,R,) and w(w), B(u) € ¥ are nonnegative,
monotonic, nondecreasing, continuous and w(u) be submultiplicative for u > 0. Let

ut) <K+T ftto r(s)Bu(s))ds + L ftto h(s)w(u(s))ds, (20)
for K, T and L are positive constants,

u(t) < 07 (Q(K) + L INLIOL (F-l (F)+T N r(a)da)) ds)

) (21)
FH(F()+T f} r(s)ds),
where 8 (u) # w(w), Q is defined in equation (16) and F (u) is defined as
F(u) = ;O%, O0<upg=<u, (22)

F~1, Q71 are the inverses of F, Q respectively and ¢ is in the subinterval (0, b) € I so that
F()+T ffo r(s)ds € Dom(F1)
and
QK) +L ftto h(s)@ (F—l (F(1) + Tftl; r(a)da)) ds, € Dom(Q™1).
3.4 Theorem [5, 6]: If u(t),r(t),h(t),p(t),g(t) € C(R;) and w, f,y € ¥ be nonnegative,
monotonic, nondecreasing continuous functions. Let y be submultiplicative. If
u(t) < p(t) + A ftf) r(s)B(u(s))ds + B ft’; h(s)@(u(s))ds +
LJ; g(s)y(u(s)ds
for K,A,B,L > 0, then
u(t) <p)Y?
Y+ INFIOY [ot (a@) + B N (@@ (T(@))da)T(s)| ds] (24)

ot (a@) +B N h()@(T(s))ds) T(t)

(23)

82



Ilesanmi and Balogun.- Transactions of NAMP 21, (2025) 79-92

where T(t) is given as

T(t)=F (F(1) + 4 N r(s)ds) (25)
and
Y(r) = J, % 0<m <, (26)

and F~1, Q71 and Y~ are the inverses of F, Q, Y respectively t € (0,b) < (I). So that
YD +LJ, g(s)y lot (a@) + B N h(@w@(T(@)da)T(s)| ds € Dom(Y~1).

MAIN RESULTS

We begin this section with the investigation of Hyers-Ulam stability of equation (1).
4.1 Theorem :Suppose:
i. |[u"(t)| <6, where s >0,
ii. [u"'(&)| <y, whereyp >0,
i, Ju'(t)| < Awhere 1 >0,
iv. ffo [u'(s)|ds < o, where g > 0,
V. [P(tu(®), u' ()] < ()P u®)h(u'(©)]) where ¢, h, ¢ € C(R,) and h, ¢
belong to class ¥,
Vi. Uu(®) = [y f($)ds,
vii. let B(t) a nondecreasing function, then, 8’ = 0 implies there exits ¢ > 0 such
that B(t) = o,
viil. [Uu(t))| = |u(t)],
iX. limg_e ftto @(s)ds < d where d > 0,

. t
X. limg e fto a(s)ds < m, where m > 0,

Xi. 1im,_ o, ft‘; p(s)ds < n, where n > 0,

are satisfied, then, nonlinear differential equation (1) is Hyers-Ulam stable with Hyers-Ulam
constant given by
h(A)A

Ky = LDy =1 (Y1) + d 22 g2 (@)

+m%y(T*)) T*))] (27)
07 (QQ) +m =y (1) T

Proof: From inequality (8), we obtain
—e <u"'(t) + BO)f ()" (8) + a(®g(®)u'(®) + p(O)y u(t) (28)
—P(t,u(t),u'(t) <e.
Multiplying (28) by u'(t), we obtain
—u'(H)e < u"' (DU () + B f (w(®)u" (B)u'(t) (29)
+a(£)g(®)) W' ()? + p(O)y W) () — P(t, ut), w' ()’ < u'(e.
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Integrating (29) from t, to t thrice and applying Lemma 3.1, we have
—tzeftt0 u'(s)ds < t? ftz u"'()u'(s)ds + t? ftto L) f(u(s)u'(s)u'(s)ds
+22 [ a(s)g(u(s) (@' (s))2ds + ¢2 [ p(s)y(u(s)u'(s)ds (30)
—t? ftz P(s,u(s),u'(s))u'(s)ds < tzeftto u'(s)ds, vt > 0.
Consider inequality (30) in the form

