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Received xXxxx strategy for an investor in the presence of inflation risk and corporate
Revised ~ xxxxx taxation. The investor is assumed to pay tax on income generated by its
Accepted xxXxxx asset. The investor’s income is assumed to grow at rate that satisfy a

Available online xxxxx  djffusion process. The aim of the investor is to derive the real wealth process

which is nominal wealth adjusted for inflation. The resulting real wealth

Keywords: process was solved using dynamic programming approach. As a result, we
Optimal Debt derive the optimal debt ratio and optimal consumption rate for the investor
Ratio, over time by assuming that the investor chooses a power utility function. We
Corporation Tax, found that the debt ratio depends positively on the corporate tax rate, debt
Inflation Risk, servicing and the volatility of the inflation index. Also, we found that as the
Optimal Control, risk aversion coefficient increases, the optimal debt ratio will decrease and

vice versa. Also, we found that the relationship between the coefficient of
risk aversion and the optimal consumption rate is positive.

1. Introduction

The optimal management of debt is an important aspect of corporate financing today. One of the
reason for this is because companies now routinely rely on debt financing for expansion, asset
acquisition and general operational support. However, while debt financing can offer some
strategic advantage, it also increases the financial leverage of firms that can threaten the viability
of the firm if not properly managed. The optimal debt ratio represents the proportion of a
company’s assets financed through debt and leveraging debt can amplify returns on investments.
Hence, having a good understanding of the factors that impact on a firm’s debt ratio is necessary
for a firm that wants to survive in the current complex financial world. The debt ratio gives an
insight into the financial health of a firm and represent an important factor that may influence the
investment and financing decisions of firms.
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Also, the performance of a firm’s investment is affected by debt exposure especially in periods of
a financial crisis and how well the firm is able to manage this exposure is critical for its survival.
The business activities of firms in Nigeria are exposed to several risks which include: economic
risk, political risk, inflation risk, regulatory risk, currency risk, corruption etc. In this paper, we
consider inflation, investment and income growth risks and address the problem of optimal debt
ratio and consumption strategy for the investor.

The literature is rich with works on optimal debt management. For example, [1] studied the optimal
debt ratio and consumption plan for an investor during financial crisis in a stochastic setting. The
impact of labor market condition was also studied. He assumed that the production rate function
of the investor is stochastic and being influenced by government policy, employment and
unanticipated risks. [2] considered a stochastic optimal control model and optimal debt ratio
management strategies of an investor in a financial crisis. They considered productivity of capital,
asset return, interest rate and market regime switches of an investor. The utility of terminal wealth
was optimized under debt ratio. [3] considered backup security as a buffer for loans and derived
the optimal portfolio, debt ratio and consumption rate for an investor during a financial crisis. [4]
considered the surplus process of an insurer which satisfies a diffusion process and obtained an
optimal policy for debt and dividend payment for an insurer. Further, while [5] considered the
optimal debt ratio, investment and dividend payment strategies for an insurance company in a
finite time horizon by maximizing the total expected discounted utility of dividend payment, [6]
considered the optimal liability management strategies and dividend payment for an insurance
company that experiences catastrophic risks. [7] considered the optimal investment strategies and
collaterized optimal debt in the presence of intangible asset within a jump-diffusion framework.
[8] provided a methodology to estimate the optimal debt ratio when asset returns follow a
geometric Brownian motion but adjusted by the probability of default that follows an Ornstein-
Uhlenbeck process.

We are also interested on the impact of inflation on the wealth of the investor and how it affects
their consumption and debt management strategies. In fact, real wealth rather than nominal wealth
serves as a guide to investors in deciding how much capacity they have for investment and
consumption. [9] considered a stochastic inflation index with jumps while [10] used a stochastic
dynamic programming approach to model a DC pension in a complete market. They considered
the impact of both income and inflation risk on the model. For more reviews on inflation dynamics
[11], [12] and [13].

In this paper, the investor we consider operates within a stochastic inflation framework. The asset
price, inflation index and income growth rate dynamics are assumed to follow a diffusion process.
The wealth process of the investor is described as the difference between asset value and debt. To
account for the impact of inflation risk, we derived the real wealth process of the investor. We
considered two state variables in our value function which include the real wealth process and
income growth rate. The goal of the investor is to maximize the discounted expected utility of
consumption over an infinite horizon. Using the stochastic dynamic programming techniques, we
obtained the optimal debt ratio and optimal consumption strategy by assuming a Constant Relative
Risk Aversion (CRRA) utility function.
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The rest of the paper is organized as follows. A general formulation of the model is presented in
section 2. In section 3, we presented the optimal control problem. Some numerical results for the
models is presented in section 4. We conclude the paper in section 5.

