Transactions of NAMP 24, (2026) 1-10

Transactions of FEORACTE
The Nigerian Association of NSV
Mathematical Physics @
Journal homepage: https:/mampjournals.org.ng | s 0

SOME FIXED POINT THEOREM IN QUASI METRIC SPACES WITH
BINARY OPERATION

Adewale, O. K.*" and Adeyemi V. Q.12
1Department of Mathematical Sciences, Tai Solarin University of Education, Ogun State, Nigeria.
2Department of Statistics, Gateway ICT Polytechnic Saapade, Ogun State, Nigeria

ARTICLE INFO ABSTRACT
The concept of metric space with binary operation was introduced by
Article history: Adewale et al. in 2025 [1]. This is a better version of metric space. It unifies
Received XXXXX . .
Revised  xx00(K metric space and many other metric-like spaces. In the same year, Ayodele
Accepted  Xxxxx et al. introduced quasi metric space with binary operation due to the fact
Available online xxxxx  that distance between two points may not be the same. He also established
Keywords: and proved some fixed point theorems. In this paper, we establish and prove
Quasi Metric some fixed point theorems in quasi metric space with binary operation. Our

Space,
L-Convergence,
R-Convergence,
Binary
Operations.

work unify, extend and generalize existing work in literature.

1. INTRODUCTION

Maurice Fréchet [17] introduced the concept of a metric space in his doctoral thesis. A metric
space is a set VV with a distance function d:V x V —» R* satisfying Positivity, Symmetry and
Triangle inequality [17]. In 1922, Banach contraction principle was introduced by Stefan Banach
[13]. This was used as alternative method to prove the existence and uniqueness of solutions of
ODE. In light of this, many authors picked interest in this area of study. Some of them generalized
metric space while some either worked on contraction or iterative method used (see [1-20]). In
2025, Adewale et al. [1] introduced metric space with binary operation. This research work
introduces metric space with algebraic operations like addition, multiplication and any other
operations. This concept leads to combined structures like metric groups and topological groups.
The concept of metric space with binary operation introduced by Adewale et al. [1] was later
generalized to quasi metric space with binary operation by Ayodele et al. [10] in the same year.
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2. PRELIMINARIES

Definition 2.1 [1]

Let K be a non-empty set, V, a binary operation with e as its identity elementand p : K X K —
R*. p is called an operational metric or metric with binary operation if the following axioms are
satisfied:

p1:p(mmn) = e;

py:p(m,n) = eifandonly if m = n;

p3 : p(m,n) = p(n,m);

ps: p(mn) < p(m,r) Vb(r,n) for allm,n,r € K.

K together with p is called an operational metric space or metric space with binary operation. It
is denoted by (K, p, V).

Remark 2.2:

i. If the binary operation V is defined by p V q = p + q, the Definition 2.1 reduces to metric
space introduced by Fretchet (1906) [17].

ii. If the binary operation V is definedby p V q = p X q, the Definition 2.1 reduces to
multiplicative metric space introduced by Bashirov et al (2008) [14].

Definition 2.3 [1]
Let (K, p, V) be an operational metric space and {a,,}, a sequence in K. A sequence, {a,}
convergeto a ifforn € N,p(a,,a) > eas n - oo,

Definition 2.4 [1]
Let (K, p, V) be an operational metric space and {a,,}, a sequence in K. A sequence, {a,,} in K is
said to be a Cauchy sequence if forn,m € Nwithn >m, p(a,, a,,) > easn,m — .

Definition 2.5 [10]

Let K be a non-empty set, V, a binary operation with e as its identity elementand p : K X K —
R*. p is called an operational quasi metric or quasi metric with binary operation if the following
axioms are satisfied:

p1:p(m,n) = e;

py:p(m,n) = eifandonly if m = n;

p3: p(mn) < p(m,7) Vb(r,n) for allm,n,r € K.

K together with p is called an operational quasi metric space or quasi metric space with binary
operation. It is denoted by (K, p, 7).

Remark 2.6:

i. If the binary operation ¥ is defined by pV q = p + q, the Definition 2.3 reduces to quasi
metric space introduced by Wilson (1931) [20].

ii. If the binary operation V is defined by pV q = p X q, the Definition 2.1 reduces to
multiplicative quasi metric space.

Definition 2.7 [10]

Let (Z,b,®) be a quasi metric space with binary operation, ® and {x,}, a sequence in Z. A
sequence, {x,}is R-convergeto t if forn € N, b(x,,t) - easn — oo.

