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ABSTRACT 

Hyers-Ulam stability of non-autonomous third order nonlinear 

differential equations is considered in this paper. This consideration 

is possible by using the Bihari integral inequality and Gronwall-

Bellman-Bihari integral inequality to prove Hyers-Ulam stability 

and determine Hyers-Ulam constant of every non-autonomous third 

order nonlinear differential equation considered. Our results 

improve and extend known results in literature.  

 

 

 

 

 

 
 

1. Introduction  
In this paper, we consider the Hyers-Ulam stability of the following non-autonomous nonlinear third order 

ordinary differential equations given as:  

 𝑢′′′(𝑡) + 𝛽(𝑡)𝑓(𝑢(𝑡))𝑢′′(𝑡) + 𝛼(𝑡)𝑔(𝑢(𝑡))𝑢′(𝑡) + 𝜌(𝑡)𝛾(𝑢(𝑡)) = 𝑃(𝑡, 𝑢(𝑡), 𝑢′(𝑡)), (1) 

 

 𝑢′′′(𝑡) + 𝛽(𝑡)𝑓(𝑢(𝑡))𝑢′′(𝑡) + 𝜌(𝑡)𝛾(𝑢(𝑡)) = 𝑃(𝑡, 𝑢(𝑡), 𝑢′(𝑡)), (2) 

 

 𝑢′′′(𝑡) + 𝛼(𝑡)𝑔(𝑢(𝑡))𝑢′(𝑡) + 𝜌(𝑡)𝛾(𝑢(𝑡)) = 𝑃(𝑡, 𝑢(𝑡), 𝑢′(𝑡)), (3) 
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 𝑢′′′(𝑡) + 𝛽(𝑡)𝑓(𝑢(𝑡))𝑢′′(𝑡) + 𝛼(𝑡)𝑔(𝑢(𝑡))𝑢′(𝑡) + 𝜌(𝑡)𝛾(𝑢(𝑡)) = 0, (4) 
 

 𝑢′′′(𝑡) + 𝛽(𝑡)𝑓(𝑢(𝑡))𝑢′′(𝑡) + 𝜌(𝑡)𝛾(𝑢(𝑡)) = 0, (5) 

  

 𝑢′′′(𝑡) + 𝛼(𝑡)𝑔(𝑢(𝑡))𝑢′(𝑡) + 𝜌(𝑡)𝛾(𝑢(𝑡)) = 0, (6) 

 for 𝑡 > 0, with initial value  

 𝑢(𝑡0) = 𝑢′(𝑡0) = 𝑢′′(𝑡0) = 0, (7) 

 where 𝑢, 𝛽, 𝛼, 𝜌 ∈ 𝐶(𝐈), 𝑔, 𝛾, 𝑓 ∈ 𝐶(𝐑+), 𝑃 ∈ 𝐶(𝐈 × 𝐑𝟐), 𝐈 = (𝑡0, ∞),    𝐑+ = [0, ∞)  a𝑛𝑑  𝐑 =
(−∞, ∞), 𝑃(𝑡0, 0,0) = 0. 
The Hyers-Ulam stability of non-autonomous third order differential equations (1),(2),(3),(4),(5) 

and (6) have not been considered in the literature. Some researchers only studied the Hyers-Ulam 

stability of first, second and third order linear differential equations see[2, 10, 12, 13, 14, 15, 16, 

17, 19, 20,21, 27,28]. While the following researchers investigated Hyers-Ulam stability of first 

and second order nonlinear differential equations see[ 1, 7, 8, 9, 22, 23, 24, 25, 26].  

Motivation for this work comes from the papers in [5,6,7], where Hyers-Ulam and Hyers-Ulam-

Rassias stability of second order nonlinear differential equations were proved. This article extends 

these papers to third order nonlinear differential equations.  

 

2      DEFINITIONS 

 The following definitions are given for the purpose of establishing our results: 

2.1 Definition:  A function 𝜔: [0, ∞) → [0, ∞) is said to belong to a class Ψ if   

1.  𝜔(𝑢) is nondecreasing and continuous for 𝑢 ≥ 0,  

2.  (
1

𝑣
)𝜔(𝑢) ≤ 𝜔(

𝑢

𝑣
) for all 𝑢   𝑎𝑛𝑑   𝑣 ≥ 1,  

3.  there exists a function 𝜙, continuous on [0, ∞) with 𝜔(𝛼𝑢) ≤ 𝜙(𝛼)𝜔(𝑢) for 𝛼 ≥ 0.  

2.2 Definition:We say equation (1) has the Hyers-Ulam stability, if there exists a constant 𝐾1 ≥ 0 

with following property: for every 𝜖 > 0, 𝑢(𝑡) ∈ 𝐶3(𝐑+), if  

|𝑢′′′(𝑡) + 𝛽(𝑡)𝑓(𝑢(𝑡))𝑢′′(𝑡) + 𝛼(𝑡)𝑔(𝑢(𝑡))𝑢′(𝑡) + 𝜌(𝑡)𝛾(𝑢(𝑡)) − 𝑃(𝑡, 𝑢(𝑡), 𝑢′(𝑡))| ≤ 𝜖, (8) 

 then there exists some 𝑢0 ∈ 𝐶3(𝐑+) satisfying equation (1) such that  

 |𝑢(𝑡) − 𝑢0(𝑡)| ≤ 𝐾1𝜖, 

where 𝐾1 is called Hyers-Ulam constant for equation (1).  

2.3 Definition:We say equation (2) has the Hyers-Ulam stability, if there exists a constant 𝐾2 ≥ 0 

with following property: for every 𝜖 > 0, 𝑢(𝑡) ∈ 𝐶3(𝐑+,if  

 |𝑢′′′(𝑡) + 𝛽(𝑡)𝑓(𝑢(𝑡))𝑢′′(𝑡) + 𝜌(𝑡)𝛾(𝑢(𝑡)) − 𝑃(𝑡, 𝑢(𝑡), 𝑢′(𝑡))| ≤ 𝜖, (9) 

 then there exists some 𝑢0 ∈ 𝐶3(𝐑+) satisfying equation (2) such that  

 |𝑢(𝑡) − 𝑢0(𝑡)| ≤ 𝐾2𝜖, 

we call such 𝐾2  Hyers-Ulam constant for equation (2).   

2.4 Definition:The differential equation (3) has the Hyers-Ulam stability with initial condition (8), 

if there exists a positive constant 𝐾3 ≥ 0 with following property: for every 𝜖 > 0, 𝑢(𝑡) ∈

𝐶3(𝐑+), which satisfies  

 |𝑢′′′(𝑡) + 𝛼(𝑡)𝑔(𝑢(𝑡))𝑢′(𝑡) + 𝜌(𝑡)𝛾(𝑢(𝑡)) − 𝑃(𝑡, 𝑢(𝑡), 𝑢′(𝑡))| ≤ 𝜖, (10) 
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then there exists a function 𝑢0 ∈ 𝐶3(𝐑+) satisfying equation (3) with initial conditions (8) such 

that  

 |𝑢(𝑡) − 𝑢0(𝑡)| ≤ 𝐾3𝜖, 

where 𝐾3 is called Hyers-Ulam constant for equation (3) with initial conditions (7).  

2.5 Definition:  The differential equation (4) is stable in the sense of Hyers-Ulam, if there exists 

𝐾4 ≥ 0,    𝜖 > 0 and 𝑢(𝑡) ∈ 𝐶3(𝐑+) satisfying  

 |𝑢′′′(𝑡) + 𝛽(𝑡)𝑓(𝑢(𝑡))𝑢′′(𝑡) + 𝛼(𝑡)𝑔(𝑢(𝑡))𝑢′(𝑡) + 𝜌(𝑡)𝛾(𝑢(𝑡))| ≤ 𝜖, (11) 

whenever the solution 𝑢0(𝑡) ∈ 𝐶3(𝐑+) of the equation (4) satisfies  

 |𝑢(𝑡) − 𝑢0(𝑡)| ≤ 𝐾4𝜖, 

where 𝐾4 is called a Hyers-Ulam constant for equation (4) with initial conditions (7). 