2 The Model Formulation

Let A(t) be the asset value of the firm at time t, B(t) is the price of the firm’s assets at time ¢ and
K (t) is the quantity of assets owned by the firm at time t such that A(t) = B(t)K(t).

We assume that the asset price B(t) satisfies the following equation

dB(t)

B M (D)dt + op(t)dWg (D), ¢y
where ug(t) is the expected growth rate of asset price at time t, az(t) is the volatility of asset
price at time t and Wg(t) is a standard Brownian motion that captures sources of asset price risk
at time t.

Due to the stochastic nature of the asset price of the firm, we can determine the dynamics of the
firm’s asset value. Hence, we have that the change in asset value of the firm satisfies the following
dynamics

dB(t)

dA) = BOAK () + dBOK () = BOAK (L) + A T2

= B(t)dK () + A(t) (uy()dt + aB(t)dWB(t)) 2)

Observe that change in A(t) is caused by a combination of two components: a change in the asset
price given by A(t)(ug(t)dt + a5 (t)dW (t)) and a change in the asset quantity B(t)dK (t). Note
that the change in asset quantity is considered an investment by the firm and thus will be captured
as part of the firm’s expenditure.

Let X(t) and L(t) be the wealth and liability of the investor respectively. The liability L(t) at
time t is described as the difference between the firm’s expenditure and income. The components
of L(t) includes interest rate paid on debt r;, at time t, the amount consumed by the investor at
time t given by dC(t) = c(t)X(t)dt, where c(t) is the consumption rate and a change in asset
quantity B(t)dK (t).

Let E(t) be the expenditure process of the firm at time t. It follows that E (t) satisfies the following
dynamics
dE(t) = r,(t)L(t)dt + B(t)dK(t) + c(t)X(t)dt. 3

Next, we consider the income generated by the asset of the investor at time t. Let Y(t) be the

income generated by the assets of the investor at time t and we assume that it is taxable by the

government. In other words, the firm pays corporation tax to government on the income generated

by its assets. Let n(t) be the income growth rate of the firms asset at time ¢. It then follows that
ay(t) = n(®)(1 — v)A(t)dt, (4)

where 0 < T < 1 is the corporation tax.

The income growth rate in this study is assumed to be stochastic in nature as the assumption of a
constant income growth especially over a long period of time might not be realistic. Following Jin
(2014), n(t) is assumed to evolve according to the following diffusion process

dn(®) = [B(n(@®) + n()p(w)]dt + o, (£)dW;, (£), n(0) = no, (5)
where ,B(n(t)): R % [0,T] = R is the expected growth rate of n(t), ¢(w): R — R represents the
impact of productive capacity on the firm’s asset. oy, (t) is the volatility of the income growth at
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time t and W, (¢) is a standard Brownian motion that captures sources of income growth rate risk
at time t. The net change in liability is given by
dL(t) = r,(t)L(t)dt + B(t)dK(t) + c(t)X(t)dt —n(t)(1 — T)A(t)dt (6)

Proposition 1. The wealth process of the investor at time t is

T2 = [(1s® + 1A = D)(1+ 0(0) =1 (Oe(®) — c(®)]de +

1+ @®)op(t)dWp(t), X(0) = x,.
Proof. By definition, we have that the wealth process is given by
X(t) = A(t) - L(®) (7)
Taking the differential of both sides of (7), we have
dX(t) = dA(t) — dL(t)
Using (2) and (6), we have that
dX(t) = B(t)dK(t) + A(t)[ug(t)dt + a5 (t)dWg(t)] — r,(t)L(t)dt — B(t)dK(t)
—c(®)X(®)dt +n(t)(1 —1)A(t)dt (8)
But A(t) = X(t) + L(t), which implies that
dX = (X(t) + L(t)[ug(t)dt + ag(t)dWg(t)] — r,(O)L(t)dt — c()X(t)dt +
n(®)(1 - )X () + L(t))dt )

Hence, the result

S0 = [(us(® + 1O = D)(1+ 0(0) = (P (®) = c(O)]dt +

1+ @(t))ap(t)dWs(D), (10)
where @(t) = % is the liability ratio.