Definition 2.8 [10]
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Let (Z,b,®) be a quasi metric space with binary operation, ® and {x,}, a sequence in Z. A
sequence, {x,}is L-convergeto t ifforn € N, b(t,x,) = easn — oo.

Definition 2.9 [10]
Let (Z,b,®) be a quasi metric space with binary operation, ® and {x,}, a sequence in Z. A
sequence, {x, } converge to t if it is both R-convergent and L-convergent to t.

Definition 2.10 [10]

Let (Z,b,®) be a quasi metric space with binary operation, ® and {x,}, a sequence in Z. A
sequence, {x,} in Z is said to be a Cauchy sequence if forn,m € N, b(x,, x,,) = easn,m —
0,

3. MAIN RESULTS

In 2025, Ayodele et.al. introduced quasi metric space with binary operation. In this new space,
they established and proved some fixed point theorems which did not include Ciri¢ fixed point
theorem and Ciri¢ fixed point theorem is a generalisation of those contractions in the article. In

this paper, we introduced more fixed point theorems in the space. This includes Ciri¢ like fixed
point theorem.

Theorem 3.1

Let (X,d,A) be a complete quasi metric space with binary operation defined by aAb = a + b.
Suppose 8 : X — X is a self-map and there exists a constant ¢ € [0,0.5) such that for all a,b €
X, the following inequality holds:

d (Bp,bq) = c.min{d(p,q),d(p,Bq),d(q, bp),d(p, Br)}-

Then 8 has a point s € X: s = s.
Proof:

Considering d (Bp, Bq) < c.min{d(p,q),d(p,Bq),d(q, Bpr), d(p, Bp)} with an arbitrary point
a, € X and define a sequence {a,}n=; by a, = Ba,_; = B"a,, We obtain

d(an, an+1) = d(Ban-1, Ban)

< c.min{d(a,_1,a,),d(an_1, BAn-1),d(an_1, Bay),d(an, LAn-1)}

= c.min{d(a,_, a,),d(a,_1,an4+1)}-

Case |

If d(a,,_1, a,) is the minimum, then

d(an, ans1) < c.d(an-1, an)

= d(ay, Ape1) < c%.d(ap_z, an_q)

= d(an ans1) < ¢*.d(ap-3, an-7)

= d(a,, ansq1) < c™.d(ay, ay)-



Adewale and Adeyemi - Transactions of NAMP 24, (2026) 1-10

Taking the limit of d(a,, a,,+1) asn — oo, we have
7ll_rgjlo d(a,, a,+1) = 711_1)1;10 c".d(ay,a,) = 0.

So,asn — o, d(a,, a,+1) = 0.

Case Il

If d(a,_1,a,+1) is the minimum, then

d(an, an41) < ¢.d(an-1, Gns1)

= d(an, an+1) < cld(an-1, an)Ad(an, ans1)]

= d(an, an+1) < cld(an-1,an) + d(an, ans1)]
= d(ay, ansq1) < c.d(an_q,a,) + c.d(a,, ansq)
= d(an, ant1) — €. d(ap, An41) < €. d(an-1,a,)

= (1 - C)d(an: an+1) =c d(an—li an)
Cc

= d(anr an+1) < 1—_Cd(an—1' an)

Letq = —— < 1, then

d(an, an+1) < q.d(an-1, ay)

= d(an, ans1) < q%.d(@n_2, an_1)

= d(an ans1) < q°.d(an-3, an—2)

= d(a,, any1) < q".d(ag, aq)

Taking the limit of d(a,, a,,+1) asn — oo, we have

lim d(a,, a,4+1) = lim ¢™. d(ay,a;) = 0.
n—oo n—»oo

So,asn — o, d(a,, a,+) = 0.

Using p, of Definition 2.1 with n > m, we have

d(am,, a,) < d(am, ame1)Ad(Ame1, an)

= d(am, ay) < d(am, Ame1) + d(@meq, an)

= d(am, an) < d(am, Am+1) + d(@me1, An2)Ad (@2, an)

= d(am' an) < d(am» am+1) + d(am+1f am+2) + d(am+2' an)

1)
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= d(am ay) < d(am, Amy1) + d(@mis Amyz) + -+ d(ap-y, an) (2)
With (1) and (2), we get

d(am, ay) < q™.d(ag,ay) + g™t d(ag, ay) + -+ q" 1. d(ag, a;)

= d(am an) < (@™ + g™+ g™ + -+ q"Dd(ag, ar)

As n — oo, we have

m

d(am an) < (1

Tq) d(ay, aq).