2.6 Definitions: We say equation (5) with initial conditions (7) has the Hyers-Ulam stability, if 

there exists a constant 𝐾5 > 0 with following property: for every 𝜖 > 0, 𝑢(𝑡) ∈ 𝐶3(𝐑+),if  

 |𝑢′′′(𝑡) + 𝛽(𝑡)𝑓(𝑢(𝑡))𝑢′′(𝑡) + 𝜌(𝑡)𝛾(𝑢(𝑡))| ≤ 𝜖, (12) 

 then there exists some 𝑢 ∈ 𝐶3(𝐑+) satisfying equation (5) such that  

 |𝑢(𝑡) − 𝑢0(𝑡)| ≤ 𝐾5𝜖, 

 where 𝐾5 is called Hyers-Ulam constant for equation (5) with initial conditions. 

2.6 Definition:  The differential equation (6) is stable in the sense of Hyers-Ulam, if there exists 

𝐾6 ≥ 0,    𝜖 > 0 and 𝑢(𝑡) ∈ 𝐶3(𝐈, 𝐑+) satisfying  

 |𝑢′′′(𝑡) + 𝛼(𝑡)𝑔(𝑢(𝑡))𝑢′(𝑡) + 𝜌(𝑡)𝛾(𝑢(𝑡))| ≤ 𝜖, (13) 

 whenever the solution 𝑢0(𝑡) ∈ 𝐶3(𝐑+) of the equation (6) satisfies  

 |𝑢(𝑡) − 𝑢0(𝑡)| ≤ 𝐾6𝜖, 

 where 𝐾6 is called a Hyers-Ulam constant for equation (6) with initial conditions (7).   

3    LEMMAS AND THEOREMS 

The following lemmas and theorems are needful to establish our claims. 

3.1 Lemma [3]:  Let 𝑢(𝑡), 𝑓(𝑡) be positive continuous functions defined on 𝑎 ≤ 𝑡 ≤ 𝑏, (≤ ∞) 

and 𝐾 > 0, 𝑀 ≥ 0, further let 𝜔(𝑢) be a nonnegative nondecreasing continuous function for 𝑢 ≥

0, then the inequality  

 𝑢(𝑡) ≤ 𝐾 + 𝑀 ∫
𝑡

𝑡0
𝑓(𝑠)𝜔(𝑢(𝑠))𝑑𝑠,    𝑡0 ≤ 𝑡 < 𝑏, (14) 

 implies the inequality  

 𝑢(𝑡) ≤ Ω−1 (Ω(𝑘) + 𝑀 ∫
𝑡

𝑡0
𝑓(𝑠)𝑑𝑠),    𝑡0 ≤ 𝑡 ≤ 𝑏′ ≤ 𝑏. (15) 

 Where  

 Ω(𝑢) = ∫
𝑢

𝑢0

𝑑𝑡

𝜔(𝑡)
,        0 < 𝑢0 < 𝑢. (16) 

 

In the case 𝜔(0) > 0 or Ω(0+) is finite, one may take 𝑢0 = 0 and Ω−1 is the inverse function of 

Ω and 𝑡 must be in the subinterval [𝑡0, 𝑏′] of [𝑡0, 𝑏] such that  

 Ω(𝑘) + 𝑀 ∫
𝑡

𝑡0
𝑓(𝑠)𝑑𝑠 ∈ 𝐷𝑜𝑚(Ω−1). 

3.2 Lemma [11]: Let 𝑟(𝑡) be an integrable function then the n-successive integration of 𝑟 over the 

interval [𝑡0, 𝑡] is given by  

 ∫
𝑡

𝑡0
… ∫

𝑡

𝑡0
𝑟(𝑠)𝑑𝑠𝑛 =

1

(𝑛−1)!
∫

𝑡

𝑡0
(𝑡 − 𝑠)𝑛−1𝑟(𝑠)𝑑𝑠. (17) 
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3.1 Theorem[18]: If 𝑓(𝑡)     𝑎𝑛𝑑     𝑔(𝑡) are continuous in [𝑡0, 𝑡] ⊆ 𝐈     𝑎𝑛𝑑     𝑓(𝑡) does not 

change sign in the interval, then there is a point 𝜉 ∈ [𝑡0, 𝑡] such that ∫
𝑡

𝑡0
𝑔(𝑠)𝑓(𝑠)𝑑𝑠 =

𝑔(𝜉) ∫
𝑡

𝑡0
𝑓(𝑠)𝑑𝑠. 

3.2 Theorem [4] : Let   

1.  𝑢(𝑡), 𝑟(𝑡): (0, ∞) → (0, ∞) and continuous on (0, ∞),  

2.  𝜛 ∈ Ψ,  

3.  𝑛 > 0 be monotonic, nondecreasing and continuous on (0, ∞),  

if  

 𝑢(𝑡) ≤ 𝑛(𝑡) + ∫
𝑡

0
𝑓(𝑠)𝜛(𝑢(𝑠))𝑑𝑠,    0 < 𝑡 < ∞, (18) 

then  

 𝑢(𝑡) ≤ 𝑛(𝑡)Ω−1 (Ω(1) + ∫
𝑡

0
𝑓(𝑠)𝑑𝑠) , 0 < 𝑡 ≤ 𝑏, (19) 

 

where (0, 𝑏) ⊂ (0, ∞), where Ω(𝑢) is defined in (9) and Ω−1 is the inverse of Ω and 𝑡 is in the 

subinterval (0, 𝑏) is so chosen that  

 Ω(1) + ∫
𝑡

0
𝑓(𝑠)𝑑𝑠 ∈ 𝐷𝑜𝑚(Ω−1). 

3.3 Theorem [5, 6]: Suppose 𝑢(𝑡), 𝑟(𝑡), ℎ(𝑡) ∈ 𝐶(𝐈, 𝐑+) and 𝜛(𝑢), 𝛽(𝑢) ∈ Ψ are nonnegative, 

monotonic, nondecreasing, continuous and 𝜔(𝑢) be submultiplicative for 𝑢 > 0. Let  

 𝑢(𝑡) ≤ 𝐾 + 𝑇 ∫
𝑡

𝑡0
𝑟(𝑠)𝛽(𝑢(𝑠))𝑑𝑠 + 𝐿 ∫

𝑡

𝑡0
ℎ(𝑠)𝜛(𝑢(𝑠))𝑑𝑠, (20) 

 for 𝐾, 𝑇  a𝑛𝑑  𝐿 are positive constants,  

 
𝑢(𝑡) ≤ Ω−1 (Ω(𝐾) + 𝐿 ∫

𝑡

𝑡0
ℎ(𝑠)𝜛 (𝐹−1 (𝐹(1) + 𝑇 ∫

𝑠

𝑡0
𝑟(𝛼)𝑑𝛼)) 𝑑𝑠)

𝐹−1 (𝐹(1) + 𝑇 ∫
𝑡

𝑡0
𝑟(𝑠)𝑑𝑠) ,

 (21) 

 where 𝛽(𝑢) ≠ 𝜛(𝑢), Ω is defined in equation (16) and 𝐹(𝑢) is defined as  

 𝐹(𝑢) = ∫
𝑢

𝑢0

𝑑𝑠

𝛽(𝑠)
,    0 < 𝑢0 ≤ 𝑢, (22) 

 𝐹−1, Ω−1 are the inverses of 𝐹, Ω respectively and 𝑡 is in the subinterval (0, 𝑏) ∈ 𝐈 so that  

 𝐹(1) + 𝑇 ∫
𝑡

𝑡0
𝑟(𝑠)𝑑𝑠 ∈ 𝐷𝑜𝑚(𝐹−1) 

 and  

 Ω(𝐾) + 𝐿 ∫
𝑡

𝑡0
ℎ(𝑠)𝜛 (𝐹−1 (𝐹(1) + 𝑇 ∫

𝑡

𝑡0
𝑟(𝛼)𝑑𝛼)) 𝑑𝑠, ∈ 𝐷𝑜𝑚(Ω−1). 

