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1. Introduction

A semigroup is an algebraic structure consisting of a non-empty set S together with an associative
binary operation. A transformation of a set Q, is a function from Q, to itself. The transformation
semigroup is one of the most fundamental mathematical objects that appear in theoretical computer
science, where the properties of formal languages often depend on the algebraic properties of
associated transformation semigroups.

Let Q. = {1,2,3,——, k} be a finite set ordered in the standard way. A function a: Dom(a) €
Qp = Im(a) € Q, is said to be full (or total) if its image satisfies Im(a) = Q, and it is denoted by T.
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A signed full transformation semigroup denoted by ST, can be defined as the mapping
a:Dom(a) € Q) = Im(a) € Z, where Q,, = {1,2,3,...,k}
and Z, ={+1,+2,13,..., tk}.

The term "tropical™ was coined by French mathematicians to describe a new algebraic framework
based on min-plus or max-plus arithmetic. Just as in classical algebra, a tropical polynomial
H(x) = Y% ,a; x* induces a tropical polynomial function denoted by H on T:

HT—T (1)
Tropical geometry reveals an unusual mathematical space with mysterious properties. Despite its
unconventional structure, it satisfies fundamental geometric properties, making it a useful tool for
various mathematical disciplines.
The set of tropical numbers is defined as T = R U {—o} endowed with the operations called
tropical addition and multiplication:

"u @ v" = max {u,v} ()

"].l®V" =u®v (3)

with the usual conventionsvVp € T, "u @ (-00)"=max(u, -0) = p and
1@ (-00)"=p D (-o0)= -o0 (4)

Unlike classical arithmetic, tropical addition lacks an additive inverse, meaning tropical numbers
form a semi-field rather than a full field. Notably, in tropical operations 2p # "u @ u" but "2p" =
U@ 2and "Ou" = p butnotequal to 0. For example, 35 =5and 3®5 = 8.

Despite the growing interest in tropical geometry see [ [2], [3], [4], [7], [8], [9], [10] ], its
applications in algebraic structures and semigroup theory see [[5], [11]], there has been limited
investigation into its application to transformation semigroups particularly Signed Full
Transformation Semigroups(ST,). However, [12] examined the tropicalization of idempotent
elements in full transformation semigroups. Recent findings on tropical geometry and
transformation semigroups can be found in [ [1], [6] ]. This work connect tropical geometry with
semigroup theory, specifically through the study of tropical polynomials and their multiplicities
within the semigroup of STj,. The elements in ST} are transformed into tropical polynomials.
Moreso, the study utilizes tropical curves to examine the structure of these transformations and
determine their heights and multiplicities. Mathematical results including theorem and proposition
were formulated to describe the properties of tropicalized elements in ST}, .Relevant examples are
provided to validate the results.

Methods

The study begins by extracting the elements of the ST, from T detailing its structure and
properties. Elements of ST, are then converted into tropical polynomials using tropical algebraic
operations, specifically tropical addition and multiplication. The study examines these tropical
polynomials and computes the multiplicities of their roots using GeoGebra software to illustrate
them graphically. Theorem and proposition are formulated to describe the properties of the
tropicalized elements, with proofs provided to support these results. Furthermore, tropical curves
are analyzed to observe the structure of the transformations, and examples are presented to
illustrate and confirm the theoretical findings.

Definition (Brugalle et. al. 2015)
A tropical number r is a root of a Polynomial H(x) in one variable in which the points x, on the

graph H(x) has a corner at X, for —o<r <.
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Definition (Brugalle et. al. 2015)
The Multiplicity of a tropical root r denoted by M (r) defined as
M(r,) = XL, |m; —m;4,| where m, are the slopes of the lines in the tropical curve of H(x)
intersecting above r.

Proposition (Brugalle et al. 2015)
The tropical semi-field is algebraically closed. That is, every tropical polynomial of
degree d >0 has exactly d roots when counted with multiplicities.

Main Results

Theorem 1: Let S = STy.. Then, every elements in ST;, has multiplicity of the same height for each
n.