Now, we adjust the nominal wealth of the investor for inflation to obtain the real wealth. But first,
we consider the dynamics of the inflation index. The consumer price index is a measure that helps
us appreciate the real impact of price changes on goods and services. The prices of goods and
services in Nigeria for example have experienced significant fluctuations in recent times. Hence,
in this paper, the inflation index is assumed to evolve according to the following diffusion process

dl(t)

16
where y; (t) = r(t) — 7(t) + g;(t)6,(t) is the expected inflation rate at time t, r(t) is the nominal
interest rate at time t, 7(t) is the real rate of interest at time t, g;(t) is the volatility of the inflation
index at time t, W, (t) is a standard Brownian motion that captures sources of inflation risk at time
tand 6,(t) is the market price of inflation risk at time t.

Definition 1. The real wealth of the investor is nominal wealth adjusted for inflation and it is
given by X(t) = % (12)

We shall no longer indicate the functional dependencies unless it becomes necessary to do so.

= w, (O)dt + a;()dW;(£) 1(0) = I, > 0, (11)

Proposition 2.

_ X _
diX)=d (7) = X[(llB +1(1-D)A+9)—rne—c—w+a’—p(l+ <P)0301]dt
+X(1+ @)ogdWg — Xo,dW,;, X(0) =% >0 (13)
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Proof. Taking the differential of both sides of (12), we have

d®) =d (%) (14)
Applying the Ito quotient rule for stochastic differential equations on (14), where X and I satisfies

(10) and (11) respectively, the result follows immediately.

3. The optimal control problem

In this section, the admissible control strategies, optimal controls and the value function for our
problem is presented.

We now operate in a filtered probability space (Q, F;, {F;}, P), where F; is the a-algbera generated
by {W;(©), Ws(£), W, (£):0 < s < t}, {F,} is the filtration and P is the real world probability.

Definition 2. The strategies (-) = {¢, c:t > 0} that is progressively measurable with respect to
(W, (), W (), W, (£): 0 < s < t} is called an admissible strategy.

For admissible debt ratio ¢, we assume that for all T € (0,0), E f0T<p2 dt < oo,

For admissible consumption rate ¢, we assume that for all T € (0, =), EfoT c?dt < oo,
Let A be the collection of all admissible strategies, then the collection of admissible controls is
defined as

A= {u =(p,c:t20) ERXRE [J p?dt <o,E [ c?dt < oo}. (15)

The desire of the investor is to choose a liability ratio and consumption rate, that will optimize the
expected discounted utility of consumption in an infinite time horizon. For an arbitrary admissible
strategy () = {¢, c: t = 0}, the objective function is given as

J(&,m;u) = ftoo (e“SSH(c(s))) ds, (16)
where H(c(s)) is a utility function with respect to consumptionand 0 < § < 1 is the discount
rate.
We define the value function

= SUu _ = _
(LX), n®) =P U@ nwIX® = 20() =) (17)
Applying the stochastic dynamic programming approach, the Hamilton-Jacobi-Bellman (HJB)
equation that characterizes the optimal solutions to the problem of the firm becomes

0=0G+[(up +n(1 =D)L + @) =190 — ¢ — p; + of — p(1 + @)ooy | %Gy

1 1 1
+[B(n@®) + (O (w)]G, + Efz(l + @)%05Ges + EJZZGIZG,E,E +-07 Gy

2
+ X(1 + @)p,050, Gz — X050y P3Gz + e 9H(c) (18)
i i ition i = - _ 096 .~ _ 096G _ 96
with the transversality condition th_)rg E[G(t,x,n)] =0, G, = at'Gx =52 =5
%G %G %G
Gﬁ:ﬁ‘G’?” ~ oz’ G = onox

By the standard homogeneity argument for infinite-horizon problems, we have that

et G(t,x,n) = {(p(s),c(sil:fs s < oo}Fe ftoo[e‘5(5—t)H(C(s))]ds
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sup -
“{pt+uw),c(t+u):0<u< wo}Ee t [e*WH(c(t +w)]d
B {<P(u),C(u§1:l(l)j <u<wo) [e 2 H (c(w))]du
=V(t,X,n) (19)

which is independent of time. The third equality in this argument makes use of the fact that the
optimal controls is Markov. Hence, G(t, X,n) = eV (t,x,1) and (18) reduces to the following
time-homogeneous value function V:

0=V + [(HB +n(1 - T))(l +o)—rne—c—pu+ 012 -p(1+ (P)UBUI]fo

1 1 1
+[B(n@®) + n(t)qb(w)]l/n + Efz(l + )05 Viez + EJ?ZUIZV@? + EU%Vnn

+ X(1 + @)pr050,Vy 5 — X0p0yp3Vps + e %H(c) (20)
with transversality condition tlim E[V(t,x,n)] = 0.