  3.4 Theorem [5, 6]: If 𝑢(𝑡), 𝑟(𝑡), ℎ(𝑡), 𝜌(𝑡), 𝑔(𝑡) ∈ 𝐶(𝐑+) and 𝜔, 𝑓, 𝛾 ∈ Ψ be nonnegative, 

monotonic, nondecreasing continuous functions. Let 𝛾 be submultiplicative. If  

 
𝑢(𝑡) ≤ 𝜌(𝑡) + 𝐴 ∫

𝑡

𝑡0
𝑟(𝑠)𝛽(𝑢(𝑠))𝑑𝑠 + 𝐵 ∫

𝑡

𝑡0
ℎ(𝑠)𝜛(𝑢(𝑠))𝑑𝑠 +

𝐿 ∫
𝑡

𝑡0
𝑔(𝑠)𝛾(𝑢(𝑠))𝑑𝑠

 (23) 

 for 𝐾, 𝐴, 𝐵, 𝐿 > 0, then  

 

𝑢(𝑡) ≤ 𝜌(𝑡)Υ−1

[Υ(1) + 𝐿 ∫
𝑡

𝑡0
𝑔(𝑠)𝛾 [Ω−1 (Ω(1) + 𝐵 ∫

𝑠

𝑡0
ℎ(𝛼)𝜛(𝑇(𝛼))𝑑𝛼) 𝑇(𝑠)] 𝑑𝑠]

Ω−1 (Ω(1) + 𝐵 ∫
𝑡

𝑡0
ℎ(𝑠)𝜛(𝑇(𝑠))𝑑𝑠) 𝑇(𝑡)

 (24) 
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 where 𝑇(𝑡) is given as  

 𝑇(𝑡) = 𝐹−1 (𝐹(1) + 𝐴 ∫
𝑡

𝑡0
𝑟(𝑠)𝑑𝑠) (25) 

 and  

 Υ(𝑟) = ∫
𝑡

𝑡0

𝑑𝑠

𝛾(𝑠)
,    0 < 𝑟0 ≤ 𝑟, (26) 

 and 𝐹−1, Ω−1  a𝑛𝑑  Υ−1 are the inverses of 𝐹, Ω, Υ respectively 𝑡 ∈ (0, 𝑏) ⊂ (𝐼). So that  

 Υ(1) + 𝐿 ∫
𝑡

𝑡0
𝑔(𝑠)𝛾 [Ω−1 (Ω(1) + 𝐵 ∫

𝑠

𝑡0
ℎ(𝛼)𝜛(𝑇(𝛼))𝑑𝛼) 𝑇(𝑠)] 𝑑𝑠 ∈ 𝐷𝑜𝑚(Υ−1). 

    

   

MAIN RESULTS 

We begin this section with the investigation of  Hyers-Ulam stability of equation (1).  

4.1 Theorem :Suppose:   

i.  |𝑢′′(𝑡)| ≤ 𝛿, where 𝛿 > 0,  

ii.  |𝑢′′′(𝜉)| ≤ 𝜓, where 𝜓 > 0,  

iii.  |𝑢′(𝑡)| ≤ 𝜆 where 𝜆 > 0,  

iv.  ∫
𝑡

𝑡0
|𝑢′(𝑠)|𝑑𝑠 ≤ 𝜚, where 𝜚 > 0,  

v.  |𝑃(𝑡, 𝑢(𝑡), 𝑢′(𝑡))| ≤ 𝜑(𝑡)𝜙(𝑢(𝑡))ℎ(|𝑢′(𝑡)|) where 𝜑, ℎ, 𝜙 ∈ 𝐶(𝐑+) and ℎ, 𝜙  

    belong to class Ψ,  

vi.  𝑈(𝑢(𝑡)) = ∫
𝑢(𝑡)

𝑢(𝑡0)
𝑓(𝑠)𝑑𝑠,  

vii.  let 𝛽(𝑡) a nondecreasing function, then, 𝛽′ ≥ 0 implies there exits 𝜎 > 0 such  

     that 𝛽(𝑡) ≥ 𝜎,  

viii.  |𝑈(𝑢(𝑡))| ≥ |𝑢(𝑡)|,  

ix.  lim𝑡→∞ ∫
𝑡

𝑡0
𝜑(𝑠)𝑑𝑠 ≤ 𝑑 where 𝑑 > 0,  

x.  lim𝑡→∞ ∫
𝑡

𝑡0
𝛼(𝑠)𝑑𝑠 ≤ 𝑚, where 𝑚 > 0,  

xi.  lim𝑡→∞ ∫
𝑡

𝑡0
𝜌(𝑠)𝑑𝑠 ≤ 𝑛, where 𝑛 > 0,  

are satisfied, then, nonlinear differential equation (1) is Hyers-Ulam stable with Hyers-Ulam 

constant given by  

 

𝐾1 =
𝜚(1+𝜓)

𝜎𝛿
[Υ−1 (Υ(1) + 𝑑

ℎ(𝜆)𝜆

𝜎𝛿
𝜙(Ω−1(Ω(1)

+𝑚
𝜆

𝜎𝛿
𝛾(𝑇∗)) 𝑇∗))]

Ω−1 (Ω(1) + 𝑚
𝜆

𝜎𝛿
𝛾(𝑇∗)) 𝑇∗.

 (27) 

   

Proof: From inequality (8), we obtain  

 
−𝜖 ≤ 𝑢′′′(𝑡) + 𝛽(𝑡)𝑓(𝑢(𝑡))𝑢′′(𝑡) + 𝛼(𝑡)𝑔(𝑢(𝑡))𝑢′(𝑡) + 𝜌(𝑡)𝛾(𝑢(𝑡))

−𝑃(𝑡, 𝑢(𝑡), 𝑢′(𝑡) ≤ 𝜖.
 (28) 

 Multiplying (28) by 𝑢′(𝑡), we obtain  

 
−𝑢′(𝑡)𝜖 ≤ 𝑢′′′(𝑡)𝑢′(𝑡) + 𝛽(𝑡)𝑓(𝑢(𝑡))𝑢′′(𝑡)𝑢′(𝑡)

+𝛼(𝑡)𝑔(𝑢(𝑡))(𝑢′(𝑡))2 + 𝜌(𝑡)𝛾(𝑢(𝑡))𝑢′(𝑡) − 𝑃(𝑡, 𝑢(𝑡), 𝑢′(𝑡))𝑢′(𝑡) ≤ 𝑢′(𝑡)𝜖.
 (29) 
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 Integrating (29) from 𝑡0 to 𝑡 thrice and applying Lemma 3.1, we have  

 

−𝑡2𝜖 ∫
𝑡

𝑡0
𝑢′(𝑠)𝑑𝑠 ≤ 𝑡2 ∫

𝑡

𝑡0
𝑢′′′(𝑠)𝑢′(𝑠)𝑑𝑠 + 𝑡2 ∫

𝑡

𝑡0
𝛽(𝑠)𝑓(𝑢(𝑠))𝑢′′(𝑠)𝑢′(𝑠)𝑑𝑠

+𝑡2 ∫
𝑡

𝑡0
𝛼(𝑠)𝑔(𝑢(𝑠))(𝑢′(𝑠))2𝑑𝑠 + 𝑡2 ∫

𝑡

𝑡0
𝜌(𝑠)𝛾(𝑢(𝑠))𝑢′(𝑠)𝑑𝑠

−𝑡2 ∫
𝑡

𝑡0
𝑃(𝑠, 𝑢(𝑠), 𝑢′(𝑠))𝑢′(𝑠)𝑑𝑠 ≤ 𝑡2𝜖 ∫

𝑡

𝑡0
𝑢′(𝑠)𝑑𝑠, ∀𝑡 > 0.