Asm — oo, d(ay, a,) = 0.
So, {a,} is a Cauchy sequence.

By the completeness of (X, d, A), there exists s € X such that {a,,} is R-convergent to s.
Suppose Ss # s, then

d (anr BS) =c min{d(an—lﬂ S), d(an—ll ﬁan—l): d(S, ﬁS), d(S, ﬁan—l)' d(an—lf ﬂS)}
Taking the limit as n — oo and using the fact that the function is continuous in its variables, we
get

d(s,Bs) < c.min{d(s,Bs)} = c.d(s, Bs)
Hence, d(s, s) < 0, a contradiction. So, fs = s
If {a,,} is L-convergent to s,

d (ﬂS; an) < c mm{d(s, an—l)l d(an—li ﬁan—l)' d(S, BS), d(S, ﬁan—l)r d(an—lJ .BS)}
Taking the limit as n — oo and using the fact that the function is continuous in its variables, we
get

d(s,Bs) < c.min{d(s,Bs)} = c.d(s, Bs)
Hence, d (s, Bs) < 0. This is also a contradiction. So, {a,,} is convergent to s and s = s.
Suppose fr = rand Bs = s withr # s, then
d (Br,Bs) < c.min{d(r,s),d(r,Bs),d(s,Br),d(r, Br),d(s,Bs)}
Since Br = rand Bs = s, we have d (r,s) < c.max{d(r,s), d(s,r)}. These are obviously two
cases. If d(r, s) is the minimum, d (r, s) < 0 which implies that r = s.

Theorem 3.2

Let (X,d,A) be a complete quasi metric space with binary operation defined by aAb = a + b +
ab. Suppose B : X — X is a self-map and there exists a constant ¢ € [0,1) such thatforall a,b €
X, the following inequality holds:

d (Bp,fq) < c.d(p,q).

Then £ has a unique point s € X: s = s.

Proof:

Considering d (Bp, Bq) < c.d(p, q)with an arbitrary point a, € X and define a sequence
{a}m=q Y @, = Ba,_1 = B™a,, We obtain
d(an, nsq) = d(Ban_1,fan) < c.d(an_1,an)
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= d(ap, A1) < . d(ap_z, ap_1)

= d(an, @py1) < c.d(ay-3,an-2)

= d(ay, any1) < c™ d(ag, ay).

Taking the limit of d(a,, a,,+;) asn — oo, we have

lim d(a,, a,4+1) = lim c¢™.d(ay,a;) = 0.
n—oo n—»oo

So,asn — o, d(a,, a,+;) = 0.

Using p, of Definition 2.1 with n > m, we have

d(am, an) < d(am, am+1)8d(@m+1, an)

= d(am an) < d(am, A1) + d(@mer1, an) + d(@m, Gmea)- d(@mee, an)
= d(am, an) < d(am, Am+1) + [1 + d(@m, ams1)1d(@me1, an)

= d(am,, a,) < c™d(ag,aq,) +[1+ c™ d(ay, a)]d(amer, an)

Asm — oo,

d(am, a,) <0+ [1+0]d(ams1, an) = d(ams1, an)

= d(am, ap) < d(am1, an)

= d(am, an) < d(@mi1, Apez)Ad (A0, ay)

= d(am, an) < d(@mi1, Gmez) + A(Apio, an) + d( Qi1 Amy2) - A(Apio, an)
= d(am, an) < d(@me1, Gmiz) + 1+ d(@mer, Gme2)]d (@, an)

= d(ay, a,) < c™.d(ag, ay) + [1+ c™ . d(ay, a)]d(@my2, an)
Asm — oo,

d(am, a,) < 0+ [1+0]d(amsz an) = d(amsz an)

= d(am, ap) < d(amy2,an)

Doing this repeatedly, we obtain

d(am, an) < d(ay_q1,a,) < c" L.d(ay aq) <0.

So, {a,} is a Cauchy sequence.

By the completeness of (X, d, A), there exists s € X such that {a, } is R-convergent to s.
Suppose Ss # s, then
d (an, Bs) < c.d(an-1,5)



Adewale and Adeyemi - Transactions of NAMP 24, (2026) 1-10

Taking the limit as n — oo and using the fact that the function is continuous in its variables, we
get

d(s,Bs) < c.d(s,s) =0
Hence, d(s, 8s) < 0, a contradiction. So, fs = s
If {a,,} is L-convergent to s,

d (,BS; an) =c d(S, an—l)-
Taking the limit as n — oo and using the fact that the function is continuous in its variables, we
get

d(s,Bs) < c.d(s,s) =0
Hence, d (s, 8s) < 0. This is also a contradiction. So, {a,,} is convergent to s and s = s.
Suppose fr = r and s = s withr # s, then

d (Br,Bs) < c.d(r,s)
Since fr = r and s = s, we have
d(r,s) < c.d(r,s)
=d(r,s)<0
= r=2=:.