1_
The investor has the following power utility function G(c) = %Vy with respect to consumption for

y > 0, where y is the constant relative risk aversion parameter.
We assume a solution to (20) of the form

-
V(t; %) = et @1
From (21), we obtain the following partial derivatives
Ve=2 VA -pVEEN, Ve = - yA-pnV(EED)

Vo =h V(& %m), Vi = (hyy + h2)V(E %)

Vor = xVR, A= V(GE N,  Ve=hV(Exn) (22)
Substituting (22) into (20) and dividing through by (1 — y)V (t; X, n), we have
h
0= ( _ty) + [(#B +n(1 - T))(l +@)—ro—c—u + 012 -p(1+ QO)UBUI]
h 1 1
+ [ﬁ(n(t)) + n(t)qb(a))] a —n]/) — E]/(l + (p)20§ + 2(1—_)/)0',70"17(hm7 + h%)
1 ctv
— EVJIZ + (1 + @)py050,hy, — 00, pshy, + T x~ (=) g=h(tm)
o)
“a-n (23)

From (23), we obtain the optimal liability ratio of the investor as:
o =1+ (r,—u,)yop) ™ —n(1 =D (yod) ! + po,(yop)™*
_Un(l + pzhn)(yUB)_l (24)

The equation shows that the investor’s optimal liability is decreasing in the volatility of asset price
and the coefficient of risk aversion. In fact, the optimal levels of liability indicate that before an
investor makes a decision concerning the level of liability to incur to increase its portfolio, it has
to consider the amount to be spent on debt servicing, the tax adjusted income growth rate, the
impact of inflation risk, asset price volatility and the coefficient of risk aversion.

Now, we examine the reaction of the optimal debt ratio ¢* to a change in the corporate tax rate .
The derivative is
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a *

~ = (oh) > 0. (25)
The optimal debt ratio depends positively on the corporate tax rate. This result is supported by
Graham et al. (1998) which found that there is a positive relationship between tax rates and debt
levels. Observe that the extent to which a change in the corporate tax rate impacts positively on
the debt ratio depends on the income growth rate n, the diffusion risk of asset price and the CRRA

= 0, indicates that with a change in 7, a highly risk averse investor

y—)(X)
will be unwilling to incur any debt with a changing corporate tax regime. However, lil’% aa";
‘y—)

= 0

implies that with a change in t, a risk loving investor will continue to look for debt financing
opportunities that will help increase asset value even at the expense of an increasing debt ratio.
This result is very significant as it indicates that even with a changing corporate tax regime, the
risk loving investor will increase liability if the right financing opportunity presents itself.

The impact of a change in the liability ratio given a change in the corporate tax rate also depends
on whether the firm’s income growth rate is positive or negative. We observe that if n > 0, then

We now examine the reactlon of the optimal debt ratio ¢* to a change in the income growth rate
n. We have that

0¢” 2y-1

o —(1-1)(yop) <0 (26)
Observe that the change in liability with respect to income growth rate is negative. This implies
that an investor with an increasing n will likely have more funds available to service debt and
hence lead to a lower debt ratio. However, the extent of the impact of a change in n on ¢* depends
on the corporate tax rate, CRRA coefficient and diffusion risk of asset price.
Also,

00"

5 = (B >0 @7
Clearly, debt servicing is positively related to debt ratio. It simply means that an increase in the
debt ratio will engender an increase in the amount spent by the investor on debt servicing. This
result follows intuition.

(’)(p 1

For = p(yop)™ >0 (28)
The impact of a change in the volatility of the inflation index on the optimal liability ratio is
captured in equation (28). We observe that the relationship between inflation index and optimal
liability is positive.
Next, we determine the optimal consumption plan of the investor. From (23), we have the function
f(c), where

1—
flo) = —c+ %z‘“‘”e—h(n). 29)
Proposition 4. The optimal consumption rate c¢* is given as
1
¢*(8) = (E4 exp(h(n)) 7

Proof. By first order principle, we have that

91 _ _4 + V-1~ A=Mg=hM) = .
dc

This implies that
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1
c*(t) = (x4 exp(r()) . (30)
Clearly, the more risk averse an investor is i.e as the coefficient of risk aversion becomes
increasingly large, consumption tends to unity. In other words, a risk averse investor is more likely
to consume rather than seek for deficit financing that can help improve on his or her business.