 (30) 

 Consider inequality (30) in the form  

 

𝑡2 ∫
𝑡

𝑡0
𝑢′′′(𝑠)𝑢′(𝑠)𝑑𝑠 + 𝑡2 ∫

𝑡

𝑡0
𝛽(𝑠)𝑓(𝑢(𝑠))𝑢′′(𝑠)𝑢′(𝑠)𝑑𝑠 + 𝑡2 ∫

𝑡

𝑡0
𝛼(𝑠)𝑔(𝑢(𝑠))(𝑢′(𝑠))2𝑑𝑠

+𝑡2 ∫
𝑡

𝑡0
𝜌(𝑠)𝛾(𝑢(𝑠))𝑢′(𝑠)𝑑𝑠 − 𝑡2 ∫

𝑡

𝑡0
𝑃(𝑠, 𝑢(𝑠), 𝑢′(𝑠))𝑢′(𝑠)𝑑𝑠 ≤ 𝑡2𝜖 ∫

𝑡

𝑡0
𝑢′(𝑠)𝑑𝑠.

 (31) 

 For 𝑡 > 0, multiplying by 
2

𝑡2 and applying Theorem 3.1 implies there exists 𝜉 ∈ [𝑡0, 𝑡] such that  

𝑢′′′(𝜉) ∫
𝑡

𝑡0
𝑢′(𝑠)𝑑𝑠 + 𝑡2 ∫

𝑡

𝑡0
𝛽(𝑠)𝑓(𝑢(𝑠))𝑢′′(𝑠)𝑢′(𝑠)𝑑𝑠 + 𝑡2 ∫

𝑡

𝑡0
𝛼(𝑠)𝑔(𝑢(𝑠))(𝑢′(𝑠))2𝑑𝑠

+𝑡2 ∫
𝑡

𝑡0
𝜌(𝑠)𝛾(𝑢(𝑠))𝑢′(𝑠)𝑑𝑠 − 𝑡2 ∫

𝑡

𝑡0
𝑃(𝑠, 𝑢(𝑠), 𝑢′(𝑠))𝑢′(𝑠)𝑑𝑠 ≤ 𝑡2𝜖 ∫

𝑡

𝑡0
𝑢′(𝑠)𝑑𝑠.

 (32) 

 We  use condition (vi) to get  

 
𝑢′′′(𝜉) ∫

𝑡

𝑡0
𝑢′(𝑠)𝑑𝑠 + ∫

𝑡

𝑡0
𝛽(𝑠)𝑢′′(𝑠)

𝑑

𝑑𝑠
𝑈(𝑢(𝑠))𝑑𝑠 + ∫

𝑡

𝑡0
𝛼(𝑠)𝑔(𝑢(𝑠))(𝑢′(𝑠))2𝑑𝑠

+ ∫
𝑡

𝑡0
𝜌(𝑠)𝛾(𝑢(𝑠))𝑢′(𝑠)𝑑𝑠 − ∫

𝑡

𝑡0
𝑃(𝑠, 𝑢(𝑠), 𝑢′(𝑡))𝑢′(𝑠)𝑑𝑠 ≤ 𝜖 ∫

𝑡

𝑡0
𝑢′(𝑠)𝑑𝑠,

 (33) 

 and apply  condition (vii) of Theorem 4.1 to obtain  

 

𝜎|𝑢′′(𝑡)||𝑈(𝑢(𝑡))| ≤ 𝜖 ∫
𝑡

𝑡0
|𝑢′(𝑠)|𝑑𝑠 + |𝑢′′′(𝜉)| ∫

𝑡

𝑡0
𝑢′(𝑠)𝑑𝑠 + |𝑢′(𝑡)|2 ∫

𝑡

𝑡0
𝛼(𝑠)𝑔(|𝑢(𝑠)|)𝑑𝑠

+|𝑢′(𝑡)| ∫
𝑡

𝑡0
𝜌(𝑠)𝛾(𝑢(𝑠))𝑑𝑠 + |𝑢′(𝑡)| ∫

𝑡

𝑡0
|𝑃(𝑠, 𝑢(𝑠), 𝑢′(𝑠))|𝑑𝑠.

 (34) 

 Using conditions (i),(ii),(iii),(iv),(v) and (viii) of Theorem 4.1 to arrive at 

 
|𝑢(𝑡)| ≤ 𝑁 +

𝜆2

𝜎𝛿
∫

𝑡

𝑡0
𝛼(𝑠)𝑔(|𝑢(𝑠)|)𝑑𝑠 +

𝜆

𝜎𝛿
∫

𝑡

𝑡0
𝜌(𝑠)𝛾(|𝑢(𝑠)|)𝑑𝑠 +

ℎ(𝜆)𝜆

𝜎𝛿
∫

𝑡

𝑡0
𝜑(𝑠)𝜙(|𝑢(𝑠)|)𝑑𝑠,

 (35) 

 where  

 𝑁 = 𝜖
𝜚(1+𝜓)

𝜎𝛿
. (36) 

 Applying Theorem 3.4.to inequality (36) by leting 𝑝(𝑡) = 𝑁, we get  

 

|𝑢(𝑡)| ≤ 𝑁 [Υ−1 (Υ(1) +
ℎ(𝜆)𝜆

𝜎𝛿
∫

𝑡

𝑡0
𝜑(𝑠)𝜙(Ω−1(Ω(1)

+
𝜆

𝜎𝛿
∫

𝑠

𝑡0
𝜌(𝛼)𝛾(𝑇(𝛼))𝑑𝛼) 𝑇(𝑠)) 𝑑𝑠)]

Ω−1 (Ω(1) +
𝜆

𝜎𝛿
∫

𝑡

𝑡0
𝜌(𝑠)𝛾(𝑇(𝑠))𝑑𝑠) 𝑇(𝑡),

 (37) 

 where  

 𝑇(𝑡) = 𝐹−1 (𝐹(1) +
𝜆2

𝜎𝛿
∫

𝑡

𝑡0
𝛼(𝑠)𝑑𝑠) (38) 

 Using conditions (ix),(x) and (xi) to obtain  
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|𝑢(𝑡)| ≤ 𝑁 [Υ−1 (Υ(1) + 𝑑
ℎ(𝜆)𝜆

𝜎𝛿
𝜙(Ω−1(Ω(1)

+𝑚
𝜆

𝜎𝛿
𝛾(𝑇∗)) 𝑇∗))]

Ω−1 (Ω(1) + 𝑚
𝜆

𝜎𝛿
𝛾(𝑇∗)) 𝑇∗,

 (39) 

 where  

 𝑇∗ = 𝐹−1 (𝐹(1) + 𝑛
𝜆2

𝜎𝛿
). (40) 

 Substituting for 𝑁 using equation (36) in inequality (39) we have  

 

|𝑢(𝑡)| ≤ 𝜖
𝜚(1+𝜓)

𝜎𝛿
[Υ−1 (Υ(1) + 𝑑

ℎ(𝜆)𝜆

𝜎𝛿
𝜙(Ω−1(Ω(1)

+𝑚
𝜆

𝜎𝛿
𝛾(𝑇∗)) 𝑇∗))]

Ω−1 (Ω(1) + 𝑚
𝜆

𝜎𝛿
𝛾(𝑇∗)) 𝑇∗.