£2 [; () (s)ds + ¢ [ B(S)F (s (' (s)ds + ¢2 f; a(s)g(u(s)) (' (s)?ds

+t2 ftz p()y(u(s)u'(s)ds — t? ftto P(s,u(s),u'(s))u'(s)ds < tzeftto u'(s)ds.

For t > 0, multiplying by t% and applying Theorem 3.1 implies there exists & € [t,, t] such that
(@) [y w(s)ds + 62 [ B s (U ()ds + 2 [ a(s)g(u(s)) (W' ())2ds

+22 [0 p()y () (s)ds — t2 [ P(s,u(s),u'(s))w'(s)ds < t2e [} w/(s)ds.
(32)

(31)

We use condition (vi) to get
w(§) o w(s)ds + [ B () U(s))ds + f a(s)g(u(s)( (s)2ds

+ ffo p(8)y ()’ (s)ds — ffo P(s,u(s), W' () (s)ds < € ffo u'(s)ds,
and apply condition (vii) of Theorem 4.1 to obtain

(33)

ol ONU@®)| < € f. 1/ ($)lds + [ @) [ w(s)ds + [ (O [ a(s)g(lu))ds a

+ @O f,, p()yu())ds + [ (O] [, 1P(s,u(s),u'(s))]ds.
Using conditions (i),(ii),(iii),(iv),(v) and (viii) of Theorem 4.1 to arrive at

u(Ol < N+ 2[5 a@)g(us)Dds + = [ p(s)y(u(s)Dds +

S [ p()p(lu(s)Dds, )
where
N =2 (36)
Applying Theorem 3.4.to inequality (36) by leting p(t) = N, we get
u@l < N[y~ (Y1) + 22 [ p()p@ @)
+ 202 p(@y(T(@)da)T(s))ds)| (37)
07 Q) + 5 [, POV (T())ds) T(),
where
T(®) = F (FQ) + 2 [ a(s)ds) (38)

Using conditions (ix),(x) and (xi) to obtain
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u@®l < N [Y~1 (Y1) + d " g7 (1)
Y-
+mZy(T))T" ))] (39)
Q) +mZy(T))T

where
. _ - A2
" =F (F(1) +nZ). (40)
Substituting for N using equation (36) in inequality (39) we have
u@®)| < e 2By (Y(1) + d " @71 (D)

+m5y(T ))T ))] (41)

Q) +mZy(T)) T

Hence,
[u(®) = uo(6)] < Ju()] < e X2y (Y(1) + a2 p(@7 Q1)
+m%y(T*)) T*))] (42)
Q) +mZy(T))T
Therefore,

[u(t) —uo ()| =< €Ky,
where K; (Hyers-Ulam constant) is given as

Ky = 20 [y (Y(l) +a" 2 ¢ (a7 (o) + mZy (1) T))]

Q) +mZy ()T

4.1 Example: Consider the Hyers-Ulm stability of the third order nonlinear differential equation
of the form

u"'(t) + t2ur(Ou(6) + t2u()u'(t) + t3ut () = tTHuA() t>0
where

P(t,u(t)) =t *u?(t) <t 2u?(t)

with the initial condition(7). By conditions of Theorem 4.1, non-autonomous third order nonlinear
differential equation is Hyers-Ulam stable.
4.2 Theorem: Let all the conditions of Theorem 4.1 remain valid. Then a nonlinear differential
equation (2) has Hyers-Ulam stability property with Hyers-Ulam constant given by

K, = %Q—l <Q(1) + dAh(D) ¢ (F‘l (F(l) + %)))