Proof: Let S = STy and a, fe S such that a = (“1 H2 Hs—-—bn )

—V1 V2 =V3— = ~Vn

and § = (72 % %---% ) for a, = c, € dom(a, §) and b, # d;, € Im(a, B).

—Tp —T2 T3— = ~Tn

Consider the polynomials defined from a and g i.e

— n n-1 n-2 n—-k n-1 n-2 n-k
a(x) = @x™ + Ui X" X0 e R X = VX A v X — e Vg
and
B(x) =gx"+ 0. x" T+ 0., X2+ F 0 n-k _ . ,n-1_ . n-2 4 ... , n-k
— Yi i+1 i+2 i+kX T;x Tiy1X + + Tit+kX

having the tropical polynomials;

k n-2 _ ...

Ta(x) ="ux™ + L1 X"+ P X™ 72+ g X = v v

+ VX"

TBx) ="0x™ + 01 X" L+ 04X 2+ o 4 O XV — ™ — ™2 4
n—kn
+ TivkX

Which gives;

max{u; +nx, iz, + M —Dx, .., iy + (m—k)x,vi —(mn— Dx,viz . + (M= 2)x,vigp + (n
— k)x}
max{o; + nx,0i,1 + (m—Vx, ...,04 + (M —k)x,7; —(n — Dx, 7551 — (n — 2)x,
Tk + (n— k)x},

Observing the tropical curve reveals that, o and B have distinct roots but share multiplicities of the
same helght i.e, |MT0((x)| = IMT,B(X)l

]
Example 1: Let a,B€ST,, , then consider the transformations a = (1-2),(2 3 —
3],(4)(6 5—4](7-5](8)(10 9-9] and B =(1-2),(2—-3](3-3](4H(G-4](6-
5](7 — 5](8)(10 9 — 9] with polynomial functions;

a(x) = x4+ 6x8 + x7 +9x° + 2x> + 12x* + 3x3 + 17x2 + x + 9
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L(x) =x0 +x7 +9x6 + 2x5 + 2x* + 3x3 + 17x2 +x + 9

By the virtue of (2) and (3) we have;
Ta(x) = max{10x,8x + 6,7x,6x + 9,5x + 2,4x + 12,3x + 3,2x + 17,x,9}

TR (x) = max{10x,7x,6x + 9,5x + 2,4x + 2,3x + 3,2x + 17,x,9}
Graphically,

y = Adx + 12 y= hrA#b

R

Flgure I : Tropical curve of a(x)
From Figuer 1, the roots are;r; = —4,1, = 1.7 and r; = 3 with slopes m; = 0,m, = 2,m3; = 8
and m, =10 having multiplicities
M(r) =|m —m,| =2
M(r,) =|m, —-m;|=6
M(r,) =|m, —m,| =2
Thus, the multiplicity of Ta(x) =(262)= |MTyw|=2
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Figure Il : Tropical curve of B(x)
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From the tropical curve of 8(x), the roots are: r; = —4, and r, = 2 with slopes m; = 0,m, =
2 and m3 = 10 having multiplicities
M(r) = |m1 _m2| =2

M(r,) =|m, —-m,|=8
Thus, the multiplicities of Tpy = (2 8) = |MTg(|=2.

Example 2: Consider y,{ € ST,; with transformations y = (1-1](21](3 —-1](4 —
4]1(654] (7)(12)(15)(17) (8 -7] (9 7] (10 -8] (11 -9] ( 13 12] (14 -13] (16 15] and ¢ =
@ (7H)(12)(15)(17) (1-1]1(21]1 (3-1]1 (5-41(6-5] (8-7] (9-7] (10-8] (11-9](13-12] (14 -13]
(16 -15] having polynomial functions:

y(x) = x¥7 + x16 + 4x15 + 3xM* + x13 + 10x12 + 12x1 + 10210 + 2x° + 17x8 + 3x7
+ 3x% + 25x5 + 26x* + 2x3 + 31x% + 32x + 17
and
(x) = x17 + x° + 4x15 + 3x1* + 9x13 + 2x12 + 2x11 + 15x10 + 2x% + 3x8 + 3x7 + 3x©
+ 25x° + 2x* + 2x3 + 31x% + 2x + 17