 (41) 

 Hence,  

 

|𝑢(𝑡) − 𝑢0(𝑡)| ≤ |𝑢(𝑡)| ≤ 𝜖
𝜚(1+𝜓)

𝜎𝛿
[Υ−1 (Υ(1) + 𝑑

ℎ(𝜆)𝜆

𝜎𝛿
𝜙(Ω−1(Ω(1)

+𝑚
𝜆

𝜎𝛿
𝛾(𝑇∗)) 𝑇∗))]

Ω−1 (Ω(1) + 𝑚
𝜆

𝜎𝛿
𝛾(𝑇∗)) 𝑇∗.

 (42) 

 Therefore,  

 |𝑢(𝑡) − 𝑢0(𝑡)| ≤ 𝜖𝐾1, 

 where 𝐾1 (Hyers-Ulam constant) is given as  

 
𝐾1 =

𝜚(1+𝜓)

𝜎𝛿
[Υ−1 (Υ(1) + 𝑑

ℎ(𝜆)𝜆

𝜎𝛿
𝜙 (Ω−1 (Ω(1) + 𝑚

𝜆

𝜎𝛿
𝛾(𝑇∗)) 𝑇∗))]

Ω−1 (Ω(1) + 𝑚
𝜆

𝜎𝛿
𝛾(𝑇∗)) 𝑇∗.

 

  

4.1 Example: Consider the Hyers-Ulm stability of the third order nonlinear differential equation 

of the form  

 𝑢′′′(𝑡) + 𝑡2𝑢2(𝑡)𝑢′′(𝑡) + 𝑡−2𝑢(𝑡)𝑢′(𝑡) + 𝑡−3𝑢4(𝑡) = 𝑡−4𝑢2(𝑡)    𝑡 > 0 

 where  

 𝑃(𝑡, 𝑢(𝑡)) = 𝑡−4𝑢2(𝑡) ≤ 𝑡−2𝑢2(𝑡) 

 with the initial condition(7). By conditions of Theorem 4.1, non-autonomous third order nonlinear 

differential equation is Hyers-Ulam stable.   

4.2 Theorem: Let all the conditions of Theorem 4.1 remain valid. Then a nonlinear differential 

equation (2) has Hyers-Ulam stability property with Hyers-Ulam constant given by  

 
𝐾2 =

𝜚(1+𝜓)

𝛿𝜎
Ω−1 (Ω(1) + 𝑑𝜆ℎ(𝜆)𝜙 (𝐹−1 (𝐹(1) +

𝑛𝜆

𝛿𝜎
)))

(𝐹(1) +
𝑛𝜆

𝛿𝜎
) .

 (43) 

   

Proof. Using inequality (9), multiplying both sides by 𝑢′(𝑡) and we consider  

 
𝑢′′′(𝑡)𝑢′(𝑡) + 𝛽(𝑡)𝑓(𝑢(𝑡))𝑢′′(𝑡)𝑢′(𝑡) + 𝜌(𝑡)𝛾(𝑢(𝑡))𝑢′(𝑡)

−𝑃(𝑡, 𝑢(𝑡), 𝑢′(𝑡))𝑢′(𝑡) ≤ 𝜖𝑢′(𝑡)
 (44) 
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 Integrating from 𝑡0 to 𝑡 thrice, using Lemma 3.2 and condition (vi) of Theorem 4.1 to get  

 
𝑡2 ∫

𝑡

𝑡0
𝑢′′′(𝑠)𝑢′(𝑠)𝑑𝑠 + ∫

𝑡

𝑡0
𝛽(𝑠)𝑢′′(𝑠)

𝑑

𝑑𝑠
𝑈(𝑢(𝑠))𝑑𝑠

+𝑡2𝜌(𝑡)𝛾(𝑢(𝑡))𝑢′(𝑡) − 𝑡2 ∫
𝑡

𝑡0
𝑃(𝑠, 𝑢(𝑠), 𝑢′(𝑠))𝑢′(𝑠)𝑑𝑠 ≤ 𝑡2𝜖 ∫

𝑡

𝑡0
𝑢′(𝑠)𝑑𝑠.

 (45) 

 Empolying Theorem 3.2, there exists 𝜉 ∈ [𝑡0, 𝑡] such that  

 
𝑢′′′(𝜉) ∫

𝑡

𝑡0
𝑢′(𝑠)𝑑𝑠 + ∫

𝑡

𝑡0
𝛽(𝑠)𝑢′′(𝑠)

𝑑

𝑑𝑠
𝑈(𝑢(𝑠))𝑑𝑠

+ ∫
𝑡

𝑡0
𝜌(𝑠)𝛾(𝑢(𝑠))𝑢′(𝑠)𝑑𝑠 − ∫

𝑡

𝑡0
𝑃(𝑠, 𝑢(𝑠), 𝑢′(𝑡))𝑢′(𝑠)𝑑𝑠 ≤ 𝜖 ∫

𝑡

𝑡0
𝑢′(𝑠)𝑑𝑠, ∀𝑡 > 0.

 (46) 

 Using condition (viii) of Theorem 4.1 and integration by parts to get  

 
𝑢′′(𝑡)𝜎𝑈(𝑢(𝑡)) ≤ 𝜖 ∫

𝑡

𝑡0
𝑢′(𝑠)𝑑𝑠 − 𝑢′′′(𝜉) ∫

𝑡

𝑡0
𝑢′(𝑠)𝑑𝑠

− ∫
𝑡

𝑡0
𝑢′(𝑠)𝜌(𝑠)𝛾(𝑢(𝑠))𝑑𝑠 + ∫

𝑡

𝑡0
𝑃(𝑠, 𝑢(𝑠), 𝑢′(𝑠))𝑢′(𝑠)𝑑𝑠.

 (47) 

Applying the conditions (i), (ii),(iii),(iv),(v) and (vii) of Theorem 4.1, we obtain  

 |𝑢(𝑡)| ≤ 𝜖𝜚
(1+𝜓)

𝛿𝜎
+

𝜆

𝛿𝜎
∫

𝑡

𝑡0
𝜌(𝑠)𝛾(|𝑢(𝑠)|)𝑑𝑠 +

𝜆ℎ(𝜆)

𝛿𝜎
∫

𝑡

𝑡0
𝜑(𝑠)𝜙(|𝑢(𝑠)|)𝑑𝑠. (48) 

 By applying Theorem 3.3 we get  

 

|𝑢(𝑡)| ≤ 𝜖
𝜚(1+𝜓)

𝛿𝜎
Ω−1 (Ω(1) +

𝜆ℎ(𝜆)

𝛿𝜎
∫

𝑡

𝑡0
𝜑(𝑠)𝜙(𝐹−1(𝐹(1)

+
𝜆

𝛿𝜎
∫

𝑡

𝑡0
𝜌(𝛼)𝑑𝛼) 𝑑𝑠))

𝐹−1 (𝐹(1) +
𝜆

𝛿𝜎
∫

𝑡

𝑡0
𝜌(𝑠)𝑑𝑠) ,

 (49) 

 and the conditions (ix) and (xi) to have  

 

|𝑢(𝑡)| ≤ 𝜖
𝜚(1+𝜓)

𝛿𝜎
Ω−1 (Ω(1) +

𝜆ℎ(𝜆)𝑑

𝛿𝜎
𝜙(𝐹−1(𝐹(1)

+
𝑛𝜆

𝛿𝜎
))) 𝐹−1 (𝐹(1) +

𝑛𝜆

𝛿𝜎
) .