(43)
(FO)+%).
Proof. Using inequality (9), multiplying both sides by u'(t) and we consider
u"'(Ou'() + BOf w@®)u" (®Ou'(t) + p(O)y ()’ (1) (44)

—P(t,u(t),u'(t))u'(t) < eu'(t)
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Integrating from t, to t thrice, using Lemma 3.2 and condition (vi) of Theorem 4.1 to get

t2 f; u"'(s)u'(s)ds + ftz ,B(s)u"(s)%U(u(s))ds

+t2p(t)y (u(t)u'(t) — t? ftz P(s,u(s),u'(s))u'(s)ds < t2e f; u'(s)ds. )
Empolying Theorem 3.2, there exists ¢ € [to, t] such that
U'"(E)f u'(s)ds + f B(S)u”(S) ~U(u(s))ds
+ fto p()y(u(s))u'(s)ds — fto P(s,u(s),u'(t)u'(s)ds < eft'; u'(s)ds, vVt > 0. o)
Using condition (viii) of Theorem 4.1 and integration by parts to get
W' ()oUu(t)) < e ft’; W (s)ds —u'"(§) ffo u'(s)ds .

— [, W(©)pEy(s))ds + [ P(s,u(s),u' () (s)ds.
Applying the conditions (i), (ii),(iii),(iv),(v) and (vii) of Theorem 4.1, we obtain
u@®)] < e SR+ = [1 p(s)y(lu(s)ds + %2 [L p()p(lu(s))ds.  (48)
By applying Theorem 3.3 we get
[u®)] < e X207 (2 + 52 [ 9(SEFQD)

+ %f; p(a)da) ds)) (49)
(PO + 41 p()ds),
and the conditions (ix) and (xi) to have

u@)| < 25801 (o) + 22-

p(F~H(F(1)

. ) (50)
+ ﬁ))) F1 (F(1) + g) .
Hence,
[u(t) —u(to)| < lu(t)| < €Ky,
where
K, =28 g1 <Q(1) 22000 ( F(F(D) + g))) o1

(P +32).
4.2 Example Investigate Hyers-Ulam Stability of the following third order nonlinear differential
equation.
"' (t) + Tt (U (6) + 2 (O)u' () + t70uP(e) = et ut()u'?(t) >0

where () =t7* f(u(®) =u*(t), a(t) =t7%, g(®)) =u?(t), p(t) =t yu(®) =
u?(t) P(t,u(t),u'(t)) = t™*u?(t)u'?(t) where @(t) =t~2, ¢p(u(t)) = u*(t) By carefully
following the conditions of Theorem 4.2, the nonlinear differential equation has Hyers-Ulam
stability.

4.3Theorem. The non-autonomous third order nonlinear differential equation (3) has Hyers-Ulam
stability, if the conditions of Theorem 4.1 remain valid. In addition, let

iR = [y T(s)ds,
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i [Ru(t))| = [u(t)],

iii’. let p be an increasing function, then p’(t) = 0, implies that there exists ¢ > 0
such that p = ¢,
hold, then equation (3) has Hyers-Ulam stability with Hyers-Ulam constant given as

Ky = Q@Q- (2@ + dlh“) w(FL(F(1)
+n§))) F(FQ) + %)

Proof. We consider inequality (10) in the form

u"'(0) + a(®g@)u'() + p(Or@(®) — P(Lu®),u'(®) <¢ (53)
and multiply inequality (53) by u'(t), integrate from ¢, to t thrice and use Lemma 3.2 to obtain

tzf u'"(s)u'(s)ds + t2 ft a(t)g(u(s))('(s))%ds

(52)

54
+t2 fto p()y(u(s))u'(s)ds — t? fto P(s,u(s),u'(s))u'(s) < et? ftto u'(s)ds. 4)

Using conditions (I’), (iii”) of Theorem 4.3 and integraton by part to obtain
ER(u(D)) < € f) w(s)ds —u"(0) [ w(s)ds — W (D)? [} a(s)g(u(s))ds )

+u'(0) ffo P(s,u(s),w (s))ds.