Then, by conditions (2) and (3) we have;

Ty (x)
— max {17x, 16x + 3,15x + 4,14x + 5,13x + 9,12x + 10,11x + 12,10x + 15,9x + 16,8x + 17,}
- 7x +19,6x + 21,5x + 25,4x + 26,3x + 28,2x + 31,x + 32,17

TJ(x)

—m x{17x, 16x,15x + 4,14x + 3,13x + 9,12x + 2,11x + 2,10x + 15,9x + 2,8x + 3,}

- 7x + 3,6x + 3,5x + 25,4x + 2,3x + 2,2x + 31, x + 2,17
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Figure 111 : Tropical curve of y(x)

From Graph Ill, the roots are: r; = —15 and r, = 2 with slopes m; = 0,m, = 1 and m3 = 17
having multiplicities

209



Ibrahim et al.- Transactions of NAMP 21, (2025)205-212
M(r) =|m —m,| =2
M(r,) =|m, —m;|= 16
Thus, the multiplicities of Ty = (1 16) = |MTy| =2

Figure IV : Tropical curve of £(x)
From the above tropical curve of £(x), the roots are;r; = —7 and r, = 2 with slopes m; =
0,m, = 2 and mz = 17 having multiplicities

M(r) =|m,—m,|= 2

M(r,) =|m, —m,|= 15
Therefore, the multiplicities of T;(,) = (2 15) = |MTy| = 2.

Hence, these results from Example 1 and Example 2 confirm the assertion in Theorem 1.
Proposition 2: Every transfomation in ST for 1 < k < 3 have multiplicites of height 1.
Proof : Let the elements o, p,y € ST,,, where ge(ST,), pe(ST,) and ye(ST;) such that y =
(‘P1) _ ( ?1 (Pz) and v = ( P1 (%) <P3)
?1 P —_¢1 <_ﬁ2 4 —$1 —b2 ¢s3
with polynomial defines as follows;
x(x) = 1x + ¢y, p(x) = @1x* + @ox — p1x + ¢, and
Y(x) = @1%° + @2x% + P3x — P1x% — ox + 3
Then, their tropical polynomials were given as:

Tx(x) ="gixt¢" = max {@; +x, ¢4},

Tp(x) ="1x% + @x — P1x + ¢" = max {2x + @1, x + @3, X — Py, P2}
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Ty(x) = "@1xX>+@yx*+ @3x - X2~ Pox+¢py"
=max {3x + @1, 2x + @3, X + 932X — Py, x — P2, P3}.

We determined their multiplicities from the curves as:

|MT)((x)| = |MTp(x)| = |MTy(x)| =1
u
Remark: The sum of multiplicities on every transformation in STk is equal to the degree of its
transformaion.

Disussion of Results

Theorem 1 establishes that, every element in ST}, has the same multiplicity height for each n, which
was confirmed through graphical analysis. Proposition 2 further shows that for k < 3, all
transformations in ST, have a multiplicity of height 1, whereas for k > 4, the multiplicity height is
2. These findings align with the algebraic closure property of the tropical semi-field, as stated by
Brugalle et al. (2015). The study validates its results using examples and tropical curve
representations generated through GeoGebra software.

Conclusion

In this paper, we have thoroughly analyzed the structure of the Signed Full Transformation
SemigroupSTy, and established that, for any given k > 4, the elements within this semigroup
possess multiplicities of the same height 2 as stated in Theorem 1. Moreover, for smaller values
of n where 1 < k < 3 we have observed that, the height of the multiplicities is 1 as demonstrated
in Proposition 2. This study introduces a new perspective by applying tropical techniques to the
analysis of transformation semigroups, opening avenues for further research work on two other
transformation semigroups specifically Partial and Partial One-to-One and their sub-semigroups.
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