 (50) 

 Hence,  

 |𝑢(𝑡) − 𝑢(𝑡0)| ≤ |𝑢(𝑡)| ≤ 𝜖𝐾2, 

 where  

 
𝐾2 =

𝜚(1+𝜓)

𝛿𝜎
Ω−1 (Ω(1) +

𝜆ℎ(𝜆)𝑑𝜙

𝛿𝜎
(𝐹−1 (𝐹(1) +

𝑛𝜆

𝛿𝜎
)))

𝐹−1 (𝐹(1) +
𝑛𝜆

𝛿𝜎
) .

 (51) 

 4.2 Example Investigate Hyers-Ulam Stability of the following third order nonlinear differential 

equation. 

 𝑢′′′(𝑡) + 𝑡−4𝑢4(𝑡)𝑢′′(𝑡) + 𝑡−2𝑢2(𝑡)𝑢′(𝑡) + 𝑡−6𝑢2(𝑡) = 𝑡−4𝑢4(𝑡)𝑢′2(𝑡)  𝑡 > 0 

 where 𝛽(𝑡) = 𝑡−4, 𝑓(𝑢(𝑡)) = 𝑢4(𝑡), 𝛼(𝑡) = 𝑡−2, 𝑔(𝑢(𝑡)) = 𝑢2(𝑡), 𝜌(𝑡) = 𝑡−6, 𝛾𝑢(𝑡) =

𝑢2(𝑡)  𝑃(𝑡, 𝑢(𝑡), 𝑢′(𝑡)) = 𝑡−4𝑢2(𝑡)𝑢′2(𝑡) where 𝜑(𝑡) = 𝑡−2, 𝜙(𝑢(𝑡)) = 𝑢4(𝑡) By carefully 

following the conditions of Theorem 4.2, the nonlinear differential equation has Hyers-Ulam 

stability. 

4.3Theorem. The non-autonomous third order nonlinear differential equation (3) has Hyers-Ulam 

stability, if the conditions of Theorem 4.1 remain valid. In addition, let   

    i’.  𝑅(𝑢(𝑡)) = ∫
𝑢(𝑡)

𝑢(𝑡0)
𝑟(𝑢(𝑠))𝑑𝑠,  
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    ii’.  |𝑅(𝑢(𝑡))| ≥ |𝑢(𝑡)|,  

    iii’.  let 𝜌 be an increasing function, then 𝜌′(𝑡) ≥ 0, implies that there exists 𝜉 > 0  

          such that 𝜌 ≥ 𝜉,  

 hold, then equation (3) has Hyers-Ulam stability with Hyers-Ulam constant given as 

 

𝐾3 = 𝜚
(1+𝜓)

𝜉
Ω−1 (Ω(1) + 𝑑

𝜆ℎ(𝜆)

𝜉
𝜔(𝐹−1(𝐹(1)

+𝑛
𝜆2

𝜉
))) 𝐹−1 (𝐹(1) +

𝑛𝜆2

𝜉
) .

 (52) 

   

Proof. We consider inequality (10) in the form 

 𝑢′′′(𝑡) + 𝛼(𝑡)𝑔(𝑢(𝑡))𝑢′(𝑡) + 𝜌(𝑡)𝑟(𝑢(𝑡)) − 𝑃(𝑡, 𝑢(𝑡), 𝑢′(𝑡)) ≤ 𝜖, (53) 

 and multiply inequality (53) by 𝑢′(𝑡), integrate from 𝑡0 to 𝑡 thrice and use Lemma 3.2 to obtain  

 
𝑡2 ∫

𝑡

𝑡0
𝑢′′′(𝑠)𝑢′(𝑠)𝑑𝑠 + 𝑡2 ∫

𝑡

𝑡0
𝛼(𝑡)𝑔(𝑢(𝑠))(𝑢′(𝑠))2𝑑𝑠

+𝑡2 ∫
𝑡

𝑡0
𝜌(𝑠)𝛾(𝑢(𝑠))𝑢′(𝑠)𝑑𝑠 − 𝑡2 ∫

𝑡

𝑡0
𝑃(𝑠, 𝑢(𝑠), 𝑢′(𝑠))𝑢′(𝑠) ≤ 𝜖𝑡2 ∫

𝑡

𝑡0
𝑢′(𝑠)𝑑𝑠.

 (54) 

 Using conditions (I’), (iii’)  of Theorem 4.3 and integraton by part to obtain  

 
𝜉𝑅(𝑢(𝑡)) ≤ 𝜖 ∫

𝑡

𝑡0
𝑢′(𝑠)𝑑𝑠 − 𝑢′′′(𝑡) ∫

𝑡

𝑡0
𝑢′(𝑠)𝑑𝑠 − (𝑢′(𝑡))2 ∫

𝑡

𝑡0
𝛼(𝑠)𝑔(𝑢(𝑠))𝑑𝑠

+𝑢′(𝑡) ∫
𝑡

𝑡0
𝑃(𝑠, 𝑢(𝑠), 𝑢′(𝑠))𝑑𝑠.

 (55) 

 Taking the absolute value of both sides, using conditions (ii),(iii),(iv) of the Theorem 4.1 and 

condition (ii’) of Theorem 4.3 to get 

 

 |𝑢(𝑡)|) ≤
(1+𝜓)

𝜉
𝜚𝜖 +

(𝜆)2

𝜉
∫

𝑡

𝑡0
𝛼(𝑠)𝑔(|𝑢(𝑠)|)𝑑𝑠 +

𝜆ℎ(𝜆)

𝜉
∫

𝑡

𝑡0
𝜑(𝑠)𝜔(|𝑢(𝑠|))𝑑𝑠. (56) 

 Using Theorem 3.3 we get  

 

|𝑢(𝑡)| ≤ 𝜚𝜖
(1+𝜓)

𝜉
Ω−1 (Ω(1) +

𝜆ℎ(𝜆)

𝜉
∫

𝑡

𝑡0
𝜑(𝑠)𝜔(𝐹−1(𝐹(1)

+
𝜆2

𝜉
∫

𝑠

𝑡0
𝛼(𝛿)𝑑𝛿)) 𝑑𝑠) 𝐹−1 (𝐹(1) +

𝜆2

𝜉
∫

𝑡

𝑡0
𝛼(𝑠)𝑑𝑠) ,    𝑡 ∈ 𝐈.

 (57) 

 By conditions (ix) and (xi) of Theorem 4.1 we have  

 

|𝑢(𝑡)| ≤ 𝜚𝜖
(1+𝜓)

𝜉
Ω−1 (Ω(1) + 𝑑

𝜆ℎ(𝜆)

𝜉
𝜔(𝐹−1(𝐹(1)

+𝑛
𝜆2

𝜉
))) 𝐹−1 (𝐹(1) + 𝑛

𝜆2

𝜉
) .

 (58) 

 Hence,  

 |𝑢(𝑡) − 𝑢0(𝑡)| ≤ |𝑢(𝑡)| ≤ 𝐾3𝜖, 

where 

 

𝐾3 = 𝜚
(1+𝜓)

𝜉
Ω−1 (Ω(1) + 𝑑

𝜆ℎ(𝜆)

𝜉
𝜔(𝐹−1(𝐹(1)

+𝑛
𝜆2

𝜉
))) 𝐹−1 (𝐹(1) + 𝑛

𝜆2

𝜉
)
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Example 4.3  Consider the Hyers-Ulm stability of the third order nonlinear differential equation 

of the form  

 𝑢′′′(𝑡) + 𝑡−2𝑢4(𝑡)𝑢′′(𝑡) + 𝑡−4𝑢(𝑡) = 𝑡−4𝑢2(𝑡)    𝑡 > 0 

 where  

 𝑃(𝑡, 𝑢(𝑡)) = 𝑡−4𝑢2(𝑡) ≤ 𝑡−2𝑢2(𝑡) 

 with the initial conditions(7). By conditions of Theorem 2 that satisfied the Theorem 11(`)@, third 

order nonlinear differential equation is Hyers-Ulam stable.  