Taking the absolute value of both sides, using conditions (ii),(iii),(iv) of the Theorem 4.1 and
condition (ii’) of Theorem 4.3 to get

2)? Ah(A
u®l) < S oe + - [ a@)g(u()ds + =2 [} p()o(usD)ds.  (56)
Using Theorem 3.3 we get
[u(®)] < e 27 () + Z2 [} (0 (FT(F (D)

+§ f; a(6)d6>> ds> F1 (F(l) + % f; a(s)ds), tel 7
By conditions (ix) and (xi) of Theorem 4.1 we have
[u(®)] < ee “FR a7 (@) + d B2 0 (FH(F(D)
2 (58)
+n%))> F(F(D) + n%)
Hence,
[u(®) —uo(®)| < [u(®)| < Kze,
where
K; = g“;—l”)n- (2 + d”‘“) (F~1(F(1)

+n %))) F(FQ) + n%)
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Example 4.3 Consider the Hyers-Ulm stability of the third order nonlinear differential equation
of the form

u'(t) + tT2ut(Ou () + ) = () t>0
where

P(t,u(t)) = t™*u?(t) < t™2u?(t)

with the initial conditions(7). By conditions of Theorem 2 that satisfied the Theorem 11(")@, third
order nonlinear differential equation is Hyers-Ulam stable.
4.4 Theorem: Let all conditions of Theorem 4.1 remain valid. Then, the non-autonomous third
order nonlinear differential equation (4) has Hyers-Ulam stability with Hyers-Ulam constant given
as

Ky =& 0 <9(1) + 24y <F-1 (Fa) + ’;-f))) FU PO +2). (59)

Proof. It is clear from equation (11) after multiplying by u/(¢) that
w"(Ou' ) + B w®)u"(OW () + a(®gm®) @ (©))? + p(O)yw®)u'(t) (60)
<u'(t)e

and integrating from t, to t thrice and using Lemma 1.2 and condition (v) of Theorem 4.1 we get

[ W@ (s)ds + [, BEW(S) - U@)ds + f,, als)guls) @ ()ds

t t 61)
+ft0 p(8)y(u(s)Hu'(s)ds < efto u'(s)ds.
By Theorem 3.2 implies there exists ¢ € [t,, t] such that
w"(§) [, w(s)ds + (1) [ B(s) - Uu())ds + (W (£))? [, a(s)g(u(s))ds o
+U'(s) ft’; p(s)y(u(s))ds < € ffo u'(s)ds.
We use integration by parts and condition (iii’) of Theorem 4.3 to obtain
() [, w(s)ds +u" (DU (s)) + @ ()2 [, a(s)g(u(s))ds )

+ [ p(S)Y () (s)ds < € [} w(s)ds.
Applying the conditions (i)-(vi) of Theorem 4.1 to arrive at

[u(e)| < 0 52 + 2 [ a()g([u()Dds +3- [ p(s)y(lu(s))ds. (64)
Using Theorem 3.3 to obtaln

[u®)] < e 207 (Q(1) +5- 1 p(s)y(F1(F(1)

+gf:, a(f)df)) ds) FH(F() + gft’; a(s)ds), tel

Using the conditions (x) and (xi) of Theorem 4.1 we have

u(®)] < ee BP0 <Q(1) + 24y <F-1 (Fa) + %))) F (P +22). (66)

(65)

Hence,
lu(t) —u(ty)| < [u(®)| < €K,
where
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1+Y) _ y _ A2 _ A2
K, =R (Q(l) +:;l—ay<F H(F +7;—6)>>F HFr+2).
4.5 Theorem. Suppose the conditions of Theorems 4.2 and 4.3 emain valid. Then, the non-

autonomous third order nonlinear differential equation (5) is Hyers-Ulam stable with Hyers-Ulam
constant of equation (5) given as

— A
Ks =207 () +32). (67)