4 Some Numerical Example

In this section, we present the numerical analysis of the model developed in this study. The base
values of our parameter are given as follows y =5, 7=0.17, r, =0.18, 0, = 0.2, n = 0.15,
ug = 0.06, oz = 0.28, 0, = 0.08, h,, = 0.15, p, = 0.13 and p = 0.2. The following table values
were generated by the use of Matlab software.

Table 1 show the change in the optimal liability ratio of the investor with respect to the interest rate
on debt, tax rate, income growth rate and the coefficient relative risk aversion. It is observed that
an increase in the amount paid by the investor as debt service charge will lead to an increase in the
liability ratio. In other words, as the percentage of the investor’s wealth that is invested in paying
the interest rate on debt increases, the overall liability of the firm increases as well. This indicates
that firms must make effort to ensure that the amount spent on servicing loans is at a manageable
level.
Table 1: The change in @* with respect to r;, T and 7.

0.03 0.5648 0.05 0.9015 0.02 1.2227
0.05 0.6158 0.08 0.9130 0.05 1.1591
0.10 0.7433 0.10 0.9206 0.07 1.1168
0.15 0.8706 0.12 0.9283 0.10 1.0533
0.18 0.9474 0.15 0.9398 0.12 1.0109
0.20 0.9984 0.17 0.9494 0.14 0.9686
0.25 1.1260 0.20 0.9589 0.18 0.8839
0.30 1.2535 0.25 0.9780 0.20 0.8415
0.35 1.3811 0.30 0.9972 0.25 0.7357
0.40 1.5086 0.40 1.0354 0.30 0.6298

It is also observed that an increasing tax rate will lead to an increase in the liability ratio of the
firm. Clearly, an increase in government effort or drive to increase revenue through increase in the
tax rate will have a negative impact on the overall liability of the firm and a greater exposure to
the risk of defaulting on loans. Also from table 1, we observe that the increase in the income growth
rate of the firm will lead to a reduction in the optimal liability ratio. It then implies that a firm that
wants to reduce its overall liability must put in places policies that will engender a growth in
income. Also in table 1, we observe that with an increasing coefficient of relative risk aversion,
there is a decrease in the optimal liability ratio. This simply indicates that an investor that is risk
averse is less likely to incur more debt that will likely increase its liability ratio. Clearly, risk loving
investors are more likely to look for sources of capital even at the expense of a higher liability
ratio.

Figure 1 shows the optimal debt ratio for varying values of the coefficient of relative risk aversion
over time for all other parameters remain fixed. We observe that as the investor sentiment for
taking risk reduces, the optimal liability decreases as well. In other words, there is an inverse
relationship between the coefficient of risk aversion of the investor and the optimal liability ratio.
This indicates that a risk averse investor is likely to have a lower debt ratio as they might not be
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willing to take advantage of available debt financing opportunities to increase portfolio return at
the expense of a higher debt ratio.

Figure 1. Optimal debt ratio for r, = 0.18, n = 0.15,7 = 0.17, ¢, = 0.08,
og =028,y =5,p = 0.2 and ugy = 0.06.

1.5

Optimal liability ratio

-1

c r c r £ r c c r
(o] 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Income growth rate

Figure 2: Optimal debt ratio vs income growth rate for r, = 0.18, 7 =0.17, o, = 0.08,
og =028,y =5,p=0.2 and ug = 0.06.

Optimal consumption rate
o]
»
T

Figure 3: Optimal consumption rate vs coefficient of risk aversion for x = 10 and h(n) = 0.24.

Figure 2 shows the plot of optimal liability ratio vs income growth rate. We observe that there is
an inverse relationship between income growth rate and debt ratio. In other words, an increase in
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the growth rate of the investor’s income will lead to a decrease in the optimal liability ratio.
Therefore, to have a lower debt ratio, policies that will help in increasing income must be adopted.
Figure 3 shows the plot of optimal consumption rate vs the coefficient of risk aversion. Clearly,
we see that an increase in y leads to an increase in the consumption rate of the investor. In other
words, a risk averse investor is more likely to consume than a risk loving investor.

Conclusion

In conclusion, we derived the optimal debt ratio and optimal consumption strategy of an investor
that operates in a market with diffusion risks to maximize the expected discounted utility of
consumption in an infinite time horizon. We found that the debt ratio depends positively on the
corporate tax rate, debt servicing and the volatility of the inflation index.

From the numerical result, we found that:

= the consumption rate has a direct relationship with the coefficient of risk aversion.
= as the investor's coefficient of risk aversion increases, the debt ratio decreases and vice
versa, suggesting that a risk averse investor is more likely to have a lower debt ratio.
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