4.4 Theorem: Let all conditions of Theorem 4.1 remain valid. Then, the non-autonomous third 

order nonlinear differential equation (4) has Hyers-Ulam stability with Hyers-Ulam constant given 

as  

 𝐾4 = 𝜚
(1+𝜓)

𝛿𝜎
Ω−1 (Ω(1) +

𝑚𝜆

𝛿𝜎
𝛾 (𝐹−1 (𝐹(1) +

𝑛𝜆2

𝛿𝜎
))) 𝐹−1 (𝐹(1) +

𝑛𝜆2

𝛿𝜎
) . (59) 

   

Proof. It is clear from equation (11) after multiplying by 𝑢′(𝑡) that  

 
𝑢′′′(𝑡)𝑢′(𝑡) + 𝛽(𝑡)𝑓(𝑢(𝑡))𝑢′′(𝑡)𝑢′(𝑡) + 𝛼(𝑡)𝑔(𝑢(𝑡))(𝑢′(𝑡))2 + 𝜌(𝑡)𝛾(𝑢(𝑡))𝑢′(𝑡)

≤ 𝑢′(𝑡)𝜖
 (60) 

 and integrating from 𝑡0 to 𝑡 thrice and using Lemma 1.2 and condition (v) of Theorem 4.1 we get  

 
∫

𝑡

𝑡0
𝑢′′′(𝑡)𝑢′(𝑠)𝑑𝑠 + ∫

𝑡

𝑡0
𝛽(𝑠)𝑢′′(𝑠)

𝑑

𝑑𝑠
𝑈(𝑢(𝑠))𝑑𝑠 + ∫

𝑡

𝑡0
𝛼(𝑠)𝑔(𝑢(𝑠))(𝑢′(𝑠))2𝑑𝑠

+ ∫
𝑡

𝑡0
𝜌(𝑠)𝛾(𝑢(𝑠))𝑢′(𝑠)𝑑𝑠 ≤ 𝜖 ∫

𝑡

𝑡0
𝑢′(𝑠)𝑑𝑠.

 (61) 

 By Theorem 3.2 implies there exists 𝜉 ∈ [𝑡0, 𝑡] such that  

 
𝑢′′′(𝜉) ∫

𝑡

𝑡0
𝑢′(𝑠)𝑑𝑠 + 𝑢′′(𝑡) ∫

𝑡

𝑡0
𝛽(𝑠)

𝑑

𝑑𝑠
𝑈(𝑢(𝑠))𝑑𝑠 + (𝑢′(𝑡))2 ∫

𝑡

𝑡0
𝛼(𝑠)𝑔(𝑢(𝑠))𝑑𝑠

+𝑢′(𝑠) ∫
𝑡

𝑡0
𝜌(𝑠)𝛾(𝑢(𝑠))𝑑𝑠 ≤ 𝜖 ∫

𝑡

𝑡0
𝑢′(𝑠)𝑑𝑠.

 (62) 

 We use integration by parts and condition (iii’) of Theorem 4.3 to obtain  

 
𝑢′′′(𝜉) ∫

𝑡

𝑡0
𝑢′(𝑠)𝑑𝑠 + 𝑢′′(𝑡)𝜎𝑈(𝑢(𝑠)) + (𝑢′(𝑡))2 ∫

𝑡

𝑡0
𝛼(𝑠)𝑔(𝑢(𝑠))𝑑𝑠

+ ∫
𝑡

𝑡0
𝜌(𝑠)𝛾(𝑢(𝑠))𝑢′(𝑠)𝑑𝑠 ≤ 𝜖 ∫

𝑡

𝑡0
𝑢′(𝑠)𝑑𝑠.

 (63) 

 Applying the conditions (i)-(vi) of Theorem 4.1 to arrive at  

 |𝑢(𝑠)| ≤ 𝜖𝜚
(1+𝜓)

𝛿𝜎
+

𝜆2

𝛿𝜎
∫

𝑡

𝑡0
𝛼(𝑠)𝑔(|𝑢(𝑠)|)𝑑𝑠 +

𝜆

𝛿𝜎
∫

𝑡

𝑡0
𝜌(𝑠)𝛾(|𝑢(𝑠)|)𝑑𝑠. (64) 

 Using Theorem 3.3 to obtain  

 

|𝑢(𝑡)| ≤ 𝜖𝜚
(1+𝜓)

𝛿𝜎
Ω−1 (Ω(1) +

𝜆

𝛿𝜎
∫

𝑡

𝑡0
𝜌(𝑠)𝛾(𝐹−1(𝐹(1)

+
𝜆2

𝛿𝜎
∫

𝑠

𝑡0
𝛼(𝜉)𝑑𝜉)) 𝑑𝑠) 𝐹−1 (𝐹(1) +

𝜆2

𝛿𝜎
∫

𝑡

𝑡0
𝛼(𝑠)𝑑𝑠) ,    𝑡 ∈ 𝐈.

 (65) 

 Using the conditions (x) and (xi)  of Theorem 4.1 we have  

 |𝑢(𝑡)| ≤ 𝜖𝜚
(1+𝜓)

𝛿𝜎
Ω−1 (Ω(1) +

𝑚𝜆

𝛿𝜎
𝛾 (𝐹−1 (𝐹(1) +

𝑛𝜆2

𝛿𝜎
))) 𝐹−1 (𝐹(1) +

𝑛𝜆2

𝛿𝜎
) . (66) 

 Hence,  

 |𝑢(𝑡) − 𝑢(𝑡0)| ≤ |𝑢(𝑡)| ≤ 𝜖𝐾4, 

 where  
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 𝐾4 = 𝜚
(1+𝜓)

𝛿𝜎
Ω−1 (Ω(1) +

𝑚𝜆

𝛿𝜎
𝛾 (𝐹−1 (𝐹(1) +

𝑛𝜆2

𝛿𝜎
))) 𝐹−1 (𝐹(1) +

𝑛𝜆2

𝛿𝜎
) . 

 4.5 Theorem. Suppose the conditions of Theorems 4.2 and 4.3 emain valid. Then, the non-

autonomous third order nonlinear differential equation (5) is Hyers-Ulam stable with Hyers-Ulam 

constant of equation (5) given as  

 𝐾5 = 𝜚
(1+𝜓)

𝛿𝜎
Ω−1 (Ω(1) +

𝑛𝜆

𝛿𝜎
) . (67) 

   

Proof. From inequality (12), it is clear that  

 −𝑢′(𝑡)𝜖 ≤ 𝑢′′′(𝑡)𝑢′(𝑡) + 𝛽(𝑡)𝑓(𝑢(𝑡))𝑢′′(𝑡)𝑢′(𝑡) + 𝜌(𝑡)𝛾(𝑢(𝑡))𝑢′(𝑡) ≤ 𝑢′(𝑡)𝜖. (68) 

 Integrating from 𝑡0 to 𝑡 thrice, using Lemma3.2 and condition (i’) of Theorem 4.3, we obtain  

 

∫
𝑡

𝑡0
𝑢′′′(𝑡)𝑢′(𝑠)𝑑𝑠 + ∫

𝑡

𝑡0
𝛽(𝑠)𝑢′′(𝑠)

𝑑

𝑑𝑠
𝑈(𝑢(𝑠))𝑑𝑠 + ∫

𝑡

𝑡0
𝜌(𝑠)𝛾(𝑢(𝑠))𝑢′(𝑠)𝑑𝑠 ≤ 𝜖 ∫

𝑡

𝑡0
𝑢′(𝑠)𝑑𝑠.