Proof. From inequality (12), it is clear that
—u'(H)e < u"'(OU (@) + BOf w@O)u" (O (@) + p(O)yw(®)w'(t) < u'(He.  (68)

Integrating from ¢, to t thrice, using Lemma3.2 and condition (i”) of Theorem 4.3, we obtain

ftto u" (O (s)ds + ftto ﬁ(s)u”(s)%U(u(s))ds + ffo p()y(u(s)u'(s)ds < e ffo W' (s)ds.
(69)
The application of Theorem 3.2 implies there exists ¢ € [t,, t] such that

(@) [, w(s)ds + [ Bl () U))ds + [ p(s)y(u(s)u (s)ds < € [ w'(s)ds.
(70)
By integration by parts and applying condition (iii’) of Theorem 4.3 we get
WOV D) < €[] W ©)lds + [ O] ' ©)lds + [ (O] [ p)yus))ds.

(71)
Using conditions (i),(ii)(iii)and (iv) of Theorem 4.1 we obtain
u@®)] < e 52+ [ p()y(Ju(s)ds (72)
Using Lemma 3.1, we get
2
u(®)] < e S2 071 (A1) + = p(s)ds), teL (73)
By condition (xi) of Theorem4.1 we arrive at
2
u®)] < e S20 (o) +32) (74)
Hence,
[u(t) —u(to)] = [u®)| < eks, (75)
where

Ks =0 =207 (a(1) +52).
4.4 Example Consider the Hyers-Ulam stability of the third order nonlinear differential equation
u'(t) + Tt (OU () + AU ()u'() + Ut () =0t >0
wheref(t) = t™*, f(u(®)) =u*(t), a(t) =t72, gu(t)) =u?®), p(t) =t°, yu(t) =
u?(t). By following the proof of the Theorem4.1, then the nonlinear differential equation is Hyers-

Ulam stable.
4.6 Theorem. The non-autonomous third order nonlinear differential equation (6) has Hyers-Ulam

stability, if the conditions of Theorems 2 and 11(")@ remain valid. Then the Hyers-Ulam constant
of equation (6) is given by
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_ A+ o1 A2
Ke = 0220 (Q(1)+nf) (76)
Proof. From inequality (13) that
u"'(0) + a(®g@@)u'() + p(Oru() < e (77)
Multiplying equation (77) by u'(t), integrating from ¢, to t thrice and using Lemma 3.2 we obtain
t? ftz u"'()u'(s)ds + t? ftto a(t)gu(s))@'(s))?ds

t Vi t !
+t? fto p()y(u(s)u'(s)ds < et? fto u'(s)ds.
Using conditions (i), (iii”) of Theorem 4.3 and integration by part swe obtain
t ! n t ! ! t
ER(u(D) < €[S w(s)ds —u"(®) [} uw'(s)ds — W ©) [ as)gu(s))ds.  (79)
Taking the absolute value of both sides, using conditions (ii), (iii), (iv) of the Theorem 4.1 and
condition (ii’) of the Theorem 4.3 we have

(78)

u©)) = S0 + E [ a()g(u)ds. (80)
together with application of Lemma 3.1
(o) < 0220 (1) +§ J{ a(s)ds), tel (81)
By condition (xi) of Theorem 4.1 we have
(1+y) A2
[u(®)] < ee F20- Haw + n?). (82)

Hence,
[u(t) —uo ()] = |u(t)] < Kge.
Hyers-Ulam constant is given by

(1) - 2
K = o207 (2 +n?).

CONCLUSION

This work on HUS results of third order nonlinear differential equations with nonlinear forcing
term is very prominent in the stability of some problems such as hereditary, the surge in birth-
rates, spreading of certain contagious diseases and so on. These problems appear directly in terms
of integral equations and in terms of differential equations with certain conditions on the
parameters of the model which can assist us to reduce the nonlinear equation to integral equations
whereby GBB type inequality will be used to determine the stability of the solution of the nonlinear
equation.
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