Theorem 3.3

Let (X,d,A) be a complete quasi metric space with binary operation defined by aAb = a + b +
ab. Suppose B : X — X is a self-map and there exists a constant ¢ € [0,0.5) such that for all
a,b € X, the following inequality holds:

d (Bp, ) < c.[d(q,Bq) + d(p, Bp)].

Then g has a unique point s € X: fs = s.

Proof:

Considering d (Bp, Bq) < c.[d(q,Bq) + d(p, Bp)] with an arbitrary point a, € X and define a
sequence {a,}n=1 by a, = Ba,_; = f"a,, We obtain
d(anr an+1) = d(lgan—l' ﬁan) < c [d(an—l' ﬁan—l) + d(an: ﬁan)]

= d(anr an+1) < c d(an—l' ﬁan—l) +cC. d(an' ﬁan)
= d(an, ant1) < c.d(ay-1,an) + c.d(an, an41)
= d(anr an+1) - C. d(an' an+1) =c d(an—l' an)

= (1- C)d(an: an+1) < c d(an—lf an)
C
= d(an' an+1) < E d(an—lw an)
Let k = — < 1, then
1-c

= d(anr an+1) <k d(an—li an)

= d(an' an+1) < kz- d(an—Z' an—l)
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= d(ay, ans1) < k3. d(ayp_3,an_>)
= d(ay, anys1) < k™. d(ag, ay).
Taking the limit of d(a,, a,4+1) asn — oo, we have

lim d(a,, a,+;) = lim k™. d(ay, a,) = 0.
n—oo n—-oo

So,asn — o, d(a,, a,+;) = 0.

Using p, of Definition 2.1 with n > m, we have

d(am, an) < d(am, ame1)Ad(@peq, an)

= d(am, an) < d(@m, Ame1) + d(@mer, an) + d(@m, per)- d(@mp1, an)
= d(ap, ay) < d(@m, amer) + [1 +d(apm, ams)]d(@mer, an)

= d(ay,, a,) < k™.d(ag,a,) +[1+ k™. d(ay, a;)]d(ame1,an)

Asm — oo,

d(am, a,) < 0+ [1+0]d(ams1, an) = d(ams1, an)

= d(am an) < d(ams1, an)

= d(am, an) < d(@my1, Amy2)Ad(Amy2, an)

= d(am, an) < d(@my1, AGmyz) + d(@miz, @) + d(@mir, Gny2)- A2, an)
= d(am ay) < d(Amy1) Amyz) +[1+ d(@mi1, Ame2)1d(@my2, an)

= d(ay, a,) < k™1.d(ag, ay) + [1+ k™. d(ag, a;)]d(amez an)
Asm — oo,

d(am, a,) <0+ [1+0]d(amsz an) = d(@myiz, an)

= d(an,, a,) < d(apmez an)

Doing this repeatedly, we obtain

d(a,, a,) < d(a,_q1,a,) < k™ 1d(agay) <0.

So, {a,} is a Cauchy sequence.

By the completeness of (X, d, A), there exists s € X such that {a, } is R-convergent to s.
Suppose Bs # s, then

d (a‘l’ll ﬁS) < C[d(a‘l’l—ll an) + d(slﬁ S)]
Taking the limit as n — oo and using the fact that the function is continuous in its variables, we
get



Adewale and Adeyemi - Transactions of NAMP 24, (2026) 1-10

d(s,Bs) < cld(s,s) +d(s,Bs)] = d(s,Bs) < c.d(s,Bs) = (1 —c)d(s,Bs) <0.
Hence, d(s, 8s) < 0, a contradiction. So, fs = s
If {a,,} is L-convergent to s,
d (Bs,a,) < c.[d(s,Bs) + d(ay-1,a,)]
Taking the limit as n — oo and using the fact that the function is continuous in its variables, we
get
d(s,Bs) < c.d(s,Bs)
Suppose fr = r and s = s withr # s, then
d (Br,Bs) < c.[d(r,pr) +d(s,B s)]
Since fr = r and s = s, we have
d(r,s) < c.0
=d(r,s)<0
= r =S.
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