 (69) 

 The application of Theorem 3.2  implies there exists 𝜉 ∈ [𝑡0, 𝑡] such that  

 

𝑢′′′(𝜉) ∫
𝑡

𝑡0
𝑢′(𝑠)𝑑𝑠 + ∫

𝑡

𝑡0
𝛽(𝑠)𝑢′′(𝑠)

𝑑

𝑑𝑠
𝑈(𝑢(𝑠))𝑑𝑠 + ∫

𝑡

𝑡0
𝜌(𝑠)𝛾(𝑢(𝑠))𝑢′(𝑠)𝑑𝑠 ≤ 𝜖 ∫

𝑡

𝑡0
𝑢′(𝑠)𝑑𝑠.

 (70) 

 By integration by parts and applying condition (iii’) of Theorem 4.3 we get  

𝑢′′(𝑡)𝜎𝑈(𝑢(𝑡)) ≤ 𝜖 ∫
𝑡

𝑡0
|𝑢′(𝑠)|𝑑𝑠 + |𝑢′′′(𝜉)| ∫

𝑡

𝑡0
|𝑢′(𝑠)|𝑑𝑠 + |𝑢′(𝑡)| ∫

𝑡

𝑡0
𝜌(𝑠)𝛾(𝑢(𝑠))𝑑𝑠.

 (71) 

 Using  conditions (i),(ii)(iii)and (iv)  of Theorem 4.1 we obtain  

 |𝑢(𝑡)| ≤ 𝜖𝜚
(1+𝜓)

𝛿𝜎
+

𝜆

𝛿𝜎
∫

𝑡

𝑡0
𝜌(𝑠)𝛾(|𝑢(𝑠)|)𝑑𝑠 (72) 

 Using Lemma 3.1, we get  

 |𝑢(𝑡)| ≤ 𝜖𝜚
(1+𝜓)

𝛿𝜎
Ω−1 (Ω(1) +

𝜆

𝛿𝜎
∫

𝑡

𝑡0
𝜌(𝑠)𝑑𝑠) ,    𝑡 ∈ 𝐈. (73) 

 By condition (xi)  of Theorem4.1 we arrive at  

 |𝑢(𝑡)| ≤ 𝜖𝜚
(1+𝜓)

𝛿𝜎
Ω−1 (Ω(1) +

𝑛𝜆

𝛿𝜎
). (74) 

 Hence,  

 |𝑢(𝑡) − 𝑢(𝑡0)| ≤ |𝑢(𝑡)| ≤ 𝜖𝐾5, (75) 

 where  

 𝐾5 = 𝜚
(1+𝜓)

𝛿𝜎
Ω−1 (Ω(1) +

𝑛𝜆

𝛿𝜎
). 

 4.4 Example Consider the Hyers-Ulam stability of the third order nonlinear differential equation  

 𝑢′′′(𝑡) + 𝑡−4𝑢4(𝑡)𝑢′′(𝑡) + 𝑡−2𝑢2(𝑡)𝑢′(𝑡) + 𝑡−6𝑢2(𝑡) = 0  𝑡 > 0 

 where𝛽(𝑡) = 𝑡−4, 𝑓(𝑢(𝑡)) = 𝑢4(𝑡), 𝛼(𝑡) = 𝑡−2, 𝑔(𝑢(𝑡)) = 𝑢2(𝑡), 𝜌(𝑡) = 𝑡−6, 𝛾𝑢(𝑡) =

𝑢2(𝑡). By following the proof of the Theorem4.1, then the nonlinear differential equation is Hyers-

Ulam stable.   

4.6 Theorem. The non-autonomous third order nonlinear differential equation (6) has Hyers-Ulam 

stability, if the conditions of Theorems 2 and 11(`)@ remain valid. Then the Hyers-Ulam constant 

of equation (6) is given by  
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 𝐾6 = 𝜚
(1+𝜓)

𝜉
Ω−1 (Ω(1) + 𝑛

𝜆2

𝜉
) (76) 

   

Proof. From inequality (13) that  

 𝑢′′′(𝑡) + 𝛼(𝑡)𝑔(𝑢(𝑡))𝑢′(𝑡) + 𝜌(𝑡)𝑟(𝑢(𝑡)) ≤ 𝜖. (77) 

 Multiplying equation (77) by 𝑢′(𝑡), integrating from 𝑡0 to 𝑡 thrice and using Lemma 3.2 we obtain  

 
𝑡2 ∫

𝑡

𝑡0
𝑢′′′(𝑠)𝑢′(𝑠)𝑑𝑠 + 𝑡2 ∫

𝑡

𝑡0
𝛼(𝑡)𝑔(𝑢(𝑠))(𝑢′(𝑠))2𝑑𝑠

+𝑡2 ∫
𝑡

𝑡0
𝜌(𝑠)𝛾(𝑢(𝑠))𝑢′(𝑠)𝑑𝑠 ≤ 𝜖𝑡2 ∫

𝑡

𝑡0
𝑢′(𝑠)𝑑𝑠.

 (78) 

 Using conditions (i’), (iii’) of Theorem 4.3 and integration by part swe obtain  

 𝜉𝑅(𝑢(𝑡)) ≤ 𝜖 ∫
𝑡

𝑡0
𝑢′(𝑠)𝑑𝑠 − 𝑢′′′(𝑡) ∫

𝑡

𝑡0
𝑢′(𝑠)𝑑𝑠 − (𝑢′(𝑡))2 ∫

𝑡

𝑡0
𝛼(𝑠)𝑔(𝑢(𝑠))𝑑𝑠. (79) 

 Taking the absolute value of both sides, using conditions (ii), (iii), (iv) of the Theorem 4.1 and 

condition (ii’) of the Theorem 4.3 we have  

 |𝑢(𝑡)|) ≤
(1+𝜓)

𝜉
𝜚𝜖 +

(𝜆)2

𝜉
∫

𝑡

𝑡0
𝛼(𝑠)𝑔(|𝑢(𝑠)|)𝑑𝑠. (80) 

 together with application of Lemma 3.1 

 |𝑢(𝑡)| ≤ 𝜚𝜖
(1+𝜓)

𝜉
Ω−1 (Ω(1) +

𝜆2

𝜉
∫

𝑡

𝑡0
𝛼(𝑠)𝑑𝑠) ,    𝑡 ∈ 𝐈. (81) 

 By condition (xi) of Theorem 4.1 we have  

 |𝑢(𝑡)| ≤ 𝜚𝜖
(1+𝜓)

𝜉
Ω−1 (Ω(1) + 𝑛

𝜆2

𝜉
) . (82) 

 Hence,  

 |𝑢(𝑡) − 𝑢0(𝑡)| ≤ |𝑢(𝑡)| ≤ 𝐾6𝜖. 

 Hyers-Ulam constant is given by  

 𝐾6 = 𝜚
(1+𝜓)

𝜉
Ω−1 (Ω(1) + 𝑛

𝜆2

𝜉
) . 

  

    

CONCLUSION 

 This work on HUS results of third order nonlinear differential equations with nonlinear forcing 

term is very prominent in the stability of some problems such as hereditary, the surge in birth-

rates, spreading of certain contagious diseases and so on. These problems appear directly in terms 

of integral equations and in terms of differential equations with certain conditions on the 

parameters of the model which can assist us to reduce the nonlinear equation to integral equations 

whereby GBB type inequality will be used to determine the stability of the solution of the nonlinear 

equation.  
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